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This result is folklore, which is
a technical term for a method of
publication in category theory.
It means that someone sketched
it on the back of an envelope,
mimeographed it (whatever that
means) and showed it to three
people in a seminar in Chicago
in 1973, except that the only
evidence that we have of these
events is a comment that was
overheard in another seminar at
Columbia in 1976. Nevertheless,
if some younger person is so
presumptuous as to write out a
proper proof and attempt to
publish it, they will get shot
down in flames.

Paul Taylor
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Disclaimers

Purpose

Those notes are an expansion of a document whose first purpose was to
remind myself the following two equations':

Mono = injective = faithful
Epi = surjective = full

I am not an expert in category theory, and those notes should not
be trusted’. However, if it happens that someone can save the time
that was lost tracking the definition of locally cartesian closed category
(Definition 21), of the cartesian structure in slice categories (Sect. 3.2), or of
the “pseudo-cartesian structure” on Eilenberg—Moore categories (Sect. 4.3),
then those notes will have fulfilled their goal of giving to those not present
in that seminar in Chicago in 1973 a chance to find a proper definition,
and detailed proofs.

I’'m not intending to be as presumptuous as to try to publish those notes,
but plan on continuing on tuning them as I see fit.

Conventions

Those notes are not self-contained (for instance, the definition of “commut-
ing diagram” is supposed to be known), but they are aiming at being as

! And yet somehow they failed with that respect, until Fredrik Nordvall Forsberg kindly
pointed out that I swapped the definition of mono and epi (and of terminal and
initial) in the first version of that document!

2That being said, those notes were carefully written, and precise references are given
when available.



uniform as possible. The references point to either the most simple and
accessible description (in the case e.g. of the definition of binary product)
or to the only known reference. When a structure is known under different
names, they are listed. Some of the subscripts are dropped when they can

be inferred from context.

In Category Theory, there are as many notational conventions as
(fill in the blank), but the following one will be used:

Objects

Morphisms

Categories

Functors

Natural Transformations
Monads

Object in Slice Category
Morphisms in Slice Category
T-algebras

A B, C,D, E1J,PX,Y, 2

e, f, g, h, k, m, p, v

AB,C,D,E

F.G. T, U

a

T

(X, fx), (Y, fy), (A, fa) (Chap. 3)
fo9,k l,m (Chap. 3)
A= (A, fa), B= (B, fg) (Sect. 4.3)

Sometimes, those symbols will be sub- or superscripted with symbols,
such as number or object’s name, for the sake of clarity.



1. On Categories, Functors and
Natural Transformations

1.1. Basic Definitions

Definition 1 (Category). A category C consists of
a class of objects (or elements) denoted Obj(C),

a class of morphisms (or arrows, maps) between the objects, denoted
Homc.

For a particular morphim f, we write f : A — B if A and B are objects
in C, call A (resp. B) the domain (resp. the co-domain) of f and write
Homc(A, B) (or Morc (A, B), C(A, B)) for the collection of all the mor-
phisms in C between A and B. For every three objects A, B and C' in C,
the composition of f: A — B and g : B — C is written as go f (or gf,
f;9, fg), and its domain (resp. co-domain) is A (resp. C).

The classes of objects and of morphisms, together with the definition of
composition, should be such that the following holds:

Associativity for every f : A - B, g : B - C and h : C — d,
ho(gof)=(hog)of

Identity for every object A, there exists a morphism idy : A — A called
the identity morphism for A, such that for every morphism f: B — A
and every morphism g : A — C, we have idgof = f and goidg = g.

Composition and identity can often be inferred from the classes of objects
and morphisms, and will be left implicit when this is the case.
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The notion of isomorphism, written =& and used in the two following
definitions, is formally introduced in Definition 4.

Definition 2 (Functors). Let C and D be two categories, a morphism!
F:C—Dis

a pseudo-functor if VA,B,CinC,Vf: A— B,g: B—CinC,
Fid,,
F(go f) = F(g)o F(f)

n

in D (1.1)
idpg,

1

a functor if it is a pseudo-functor, 1.2 and 1.3 are equalities.

Definition 3 (Natural transformation [20, page 16]). Given F,G : D — C
two functors, a natural transformation o : F > G assigns to every object
Ain D a morphism a4 : FA — GA in C such that Vf: A — B in D, the
following commutes in C:

rf
FA—— FB

aA ap

Gf
GA—— GB
We then say that a4 : FA — FB is natural in A.
If, for every object A, the morphism « 4 is an isomorphism, then « is said
to be a natural isomorphism (or a natural equivalence, an isomorphism of
functors).

!Using the word “morphism” in the technical sense of Definition 1 would require to
observe that categories and their functors form a category — which is true —. We use
this term here informally, sometimes “mapping” or “map” is used to avoid confusing
the formal definition of morphism with the informal notion of “not necessarily
structure-preserving relationship between two mathematical objects”.



Since A is universally quantified, we simply write that « is natural,
and remove the A from the previous diagram. Even if the — notation
is convenient to distinguish natural transformations from functors and
morphisms, we will omit it most of the time, and use — for natural
transformation, trusting the reader to understand whenever we are refering
to a natural transformation or some other construction.

1.2. Properties of Morphisms, Objects, Functors,
and Categories

Definition 4 (Properties of morphisms). Let F': C — D be a functor, a
morphism f: X — Y in Cis

an epimorphism (or onto, right-cancellative) if for all 1,92 : Z — X,
giof=gof = g1 =go. We write —.

a monomorphism (or left-cancellative) if for all 1,92 : Z — X, fog; =
foga = g1 = g2. We write — or — (but this last one is often reserved
for inclusion morphisms).

a bimorphism if it is a monomorphism and an epimorphism. We write
=,

a retraction (has a right inverse) if there exists g : Y — X such that
fog=1idy. Then g is a section of f.

a section (has a left inverse) if there exists g : ¥ — X such that
go f =idx. Then g is a retraction of f.

an isomorphism if there exists g : Y — X such that f o g = idy and
go f =idy. We write =, and f~! for g.

an endomorphism if X =Y.
an automorphism if it is both an isomorphism and an endomorphism.

overuinD if Ff=u



cartesian over (or above) v : I — J in D (or a cartesian, or terminal,
lifting of w) if F'f = u and for all Z, for all g: Z — Y in C for which
Fg =wuow for some w : F'Z — I, there is a unique h : Z — X in C such
that Fh=w and foh=g.

A
L \Y
In C B!
X——Y
f
FZ
InD w

I
We write uﬁ( for the cartesian morphism over v with codomain X. For
a reason that will become clear with Definition 12, we write u* X for the
domain of u’(X).

It used to be the case that cartesian morphisms were called “strong
cartesian”, the qualification of “cartesian” being reserved for the case
where w = idy [27, Appendix B].

cartesian if it is cartesian over F'f.

opcartesian over (or above) v : [ — J in D if Ff = u and for all Z,
for all g : X — Z in C for which F'g = wow for some w : J — FZ, there
is a unique h : Y — Z in C such that Fh=w and ho f = g.



VA
Y

In C g h
X —
f
FZ
InD w

I ——J

We write ug( for the opcartesian morphism over v with domain X. For
a reason that will become clear with Definition 13, we write u,X for the
co-domain of ug(X).

vertical if F'f = idp,.

The terms over, cartesian over, opcartesian over and vertical are mostly
used when F' is a fibration (Definition 10).

Definition 5 (Properties of objects). An object A in C is

terminal (or final) if for all B in C, there exists a unique morphim
f: B — A. Such an object is denoted 1 (or ¢) and is unique, and the
unique morphism A — 1 is denoted !4.

initial (or co-terminal, universal) if for all B in C, there exists a unique
morphim f : A — B. Such an object is denoted 0 (or i) and is unique,
and the unique morphism 0 — A is denoted !4.

strict initial if it is initial and every morphism f: B — A is an isomor-
phism.

10



zero (or null) if it is both initial and terminal.
Definition 6 (Properties of categories). A category C has

(cartesian binary) product [1, page 35] if VA;, A> in C, 3B in C and
Im : B — A; for i € {1,2}, such that Vf; : D — A;, 3lv: D — B such
that the following commutes:

D

J1 v fo

Ay - B o Ag

We call B the product of A1 and As, and denote it with A; x As, v is
the product of the morphisms f1 and fo and is written fi X fo, and m;
are the (canonical) projections.

For all A in C, a morphism d4 : A — A x A (sometimes written A4) is
a diagonal morphism if, for i € {1,2}, m; 0 64 = id4. Moreover, for all
f:A— Bandg: A— C, wewrite (f,g) for (f xg)oda: A— (BxC).

all finite product if it has all (cartesian binary) product and a terminal
object [2, Definition 2.19].

exponent if C has (cartesian binary) product and VA;, Ay in C, 3B in
Cand f: Bx Ay — Ay suchthat VC and g: Cx Ay — Ay, dlu:C — B
such that the following commutes:

C CXAQ
ui uxidAQE d
é BXA2—>A1

Then,

11



e B is an exponential object, denoted Ay = A; (or AfQ),

e u is the transpose of g, denoted A\g (or g),

o f is the evaluation morphism, denoted eva, A,.
and we say that

e B is exponentiating if VA, in C, Ay = B exists,

e B is exponentiable (or powerful) if VA; in C, B = A; exists.
pullback if, for i € {1,2}, VA;,B in C, f; : A; — B, there exists an
unique C in C, p; : C — A; such that the following commutes:

p2

C— Ay

p1 fo

Ay — B
1

and such that for all D, g; : D — A; such that f; 0 g1 = f2 0 go, there
exists a unique v : D — C such that g; = p; o v:

92

D2

C— Ay

fo

Ay — B
fi

This diagram is called the pullback diagram (or cartesian square), and
we usually draw a right angle in the corner where C' is, as follows:

12



The object C' is sometimes called

e the fibred product of A1 and As over B and written A; xB A, (or
A1 X(%j Ag),

o the pullback of As along f1 and written f1As,

e the pullback of A1 along fo and written foA;.
The morphism p; (resp. p2) is sometimes called the pullback of fo along
f1 (resp. the pullback of fa along fi) and written f5 fi (resp. ff f2).
pushout if C°P (cf. Definition 8) has pullback.

equalizers if for all f,g : A — B, there exists an object E;, and a
morphism ef, : Ef g — A such that foey, =goer, , and such that for
all object Z and morphism m : Z — A such that f om = g om, there
exists a unique u : Z — Ey 4 such that e ou =m.

Z
du m
| f
¥ T
fg——F A4 B
ef7g \g/l

A category C is

the category J¥ if it has only one object (often written I as well) and
one morphism.

monoidal if it has

e a bifunctor ® : C x C — C,

13



e a neutral object I (a right and left identity),
e natural isomorphisms
—aapc:(A®B)®C = A® (B®C) (the associator),
— A I ® A — A (the left unitor),
— pa: A® I — A (the right unitor)
such that for all A, B,C and D, the following diagrams commute:

(AeB)oC)o D — 2220 | 4o B)e(CsD)
aaB,c ®idp

(A (BC))® D QA,B,C®D
QA BoC,D

A® ((B®C)® D) e A® (B®(C® D))

(A®1I) ®B—>A® (I ® B)
PA®ldx /1,4@)\3
A®B

strict monoidal if it is monoidal and a, A and p are identities,

symmetric monoidal if it is monoidal and it have an isomorphism s p :
A® B — B ® A such that the following three diagrams commute:

14



SAI B® A
AT IwA
SAB SB,A
PA AA
A®B A® B
A

idagn
54,8 ®@idc

(A® B)® C (B A)oC
QA BC QB AC

A®(B®C) B®(A®C)
SA,BRC idp ®sa,c

(BoC)® A B®(C® A)

QBRC,A

closed monoidal if it is monoidal and, for all B, the functor ®p : - —
_® B? has a right adjoint (Definition 7) =p: - — B = _.

Cartesian monoidal if its monoidal structure is given by the (binary
cartesian) product: the bifunctor ® is the product, the neutral object is
the terminal object 1, and, for every A, B and C,

e aypc: (AxB)xC — Ax(BxC), the associator, is (mj oy, mg X
idc>a

e \y:1x A— A, the left unitor, is o,

e pg:Ax1— A, the right unitor, is 7.

Note that every cartesian monoidal category is symmetric monoidal,
with sy p=m xm : AXx B — B x A.

2This functor can be thought of as a “partially applied bifunctor”.

15



Cartesian closed if it has a terminal object and every object is expo-
nentiating, or, equivalently, if it has a terminal object, and every pair of
objects have an exponent and a product.

discrete if the only morphisms are the identities.

a preorder category if there is at most one morphism between any two
objects.

well-pointed if it has a terminal object 1 and for all fi, fo : A — B such
that f1 # fo, there exists p: 1 — A, a global object (or point) such that

frop # faop.
pointed if it has a zero object.

We refer to Sect. A.1 for a series of equalities concerning the binary
product, the exponents and the associator for the product.

We will often omit the subscripts on the natural transformations, objects
and morphisms above when they can be infered from context. We also
work up to associativity most of the time.

Definition 7 (Properties of functors). Given two functors F': D — C and
G:C—D,

F'is a left adjoint to G (and G is a right adjoint to F') [20, page 492]
if for all D in D, C in C, Hom¢(F D, C) = Homp (D, GC) are natural
in the variables C' and D, that is, F' and G are equiped with natural
transformations 7 : ide — F oG and € : G o F > idp such that for all D
in D, C'in C, the following commutes:

G(UC) NrED
GC —— GFGC FD—— FGFD

idge tele} idrp F(ep)

GC FD
We write F' -4 G.

16



F is full if for every D, E in D, for all ¢ : FD — FE, there exists
h:D — E such that g = Fh.

F is faithfull (or an embedding) if for every D, E in D, for all fi, fo :
D—E Ffi=Ff = fi=fa.

Fis fully faithful if it is full and faithful.

F is contravariant (or a co-functor) if for all f: A — Bin D, Ff :
Fb — Fa.

F is a bifunctor (or a binary functor) if D is the product of two cate-
gories.

F'is an endofunctor if D = C, and we write F™ for the application of
F' n times.

F'is a (left) strong functor [12, Definition 2.6.7] if F is an endofunctor
on a monoidal category C endowed with a (tensorial) (left) strength lst,
a natural transformation Isty p : A ® F'B — F(A ® B) such that the
following commutes:

(A® B)® FC tapre A® (B®FO)
ida ®Istp.c
Ist A B.C A®@ F(B®C)
Ist 4 BoC
F(A® B)®C) Flaase) F(A® (B® C))

17



F'is a right strong functor if F'is an endofunctor on a monoidal category
C endowed with a (tensorial) right strength rst, a natural transformation
rstap: FA® B — F(A® B) such that the following commutes:

OpaBc
FA® (B® () (FAR B)®C
rst4 p ®ido
rst A BeC F(A®B)®C
rstagB,C
F(QZ}B,C)
F(A® (B®(C)) F(A® B)® ()

FA®I—>FA®I

ENDLS

Note that a fully faithful functor may not be an isomorphism of categories,
and that a “strong” functor usually refers to a left strong functor.

18



1.3. Constructions over Categories and Functors

Definition 8 (Constructions over categories). Given B and C two cate-
gories, and B an object of B,

B is a subcategory of C if B is a category, whose objects are a sub-
collection of objects of C, and whose morphisms are a subcollection of
morphisms of C.

The arrow category B~ [12, page 28] (or the category of arrows of
B B? [20, pages 40-41]) has

for objects morphisms of B,
for morphisms couples (u, g) : fi — fo of morphisms of B such that

the following commutes:

BlLBQ

bil fo

u
By —— By

The slice category B/ B [12, page 28] (or the category of object over
B, or over category) is the subcategory of B, which have

for objects morphisms of B whose codomain is B,

for morphisms the morphisms of B~ whose first component is idg.
The co-slice category B\B [13, page 28] (or the under category,
(B | B) or (B/B)) is the subcategory of B, which have

for objects morphisms of B whose domain is B,

for morphisms the morphisms of B~ whose second component is idg.

The opposite category B°P [20, page 33] has
for objects objects of B,

19



for morphisms f°P : B — A for each morphism f: A — B in B.

The functor category B® [20, page 40] (orFunct(C,B)) has
for objects functors F': C — B,
for morphisms natural transformations between functors from C to

B.

Definition 9 (Constructions over functors). Given A, B and C three
categories, F': B — C and G : A — C two functors,

the opposite of F' is the unique functor F°P : B°P — C°P,

the comma category (G | F') [20, pages 45—46] has

for objects triples (A, B, f) such that Ain A, Bin B and f: GA —
F'B is a morphism in C.

for morphisms pairs (g, h) : (A1, As, f1) — (B1, B2, f2) of morphisms
in A and B respectively, such that g : Ay — Ag, h: Bj — B3) the
following commutes:

Gg
GAl —_— GA2
f1 f2
Fh

FB1 —>FB2

Remark 1 (Comma category as a general construction).

e If A=C, G=idc and B =W, then if F¥¥ =cfor cin C, (G | F) is
precisely C/c the slice category over c.

e IfB=C, F =idc and A =W, then if G¥ =cfor cin C, (G | F) is
precisely ¢\C the coslice category over c.

o If F' and G are the identity functor of C, then (F' | G) is the arrow
category C™.

20



e If F and G are both functor with domain ¥, and FIF = A, G = B,
then (F' | G) is the discrete category whose objects are morphisms
from A to B.

21



2. On Fibrations

Definition 10 (Fibration [9, Definition 1.2. 12, page 49]). The functor
U:E—Bis

a fibration if for every Y in E and w : I — UY in B, there is a cartesian
morphism f: X — Y in E above u.

an opfibration (or cofibration) [13, Section 9.1] if U°P : E°P — BP is
a fibration.

a bifibraction if it is a fibration and an opfibration.

a cloven (op)fibration if it is an (op)fibration and has a cleavage, i.e. a
choice of (op)cartesian liftings.

Definition 11 (Fibre). If U : E — B is a fibration and X is an object in
B, then we write Ex and call the fibre over X the category whose

objects are the objects Y in E such that UY = X,
morphisms are the morphisms f in E such that U f = idx.

Definition 12 (Re-indexing (or substitution, relabeling, inverse image,
transition) functor [17, page 268, 12, pages 48-49]). Given U : E — B a
cloven fibration, for all f: X — UP in B, we define the re-indexing functor
f* :Eyp — Ex as

on objects f*P is the domain of fjs’;,

on morphisms for k: P — P, f*k is given by cartesianity of f]§3, along
ko fjs’;

22



P P
Fe k

s, §
f* Pl fPl Pl

Definition 13 (Opreindexing (or extension, sem) functor). Let U : E — B
be a cloven opfibration, f : UP — Y be a morphism in B. We define the
opreindexing functor f, : Eyp — Ey as

on objects f,P is the codomain of f§P ,

on morphisms for k : P — P’, f.k is given by opcartesianity of f{’
along fgy ok.

P f«(P)

k fok,

fs ' v
P’ f«(P")

Definition 14 (Properties of fibres [26, page 27]). Let U : E — B be a
cloven opfibration, J be an object in B, and A, B be in E;. The fibre E;
has fibred product if

e the fibre E; has product, denoted xp, below

e Vu:I— JinB, u*(Axg, B) = (u*A) xg, (u*B).
it has fibred exponent if

e the fibre E; has exponent, denoted =, below,

o Vu:I—JinB, u (B =g, A) = (u*'B) =g, (u*A).

23



Definition 15 (Generic objects [12, Definition 5.2.8]). Let U : E — B be
a fibration, an object X in E is

weak generic (or generic [13, Definition 1.2.9, 8, pages 47-48]) if
for all Y in E, there exists f : Y — X and f is cartesian.

generic if for all Y in E, there exists a unique v : UY — U X and there
exists f: Y — X cartesian over wu.

strong generic if for all Y in E, there exists a unique f:Y — X and f
is cartesian.

split generic [12, Definition 5.2.1, 13, Definition 1.2.11] if U is a split
fibration, and there exists a collection of isomorphisms

0r : Homp(I,UX) = Obj(E))
with 67(uov) =v*(0ru) for v:J — 1.
The image UX in B is written €.
Definition 16 (Properties of fibrations). A fibration U : E — B has

product [12, page 97] if B has pullback and all re-indexing functor u*
has a right adjoint I, that respects in some way the Belk-Chevalley
condition.

simple product [12, page 94] if B has product and all substitution
functors along the cartesian product projections 77y : I x J — I have a
right adjoint II; ; that respects in some way the Belk-Chevalley condition.

simple Q-product if B has product and simple product for cartesian
projections of products with €.

exponent [10, Definition 3.9, p. 179] if it has cartesian product and
some functor has a fibred right adjoint.

fibred product [8, page 42] if every fibre has fibred product.

24



a fibred terminal object [8, pages 42—43] if each fibre Ex has a termi-
nal object 1g, , and if reindexing preserves terminal object: VX,Y, f :
UX — UY, f*]-]Ey = lEX~

it is
a split fibration [12, pages 49-50] if it is cloven, and additionally,
id* =id and (vou)* = u* ov*,

a polymorphic fibration [12, p. 471] if it has a generic object, fibred
finite product, and finite products in B.

a partial order (or preordered) fibration [18, page 233, 12, page 43]
if every fibre is a preorder category.

Lemma 1. A fibration is faithful if and only if it is a partial order fibration.
Proof. Let U : E — B be a fibration.

= Let Ain B and f, g in E 4, both are vertical, i.e. U f =id4 = Ug, but
as U is faithful, f = g, i.e. E4 is a preorder.

< Assume f,g : P — @ and Uf = Ug. As every morphism in E
can be factorised as the composition of a vertical morphism and a
cartesian lifting [12, 1.1.3, p.29], i.e. f = ho f’ and ¢ = uog’. Both
h and u are endomorphisms in Ep, herce, by partial ordering, h = u.
Moreover, a cartesian morphism is unique up to isomorphism in a fibre [12,
Proposition 1.1.4], so that f' = ¢/, and f = g. O

25



3. On Slice Categories

3.1. Preliminaries on Slices

We start by coming back to the definition of slice category (Definition 8)
and introduce proper notations for it.

Definition 17 (Slice category). Let C be a category, and A be an object
of C. The slice category C/A is the category whose

objects are pairs (X, fx) such that X is an object of C and fx : X — A
is a morphism of C,

morphisms h : (X, fx) — (Y, fy) are morphism A : X — Y in C such
that fy oh= fX in C:

X—Y

XN\, Iy
A

identity on (X, fy)is idx,
composition is defined as hoc 4 g = hoc g.

For the following definition, we will use the definition and notation
relative to the pullback introduced in Definition 6.

Definition 18 (Pullback (or change-of-base) functor [4, page 13.4.1, 2,
Proposition 5.10]). Let C be a category with all pullbacks, f : A — B be
a morphism in C, we define the the pullback functor f~ :C/B — C/A as

26



on objects f2(C, fc) is the pair (fC, f*fc) given by the pullback of f
along fo:
fef
fo—" ¢
ffel L fe

A—B

on morphisms f2m, for m : (C, f¢) — (D, fp) a morphism in C/B, is
the unique morphism between f2(C, fc) and f2(D, fp) given by taking
(f*C, f*fc,mo f&f) as the “alternative” pullback of f and fp.

More precisely, we have:

* jf
R C\m
b ibt .
fe
[*fp Ip
A B

f

Then, since f*fp is the pullback of f and fp, and since f o f*fo =
fpo(mo f&f) (because fp om = fc, since m is a morphism in C/B, and
fof*fc = foco f&f, by construction), there exists a unique f2m such
that f*fc = f*fp o fAm, and so f®m is a morphism in C/A.

In the future, we will prefer the notation A xg D over f*D.

Remark 2. This pullback functor f2 : C/B — C/A is not to be confused
with the reindexing functor f* : Eyp — Ex defined thanks to a cloven
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fibration U : E — B in Definition 12, even if they are sometimes both
denoted with f* [3, Example 7.29].The fact that the same notation is used
for both probably comes from the fact that if U is the codomain functor
cod : B — B, then Cz 2 C/Z for all Z in C [12, 28, Ex. 1.4.2], and the

assimilation is grounded.

Definition 19 (Composition functor [4, page 13.4.2]). Let f : A — B be
a morphism in C, we define the composition functor ¥y : C/A — C/B to
be

on objects X;(C, fc) is (C, f o fe),

on morphisms Xk, for k : (C, fc) — (D, fp) a morphism in C/A, is k
itself:

k
ofc fp
fe fofp

D

B
f

We can easily make sure that k is a morphism in C/B: fo fpok = fo fo
holds since k is a morphism in C/A.

Given f: B — A, f» and Y s are actually adjoints, and it can be the
case that f2 also has a right adjoint:

Definition 20 (Adjoints of f2 [3, Definition 9.19, 17, Corollary A.1.5.3]).
Let f: B — A, if f2 has a right adjoint, then we write it II;, say that f
is exponentiable, and we have:

XAy

Le.,
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In particular, for the adjunction ¥ ¢ - f2, we have the unit ns, tidesa 2

fAEf and the counit ey, : EffA 2 idc, g such that for all (C, fc¢) in C/B,
(DafD) in (C/Aa

Vk : (C, fo) = fA(D, fp) 3N : 4(C, fe) — (D, fp)

st. k= 2o (ns,)(c.fe) (3.1)
Yk : 24 (C, fo) — (D, fp), 3N : (C, fe) — FA(D, fp)
s.t. E = (Ezf)(vaD) o Efl (32)

And, for the adjunction f* Iy, the unit nr, : ide/p 5 HffA and the
counit ery, : fAHf 2 idc /4 are such that

vk < (D, fp) = 1¢(C, fe) N : f2(D, fp) = (C. fe)
s.t. E = Hf&o (TIHf)(D,fD) (33)
vk f2(D, fp) = (C. fe) 3l = (D, fp) = 1(C, fo)
st. k= (ern,)c o) © 2L (3.4)
In the following (Sect. 3.2.1, Sect. 3.2.2 and Sect. 3.2.3), we’ll prove that,
under certain conditions, the slice category C/A can be endowed with a

cartesian structure [2, Proposition 9.20], with (A,id4) being the terminal
object, and, for (X1, fx,) and (X2, fx,) two objects,

(X1, fx,) x (Xa, £x,) =det Sy, (1R, (X2, [x,)) (3.5)
or, equivalently
(X1, fx,) % (Xa, fx,) =aer Sy, (£, (X1, £x1))) (3.6)
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(X1, fx,) = (X2, fx) =aet Wy, (R, (X2, fx,))) (3.7)
with
EV(xy fx, ) (Xanfxy) ¢ (K15 fx1) = (X2, fxy)) X (X1, fxy) = (X2, fx,)
=det (€27, )(Xa.1x,) © B, (€1 )52 (xapiy))  (3-8)

To have a cartesian closed category in every slice, we will have to suppose
the initial category C is locally cartesian closed (LCC). LCC categories are
of interest on their own, because e.g. of the link they have to dependent
type [25], but whenever they have a terminal object seems to vary with
the author'.

Definition 21 (Locally Cartesian Closed). A category C is locally cartesian
closed if, equivalently,

1. it has pullbacks and every morphism is exponentiable [17, page 13|

2. each slice category C/A is cartesian closed [17, Corollary 1.5.3, 12,
page 81]

3. C has a terminal object, and for all morphism f: C — D in C, the
composition functor (Definition 19) ¥y : C/C — C/D has a right
adjoint f2, which in turns has a right adjoint II; (Definition 20).

3.2. Cartesian Structure

3.2.1. Terminal Object

Lemma 2 (Terminal Object). For all C and A an object of C, C/A has
terminal object.

!Compare “By convention, a locally cartesian closed category is assumed to have
a terminal object, so that it is in particular cartesian closed.” [17, page 48] with
“A locally cartesian category which has a terminal object is cartesian closed.” [4,
pages 381-382, 4, Proposition 13.4.6]. Steve Awodey [2, Remark 9.21] writes it
explicitly: “The reader should be aware that some authors do not require the
existence of a terminal object in the definition of a locally cartesian closed category.”
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Proof. We prove that (A,id 4) is a terminal object in C/A: let (X, fx) be an
object in C/A, we want to construct a unique h : (X, fx) — (A4,id4) such
that id, oh = fx. But id, oh = fx implies that h = fx, and it is unique,
since any other morphism A’ would be such that id, ok’ = h' = fx = h. O

Remark that the unique morphism between an object and the terminal
object is given by the object itself.

3.2.2. Products

Remark 3 (On products). The “spontaneous” way to define a product in
C/A from the product in C does not work: suppose we define (X, fx) x¢/a

(Y, fy) to be (z xcy), (fx Xc fv), as fx Xg fy is a morphism into A x¢ A4,
it is not a morphism in C/A.

Lemma 3 (Products). If C has pullbacks and A is an object of C, then
C/A has product.

Proof. Let (X1, fx,) and (X2, fx,) be objects of C/A, we write ((X; x#
X2), [, fx2,p2) the pullback of fx, along fx, in C and define their product

in (C/A to be (fol (f)%l(X%fXQ)))?f;K(leszQ)v Le., (((Xl Xé XQ)’fX1 o
(fX, fx2))s fx, fx5,p2). In the following, let py = f% fx,.

Checking that (X1 x& X2), fx, 0 (f%, fx,)) is an object in C/A, and
that p; and po are morphisms in C/A is straightformard, and can be read
from Figure 3.1.

For the universal property, let (Y, fy) be an object of C/A and, for
i€ {1,2}, p,: Y — X; be a morphism of C/A, i.e. such that fy = fx, opl.
We produce the unique v of C/A such that p; = p;ov and fy = fx, op;ov.
Since ((X3 xé X2),p1,p2) is the pullback of X; and Xo, we know there is
a unique v : Y — X; x# X» such that p, = p; ov. We are left to prove
that fy = fx, opiow:

fy =[x, op (Since p} is a morphism in C/A)
= fx,opiov (By definition of v)
]
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X1

le

Figure 3.1.: Situation in the proof of Lemma 3
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Remark 4 (“Altenate” product). Remark that, by the universal prop-
erty of the pullback, fx, o (f%,fx,) & fx, o (fX,fx,), so that we could
equivalently take the product of (X1, fx,) and (X2, fx,) to be (((X1 x&
X2)7 sz ° (f;(Qf)ﬁ))? f;@leapQ)'

This justifies the two presentations given in Equation 3.5 and Equa-
tion 3.6 and makes the product in slice categories symmetric “by construc-
tion”.

Remark 5 (On the product of morphisms). Given f : (X1, fx,) —
(X2, fx,) and g : (Y1, fy;) — (Y2, fy,) two morphims in C/A, their product
i xXg: (Xlan1) x (}/17.]%@) - (X27fX2) x (nafYQ) is the Only v given by
the universal property of the pullback of fy, along fx, below:

N Iy, fx,
X1 Xc Y1 Yl

# Iy, x5

X5 XéY2—>Y2

Ix, v

Ik, M Ivi

X, Iva
/ x
X1 ; A
X1

Notice first that fx, = fx, o f and fy; = fy, o g since f and g are
morphisms in C/A. Hence, fx, o fo Ix,Jvi = fvs 0 g0 fy, fx,, and by the
universal property of the pullback of fy, along fx,, there exists a unique v
such that fy fy,ov = fo [k fv, and fy, fx, ov =go [y, fx,. Hence, it
follows that v is a morphism in C/A, and we write it f x g.
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3.2.3. Exponents

Lemma 4 (Exponents). If for all fx, : X1 — A, f)%l has a right adjoint,
then C/A has exponents.

Proof. Let (X2, fx,) be an object of C/A, we define
o (X1, fx;) = (X2, fx,) to be Iy, (f3, (X2, fx,));

e the evaluation map
EV(Xy (Ko fry) (X1 fx) = (X2, fx,)) X (X1, fxy) = (X2, fx)

to be (GEfXI )(Xz,fx2)ozfx1 ((€HfX1 ) )%1 (Xg,fX2))a where (X27 fX2) (resp.
f)%l (X2, fx,)) is the component at which the natural transformation
exy, (resp. em, ) is taken.

1 1

e and for all (Z,fz) and h : (Z, fz) x (X1, fx,) — (X2, fx,), the
definition of A\g : (Z, fz) — (X1, fx,) = (X2, fx,) will be given
below, using the properties given in Equation 3.2 and Equation 3.4
of the co-units of the adjunctions given in Definition 20.

We first check that this object and this morphism belong to C/A:

e Since fx, : X1 — A, f)%l :C/A — C/X; and Iy, : C/Xy — C/A,
we have that (X1, fx,) = (X2, fx,) is an object in C/A.

e First, note that, by expanding the definitions of product (Lemma 3)
and exponent in the slice category,

((X17fX1) = (XZanz)) X (Xl’fX1)
Efxl (f)%l(nfxl (f)%l(X%sz)))

and we can check that this is indeed the domain of the evaluation
map. Secondly, this evaluation map

(GZJ‘X1 )(X2:fX2) © EfX1 ((Efol )f)%l (X27fX2))

is indeed in C/A:
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- f)%l(X%sz) Is in (C/Xla

hence, (enfxl )f)%l (Xo.fx,) is a morphism in C/Xj,

— and since X, : C/X; — C/A, ZfX1((€fo1)f§1(X2va2)) is in

C/A.

for (Ezfxl

in C/A, and hence that (es; )(x, fy,) is indeed in C/A.
1

)(X27fx2), it suffices to check that (Xo, fx,) is an object

For the universal property of the evaluation map: suppose there exists
(Z,fz) and h: (Z, fz) x (X1, fx;) = (X2, fx,). Since

(Z> fZ) X (Xlan1) = fol (f)%l(Z7 fZ))

by Equation 3.2, there exists a unique [ : f)%l (Z, fz) — f)%l (Xa, fx,) such
that

h = (fEf)(Xz,fxg) © EfX1 (l—l)

But then, by Equation 3.4, there exists a unique ly : (Z, fz) — Uy, (f)%1 (X2, x,))
such that

A
b= (empy )r2, (Xaufry) © FX0 (l2)

Putting it all together, and leaving the subscripts aside, we have:

h=es; 0¥y (e, © 12, (12)
= expy, 0 By (e, ) 0 Sy ( f2.(l2))  (Since Xy, is a functor)
= eV(x, 1) (Xarfxy) © S, (FR (12) (By definition of ev)
A close inspection reveals that Xz, (f)%1 (I2)) and I X id(x, 7, ) are ac-

tually the same morphism: f)%l (I2) and [y x id(X1,fx1) are both obtained

as the unique morphism between (Z, fz) x (X1, fx,) and ((X1, fx,) =
(X2, fx,)) x (X1, fx,) using the universal property of the pullback f% I,
and X fx, on morphisms is the identity. Hence, we get:

= el(lefxl)’(X27fX2) © (l—2 X ld(Xlanl))
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Hence, the universal property of the evaluation map is proven, and we let

Ah) =1

which is unique by uniqueness of [; and ly and is a morphism in C/A by
construction. 0
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4. On Monads, Kleisli Category and
Eilenberg—Moore Category

4.1. Monads

Definition 22 (Monad (or triple in monoid form, or Kleisli triple) [23,
page 61, 6, page 8, 5, page 5]). A monad 7T over a category C is a triple
(Ta n, :u)a where

e T :C — C is an endofunctor, called the carrier,
e 7 :idc > T is a natural transformation, called the unit,
o 1 :T? 2 T is a natural transformation, called the multiplication

such that, for all object A in C, the following commute:

Tpa nTA
T3A —— T2A TA——T2%A
N“
HT A KA
T2A —— TA T2A T TA

1A

The definition of Kleisli triples and monads can vary slightly, but they
are in bijection [5, page 8].

Definition 23 (Properties of monad). A monad 7 = (T,n,u) over a
category C is
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(Left) Strong [23, page 74, 13, page 168] if C is monoidal, and (7', Ist)
is a (left) strong functor (Definition 7), such that the following commutes:

id; ®nx
I®X
T(I®X)
lst]TX TlSt]TX

I@T2X ———— > TIRTX) ———— T*(I ® X)

idy ®@ux HIiox

I®TX T(I®X)
1St]7X

Note that if C is symmetric, then a swapped (or twisted) strength map
sstféhB :TA® B — T(A® B) can be defined as T'sp 4 olstp 4 0574 B.

Right Strong if C is monoidal, and (7', rst) is a right strong functor
that obey similar laws. Note that if C is symmetric, then a swapped (or
twisted) strength map ssty p: A® TB — T(A® B) can be defined as

Tspaorstga0sarB.

Commutative [16, page 203] if C is symmetric, 7 is a right and left
strong monad, and the two morphisms p o T'sst” orst and o T sst! o lst

are equal, in which case it is named the double strength and written
YaB: TA®TB - T(A® B).

Affine [14, Definition 1] if C has a terminal object 1, and 71 = 1.

There is a long and interesting development about right strong monads,
and commutative monads, that can be found in [24, page 71, 20, pages 252
257]. Affine, commutative, and strongly affine monads are developed in [14,
15, 11], but the original theory is in [19]. An alternative definition of strong

38



monad, involving prestrenghts and what the author calls Kleisli strength,
can be found in [24].

Definition 24 (Kleisli liftings [21, page 28]). Given T = (T,n,u) a
monad over C, for f : A — TB, we define the Kleisli lifting of f to
be f#* = urpoTf:TA — TB.

Sect. A.2 gathers the equalities about the monads, the left strength, and
T-algebras (whose definition follows in Sect. 4.3) as well as some of the
equalities that can be immediately inferred from them, that we will use in
the rest of this document.

4.2. Kleisli Categories

Definition 25 (Kleisli category [20, page 147]). Given T = (T, n,u) a
monad over C, the Kleisli category C7 is the category whose

objects are the objects of C,

morphisms are morphisms in C whose target is of the form T'X for X
in C, i.e. Homc, (A, B) = Homc(A,TB),

identity isns: A — TA,

composition of f in Homc, (A, B) and g in Homc,(B,C), go f in
Homg, (A4,C) is g o f : A — TC.

Remark 6. For f in Homc, (4, B) and g in Homc (B, C),

1. Composition with the identity behaves as expected:

(fo 77)# =poTlfoln (Definition 24)
= fopoTn (By naturality of u)
=f (mo)
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(g7 o f)* = (noTgo f)¥ (Definition 24)
=poT(uoTgo f) (Definition 24)
=poTuoT?goTf
=poTgouoTf (m5)
= g7 o f* (Definition 24)

4.3. Eilenberg—Moore Categories

Definition 26 (Eilenberg—Moore category). Given T = (7,7, 1) a monad
over C, the Eilenberg-Moore category C7 is the category whose

objects are T-algebras, i.e., A = (A, f4) where A is the carrier, i.e. an
object in C, and f4 is a T -action, i.e., a morphism T'A — A such that
the following commutes:

Tfa
T°A——TA
A—" g

\ i fa
TA—— A
fa

morphisms are ‘Ehe T—homomorpﬁisms between T -algebras, i.e. a mor-
phism between A = (A, f4) and B = (B, fp) is a morphism f: A — B
in C such that

Jofa=fpoTf

identity is the identity on the carrier,

composition is the composition of the underlying morphisms in C.

40



Definition 27 (7-algebra homomorphism in its right-hand argument
(AHom) [7, page 192]"). If C has product and T is a (left) strong monad
on C, then given an object B in C, and two algebras A = (A, f4) and
C = (C, fc¢) in CT, we say that a morphism f : B x A — C in C is
a T -algebra homomorphism in its right-hand argument if the following
diagram commutes:

Ist Tf
BxTA——T(BxA) ——TC
ideAJ lfC
Bx A C

f

We write AHome(B x A, C')? to denote the subcollection of morphisms in
C from B x A to C that are T-algebra homomorphisms in their right-hand
arguments.

Lemma 5. For all D in Cand A= (A, f4)inC7, my: D x A— Aisin
AHomg(D x A, A).

Proof. myo (id X fa) = faomy = faoTmyolst by ps and ss. O
Finally, we note that AHom has some nice closure properties:

Lemma 6 (Closure properties of AHom). Let D be in C, A = (A4, fa),
C = (C,fc)in C7, and f be in AHomc(D x A, C).

1. Forall D'in Cand g: D' — D, fo(gxid) is in AHomc (D' x A4,C).

2. For all Bin C7 and g in AHomc(D x B, A), the morphism f o (7, g)
is in AHom¢(D x B, C).

Proof. 1.
fo(gxid)o(id xfa)
Thank to Paul Blain Levy for pointing out the right definition.

2However, it should be stressed that B x A is not an object in C nor in C7, we are
just using it as a convenient notation.
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=fo(id x fa) o (g x id) (p12)
=fcoTfolsto(g x id) (Since f is in AHomc (D x A, C))
=fcoTfolsto(gx Tid)
=fcoTfoT(gxid)olst (s4)
=fcoT(fo(gxid))olst

2. This part of the proof has multiple steps, and requires to take asso-
ciativity explicitly into account.

fo <7T1 > (id XfB)

=fo(mo(idxfp),go (id X fp)) (ps)
=fo(m,go(idx[fp)) (I)x)
=fo(m, faoTgolst) (Since g is in AHomc(D A))
=fo(idxfa)o (m,Tgolst) (I%)
=focoTfolsto(m,Tgolst) (Since f isin AHomc(D x A, C))
=fcoTfoT(m,g)olst (See below)

=fcoT(fo(m,g))olst

We prove that Ist o(my, Tg o Ist) = T'(m, g) o Ist as follows. First,
observe that

o (6 x1id)

:<71'1 oy, mg X id) o (§ x id) (asy)
=(my om0 (d xid), (me x id) o (§ x id)) (p6)
=(m om0 ((id,id) x id), (72 x id) o ({id, id) x id)) (p3)
=(m om0 ((id,id) x id), (72 o (id,id)) x (id oid)) (pa)
=(my o (id,id) o 7y, (w2 o (id,id)) x (id oid)) (ps)
=(id o7y, id x id) (po)
=(m1,id)

=(m oid,id oid)
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—(m x id) o (id, id) (p2)
:(71'1 X ld) 0

Hence, we get:

Ist o(my, T'g olst) = Isto(my x (T'golst))od (p1)
=Isto(id x(T'golst)) o (m x id) 0 d (p12)
=Isto(id x(Tgolst)) oo (§ x id)
(Previous remark)
=lIsto(id xT'g) o (id x Ist) oo (6 xid)  (p13)
:T(id xg) olsto(id x Ist) o cwo (& x id) (54)
id xg) o Tavolsto(d x id) (s5)

7(
= T(ld xg)oTaolsto(d x Tid)
=T({id xg) oTaoT( x id) o st (s1)
=T((id xg) oo (6 x id)) o Ist
=T((id xg) o (w1 x id) 0 §) o Ist
(Previous remark)
=T((m x g)od)olst (p12)
=T(m,g)olst (p1)
O

4.3.1. Terminal Object

Theorem 1. If C has a terminal object 1, then 1 = (1,!71) is a terminal
object in C7.

Proof. First, observe that 1 = (1,!7;) is an object in C7:
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M1

T ——mmm™™ 1 ————=1
T1 1d1
all commutes because there is only one morphism from 721 to 1, and
only one morphism from 1 to 1 in C.
Given (A, f4) in C7, we use that 1 is terminal in C to obtain a morphism
'4: A — 1, and note that it is a morphism in C7:

T4
TA —— 1711

fa '

A—1
'a

Everything commutes in this diagram because there is only one morphism
from T'A to 1 in C. O

4.3.2. Products

Theorem 2. If C has product, then C7 has products, defined by A x B =
(Ax B, ((fax fB)o(T'm,Tne))) and with projections 7; inherited from C.

Proof. We have to prove that 1. that our candidate is an object in C7,
2. that our projections are T-algebra homomorphisms, and 3. that our
candidate together with the projections satisfy the universal property of
the product.

1. We have to prove that (fa x fg) o (T'm, Tmo) satisfies al; and al,
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and we’ll use that f4 and fp satisfy them:

(fax fB)o(Tm,Tma)on = (fax fg)o(Tmon,Traon) (ps)
= (fax fp)o(nom,noms) (my)
= (faonom, fponom) (s)
= (71, 72) (al2)
=id (p7)

(fax fB)o(Tm,Tm2) o T((fa x fB) o (T'm1,Tm2))
(fax fB) o (TmioT(fax fB), Tm20T(fa x fp)) o T'({I'm, Tma))

(ps)
=(fax fp)o(T(m o (fax fp)),T(m20(fax fp)))oT((Tm1,Trs))
=(fax fp) o (T(faom),T(fpom2))oT((Tm,Trs)) (ps)
=(faoT(faom), fpoT(fpoms))oT((T'm,T'm2)) (po)
=(faoTfaoTm, fpoT(fp)oTns) o T((I'm,Tm2))
=(faopoTm, fpopoTmy)oT({(Tm,Tma)) (alo)
=(fa x fp) o (poTmi,puoTrs) o T((Tm,Tmz)) (p6)
=(fax f)o{uoTm oT((Tm,Tma)), poTmy o0 T(<T7T1,T7T2>)>( |

P5
=(fa x fp)o (o T (m o (Tm,Tnma)), uoT(mwe o (Tm,Tma)))
=(fa x fB) o (o T?(m), po T?(my)) (po)
=(fa x fp)o(T'm o, Tma 0 ) (mg)
=(fa X f) o (Tm,Tm)op (ps)

2. We let 7 : A x B — A be the first projection, and prove that it is a
morphism in C7.

m o (fa x fg)o(Tm,Tra) = faom o (Tm, Tra) (ps)
= faoTm (o)

We prove similarly that m : A x B — B is a morphism in C7 .
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3. We now have to prove the universal property of that product, i.e., that
for all C = (C, f¢) such that there exist f: C — A and g: C — B,
there exists a unique h : C — A x B such that f = 7 o h and
g = mo o h. A picture at the end of this part depicts the situation at
the end of this proof.

Let h = (f, g) be the mediating morphism into the product. We first
prove it is a morphism in CT:

(f.g)ofc={(fofc,g0 fc) (ps)

= (faoTf, foTg)
(Since f and g are morphisms in C7)

= (fax fB)o(Tf,Tg) (Ps)
= (fax fB)o(T(m o (f,9)),T(m20(f,9))) (o)
= (fax fg) o (Tm o T(f,g), Tma o T(f,g))

= (fa x fp) o (T'm, T'm2) o T(f, g) (ps)

That f = m o h follows from 71 o (f,g) = f, similarly for g = 79 o h.

If there were another morphism A’ with the same properties, we
could get a b/ : C' — A x B that would contradict the uniqueness of
(f,g) with respect to the product in C. The picture we obtain is the
following;:
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/
>< s

T(A x B)

& —

(T'my, T'a)

TAxTB

faxfB

Ax B

We also note that the duplication § is easily defined as a morphism in
CT, since
1o

TA TAxTA
fAl J(fA X fa) o (T'm, Tma)
A 0 Ax A

commutes trivially:

(fax fa)o(Tm,Tmy)oTd = (fa x fa)o(ITm oT§,TraoTd) (ps5)
= (fa x fa) o (I'(m 00),T(m200))
= (fa x fa) o(T'id, T'id) (p16)
= (fa x fa) o (id,id)
= (fax fa)oé (p3)



=0d0 fa (I)J,T)

4.3.3. Exponent-like Structures

Eilenberg—Moore categories do not have exponents, but can be endowed
with two structures that share similarities with exponents. Below, they
are named “internal” and “external”, but no “canonical” name for them is
known. The “external” is used, for instance, in [22, Lemma 3.1.].

“Internal Exponents”

Theorem 3. If C is cartesian closed and 7T is (left) strong, letting A =
(A, f4) be an object in C7 and B be an object in C, then B = A =: (B =
A, N(faoTevoTsolstos)) is an object in C7.

Proof. We need to show that A(f40T evoT'solstos): T(B= A) - B= A
satisfies (al;) and (al,). We will use that, since (A, f4) is an object in B7,
fa satisfies them.

M faoTevoTsolstos)on=A(faoTevoTlsolstoso (nxid)) (e1)
=MNfaoTevoTsolsto(idxn)os) (pia)
=ANfaoTevoTsonos) (s1)
=AfaoTevonosos) (my)
— A(fa0Tevon) (012)
—A(faonoey) (1)
= A(ev) (aly)
=id (e2)

AMfaoTevoTsolstos)op
=\(faoTevoTsolstoso (u xid)) (e1)
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=A(faoTevoTsolsto(id xpu) o s) (p14)
=A(faoTevoTsopoTlstolstos) (s2)
=\(faoTevouoT?(s)oTlstolstos) (m6)
=\(faopoT?(ev)oT?(s)oTlstolstos) (mg)
=\(faoTfao0T?(ev)oT?(s)oTlstolstos) (als)
=X(faoTfao Tz(ev) o T2( )oTlIstoT'soTsolstos) (p15)
=ANfaoT(faoTevoTlsolstos)oTsolstos)
=AfaoT(evo(A(faoTevoTlsolstos) xid))oTsolstos) (e3)
=ANfaoTevoT (A(faoTevoTlsolstos) x id) o T's olstos)
=A(faoTevoTlsoT(id x(A(faoTevoTlsolstos)))olstos) (p14)
=A(faoTevoTlsolsto(id xT(A(faoT evoTsolstos)))os) (51)
=XNfaoTevoTsolstoso (T(A(faoTevoTsolstos)) xid))  (pi4)
=A(faoTevoTlsolstos)oT(AN(faoTevoTlsolstos)) (e1)
O

Note that if forg : CT — C is the forgetful functor associated with T,
then

forg(B = A) = forg(B = A, \(fa o T'evoT'solstos))
=B=A
— B = (forg (A, £4))
= B = (forg A)

Remark 7. Note that evos is in AHomc(A x A = B, B):

evoso (id x\(fp o T evoTlsorstos))
=evo(A(fpoTevoTsorstos) xid) o s
=fpoTevolsorstosos (e3)
=fpoTevolsorst (P15)
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“External Exponents”

Theorem 4. If C has all equalizers, exponents and products, for every
object C'in C, and algebras A = (A, f4), B = (B, fg) in C7, there exists
an object A —o B in C such that AHomg¢(C x A, B) = Homc(C, A — B) .

Proof. We have to
1. give the definition of the object A — B,
2. construct © : AHom¢ (C x A, B) — Homc(C, A — B),
3. construct Q : Homg(C, A — B) — AHom¢(C x A, B) and
4. prove that ® 0o Q) = Q00 =id.

1. Let (A — B,e) be the equalizer of A(evo(id x f4)) : (A = B) —
(TA= B)and A(fgpoTevorst): (A= B)— (TA= B):

Aev ofid x f4))

T

AoB>A=B TA= B

\_/

A fp o Tevorst)

2. Given f in AHomc(C x A, B), we let © f be the morphism my : C' —
A —o B given by (A — B,e):
C
| A
Iy 4
B \:, B o /\
A—-B——A=1HB TA= B

We verify that the property of the equalizer can indeed be used:
Alevo(id x fa)) o Af



=Aevo(id x fa) o (A\f x id)) (e1)
=A(evo(Af xid) o (id x f4)) (p12)
=\(fo (id xfa)) (c3)
=A(fpoTf orst) (Since f is in AHome(C x A, B))
=\(fpoT(evo(Af x id)) orst) (e3)
=A(fpoTevoT(Af xid) orst)

=X(fpoTevorsto(Af x T'id)) (s4)
=\(fpoTevorsto(Af xid))

=A(fpoTevorst)o\f (e1)

3. Given g in Homc(C, A — B), we define Qg to be A~'(e o g). We
prove that it is a morphism in AHomc (C x A, B) using that e is the
equalizer of A(evo(id x f4)) and A(fp o T evorst):

AMevo(id xfa))oe=A(fpoTevorst)oe
= A(evo(1d Xfa))oeog=AfgoTevorst)oeog
(ev

()\ evo(idxfq))oeog) = A_l()\(fB oTevorst)oeog)
“(A(evo(id x fa))) o ((e o g) x id)
=AY (\(fpoTevorst))o((eog) xid) (e4)
= evo(idxfa)o((eog) xid) = fgoTevorsto((eog) x id)( |
€6
— evo((eog) xid) o (idxf4) = fpoTevorsto((eog) X T(id))
P12
= evo((eog) xid)o (idxfa) = fpoTevol((eog) x id) orst
(54)

— evo((eog) xid) o (id X fa) = fpoT(evo((eog) x id)) orst
— evo(A(A ! (eoyg)) xid) o (id x f4)

= fpoT(evo(A(A " (eog)) x id)) o rst (e5)
— A leog)o(idxfa) = fpoT(A\ t(eog))orst (e3)

o1



4. Given g in Hom¢(C, A — B), ©(2g) = O(A"!(eo g)) is the unique
morphism my—1(eog)):

¢
| (e og)))

M- (eog))

3 T~
AoB— +A=B TA=B
~—_

But since A(A\~!(eog))) = eog, we have that MA~1(eog)) = g- Moreover,
given f in AHomc(C x A, B), Q(Of) = A"1(e 0 ©f) where Of is
the unique morphism my such that eom; = Af. Hence, Q(Of) =
A leomy) =A"INf) = f.

We conclude that © 0 Q = Q00 =id. O

Remark 8. Note that ev_, =: (e x id) o ev is in AHom¢(A — B x A, B):
evo(e x id) o (id x fa) = evo(id X f4) o (e x id) (p12)

— A (Aevolid xfa) o (e x i) (co)

= (e1)

A
A (Mev o(id x £4)) o)
AL

= A Y\(fpoTevorst)oe)

(Since e is the equalizer of A(evo(id X f4)) and A\(fp o T'evorst))
= A Y(\(fpoTevorsto(e x id)) (e1)
= fpoTevorsto(e x id) (e6)
= fpoTevoT(e xid) orst (51)

Connecting the Internal and the External Exponents

It is conjectured that for every object C in C, and all algebras A = (A, fa),
B = (BafB) in (CTa

Homg(C, A — B) = Homer(A4,C = B)

However, the proof attempts require to be explicit about the associativity,
and seemed doubtful.

52



Bibliography

1]

Paolo Aluffi. Algebra: Chapter 0. Volume 104. Graduate Studies in
Mathematics. American Mathematical Society, 2009, page 713. I1SBN:
9780821847817.

Steve Awodey. Category Theory. 2nd edition. Oxford Logic Guides.
Oxford University Press, 2010, page 336. 1SBN: 0199237182.

Steve Awodey. Category Theory. Lecture notes. LMU Munich, 2011.
URL: http://www.andrew.cmu.edu/course/80-413-713/.

Michael Barr and Charles Wells. Category Theory for Computing
Science. Volume 22. Originally published: Prentice-Hall International
Series in Computer Science, 1995. Sept. 2012, pages 1-538. URL:
http://www.tac.mta.ca/tac/reprints/articles/22/tr22.pdf.

Nick Benton. Monads and Effects. Lecture Notes. Sept. 2000. URL:
http://research.microsoft.com/en-us/um/people/nick/BHM.
ps.

Nick Benton, John Hughes, and Eugenio Moggi. “Monads and Ef-
fects”. In: APPSEM 2000. Edited by Gilles Barthe et al. Volume 2395.
Lecture Notes in Computer Science. Springer, 2000, pages 42-122.
DOI: 10.1007/3-540-45699-6_2.

Paul Blain Levy. “Call-by-push-value”. PhD thesis. Queen Mary,
University of London, 2001, page 310. URL: http://www.cs.bham.
ac.uk/~pbl/papers/thesisqmwphd.pdf.

Claudio Alberto Hermida. “Fibrations, Logical Predicates and In-
determinates”. PhD thesis. University of Edinburgh, 1993. URL:
http://www.1lfcs.inf .ed.ac.uk/reports/93/ECS-LFCS-93-
277/ECS-LFCS-93-277 .pdf.

53


http://www.andrew.cmu.edu/course/80-413-713/
http://www.tac.mta.ca/tac/reprints/articles/22/tr22.pdf
http://research.microsoft.com/en-us/um/people/nick/BHM.ps
http://research.microsoft.com/en-us/um/people/nick/BHM.ps
https://doi.org/10.1007/3-540-45699-6_2
http://www.cs.bham.ac.uk/~pbl/papers/thesisqmwphd.pdf
http://www.cs.bham.ac.uk/~pbl/papers/thesisqmwphd.pdf
http://www.lfcs.inf.ed.ac.uk/reports/93/ECS-LFCS-93-277/ECS- LFCS-93-277.pdf
http://www.lfcs.inf.ed.ac.uk/reports/93/ECS-LFCS-93-277/ECS- LFCS-93-277.pdf

[11]

[12]

[13]

[14]

[16]

[17]

Pieter J. W. Hofstra. Fibrations and Proofs. Lecture notes. Tutorial
for FMCS 2008. Halifax, 2008. URL: mysite.science.uottawa.ca/
phofstra/halifax.pdf.

Bart Jacobs. “Comprehension Categories and the Semantics of
Type Dependency”. In: Theoretical Computer Science 107.2 (1993),
pages 169-207. DOI: 10.1016/0304-3975(93)90169-T.

Bart Jacobs. “Semantics of weakening and contraction”. In: Annals
of Pure and Applied Logic 69.1 (1994), pages 73—106. 1SSN: 0168-0072.
DOI: 10.1016/0168-0072(94)90020-5.

Bart Jacobs. Categorical Logic and Type Theory. Studies in Logic
and the Foundations of Mathematics 141. North Holland, 1999. 1SBN:
9780444508539.

Bart Jacobs. “Categorical Type Theory”. PhD thesis. University of
Nijmegen, 1999. URL: http://www.cs.ru.nl/B. Jacobs/PAPERS/
PhD.ps.

Bart Jacobs. “Affine Monads and Side-Effect-Freeness”. In: Coalge-
braic Methods in Computer Science - 13th IFIP WG 1.3 International
Workshop, CMCS 2016, Colocated with ETAPS 2016, Eindhoven,
The Netherlands, April 2-3, 2016, Revised Selected Papers. Edited
by Ichiro Hasuo. Volume 9608. Lecture Notes in Computer Sci-
ence. Springer, 2016, pages 53-72. ISBN: 978-3-319-40369-4. DOI:
10.1007/978-3-319-40370-0_5.

Bart Jacobs. “Effectuses from Monads”. In: FElectronic Notes in
Theoretical Computer Science 325 (2016), pages 169-183. poI: 10.
1016/j.entcs.2016.09.037.

Bart Jacobs. “From probability monads to commutative effectuses”.
In: Journal of Logical and Algebraic Methods in Programming 94
(2018), pages 200-237. DOI: 10.1016/j.jlamp.2016.11.006.

Peter T. Johnstone. Sketches of an Elephant: A Topos Theory
Compendium. Volume 2. Oxford Logic Guides. Oxford University
Press, 2002. 1SBN: 978-0-19-852496-0.

o4


mysite.science.uottawa.ca/phofstra/halifax.pdf
mysite.science.uottawa.ca/phofstra/halifax.pdf
https://doi.org/10.1016/0304-3975(93)90169-T
https://doi.org/10.1016/0168-0072(94)90020-5
http://www.cs.ru.nl/B.Jacobs/PAPERS/PhD.ps
http://www.cs.ru.nl/B.Jacobs/PAPERS/PhD.ps
https://doi.org/10.1007/978-3-319-40370-0_5
https://doi.org/10.1016/j.entcs.2016.09.037
https://doi.org/10.1016/j.entcs.2016.09.037
https://doi.org/10.1016/j.jlamp.2016.11.006

[21]

[22]

[26]

Shin-ya Katsumata. “Relating computational effects by T T-lifting”.
In: Information and Computation 222 (2013), pages 228-246. DOI:
10.1016/j.1c.2012.10.014.

Harald Lindner. “Affine parts of monads”. In: Archiv der Mathematik
33 (1979), pages 437-443. DOI: 10.1007/BF01222782.

Saunders Mac Lane. Categories for the Working Mathematician.
Graduate Texts in Mathematics 5. Springer New York, 1971. 1SBN:
978-1-4757-4721-8. DOI: 10.1007/978-1-4757-4721-8.

Ernest G. Manes. Algebraic Theories. Volume 26. Graduate Texts
in Mathematics. Springer New York, 1976. poI: 10.1007/978-1-
4612-9860-1.

Rasmus Ejlers Mggelberg and Alex Simpson. “Relational Parametric-
ity for Computational Effects”. In: Logical Methods in Computer
Science 5.3 (2009). pOI: 10.2168/LMCS-5(3:7)2009.

Eugenio Moggi. “Notions of Computation and Monads”. In: Informa-
tion and Computation 93.1 (1991), pages 55-92. DOI: 10.1016/0890~
5401(91)90052-4.

Philip S. Mulry. “Notions of Monad Strength”. In: Festschrift for
Dave Schmidt. Edited by Anindya Banerjee et al. Volume 129. Elec-
tronic Proceedings in Theoretical Computer Science. 2013, pages 67—
83. DOI: 10.4204/EPTCS.129.6.

Robert A. G. Seely. “Locally cartesian closed categories and type
theory”. In: Mathematical Proceedings of the Cambridge Philosophical
Society 95 (Jan. 1984), pages 33-48. 1SSN: 1469-8064. Do1: 10.1017/
S0305004100061284.

Hendrik Tews. “Coalgebraic Methods for Object-Oriented Specifi-
cation”. PhD thesis. Technischen Universitat Dresden, 2002. URL:
http://askra.de/PhD/main.pdf.

95


https://doi.org/10.1016/j.ic.2012.10.014
https://doi.org/10.1007/BF01222782
https://doi.org/10.1007/978-1-4757-4721-8
https://doi.org/10.1007/978-1-4612-9860-1
https://doi.org/10.1007/978-1-4612-9860-1
https://doi.org/10.2168/LMCS-5(3:7)2009
https://doi.org/10.1016/0890-5401(91)90052-4
https://doi.org/10.1016/0890-5401(91)90052-4
https://doi.org/10.4204/EPTCS.129.6
https://doi.org/10.1017/S0305004100061284
https://doi.org/10.1017/S0305004100061284
http://askra.de/PhD/main.pdf

[27] Glynn Winskel and Mogens Nielsen. “Models for concurrency”. In:
Semantic Modelling. Edited by Samson Abramsky, Dov M. Gabbay,
and Thomas Stephen Edward Maibaum. Volume 4. Handbook of
Logic in Computer Science. Oxford University Press, 1995, pages 1—-
148. 1sBN: 978-0198537809.

26



A. Cheat Sheets

A.1. Cartesian Structure

Product

(f:9) =aet (f x g) 06

S =def T2 X T
0 =def <1d71d>

(fi xg1)o(faxg2) = (fiof2) x (91 X g2)
(frg)oh=(foh,goh)
(f x g)o{hi,h2) = (fohi,gohs)
(my,m9) = id

mio (fi x f2) = fiom
mi o (f1, f2) = fi
fomy=mgo (id X f)
fom =mo(f xid)
fxg=(f xid) o (id xg)
= (id xg) o (f x id)
(fog) xid=(f xid) o (g xid)
(fxg)os=so(gxf)
sos=id
mo0=1d
(f x flos=bof

o7



Exponents

Afog=A(fol(gxid))
Aev =id
evo(\f xid) = f
AN (fog)=(A""f)o(gxid)
ML =f
AMNINf=Ff
f=g9g <= X'f=x"y
f=9g <= A =X
evo(fxid):)\_l(f)

Associativity

(1 0wy, mo X id) = «
(id x7r1, T © W) = a~t

aloa=id

aoa l=id

aosoa=(idxs)oao (s xid)
(fix (fax f3))oa=ao((fi x f2) X f3)
a” o (fi x (fax f3)) = ((f1 X f2) x fs)oa™"

A.2. Monadic Structure

Monad
pop=poTp
pwolTn=id
pomn=id

58

(asy)

(as2)

—~
8
™)
~



nof=Tfon
Tfou=TuoT*f
Tfop=poTf

(Left) Strength

Ist o(id xn) =7
Ist o(id xp) = po Tlstolst
T olst = o
Isto(f xTg) =T(f x g)olst

Taolst =lIsto(id x Ist) o «

Algebras

faon=id
Jaopu= faoTfa
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