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Causal consistent reversibility

Transactional systems

Agent cannot backtrack
- beyond this time point
alone to avoid a paradox...

Counterfactual reasoning
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Computation is
Pi ab.P | a(x).Q — P | Q{b/x} dissipative

explicit subst.

/
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Well understood operationally

XOR CNOT
Xy Z Xy zZm
000 0000

011 0111
101 1010

110 1101
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Aim: a denotational view of reversibility

aaa bc

Logical characterisation

1. Configuration structures
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where y\z := {a € y | a € z} is the classical set difference.
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Configuration structure
C=(EX) XCIAE)

Partial order

(]:p.o — (X’ g ) X—cy |ﬁ TC {xa y} # %

Atomic
C is rooted and connected

Definition 2.3 Let C € Cg. For all finite x € C, we define the residual of C after x:
z-C:=(E,{z€P(E)|3yet™{z}:z=y\z})

where y\z := {a € y | a € z} is the classical set difference.
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Forward computation

Possible futures are partially ordered

2 t A\ -x-C=2\y-y-C t\y-y-C
C/\C C/ \/ p t\y/
— C <\ Z\Y
VARV e 0 &
o N,/
“ \ /
C xox - C=@ux)-c POC

+ residuation

o-C=C Labelled transition system
as a monoid action
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Prime Event Structures

a,a’,a’,b,c
A
\ Is this structure engendered by a causality
aa,be  aala’b aca”,d and conflict relation amongst events?

a,a’ b/ a,c’,a” C YES'
/1IN Y
b d

% ... but it Is not true in general...
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Prime elements:
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(E, X C P(E)) (X, €)

Configuration structures Partial orders

Stable Config@ Prime algebraic dcr@

roup Prime event structures
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Symmetric residual

Definition 2.3 Let C € Cg. For all finite x € C, we define the residual of C after x:
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Symmetric residual

Definition 2.3 Let C € Cg. For all finite x € C, we define the residual of C after x:
z-C:=(E,{z € P(E) |3y € t*{z} : z = y\z})

where y\z := {a € y | a € x} is the classical set difference.

XAy = Jef x\y U y\x (AP(E), A) is a group if x C ythen xAy = y\x

Definition 3.1 Let C € Cg. For all finite z € C, we define the symmetric residual of C after x:

rtOC=(FE,{zeP(E)|dyeC:z=y A x}).

Proposition 3.2 (Group action) The operator (®) : Bin(E)*xCg — Cg is a group action on configuration
structures, 1.e.:

o for all finite configurations x, y, if t e Candyex ©C, thenx ® (y© C)=(z Ay) © C.
e ) ©C=C.




Reversible computation
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(conservative) labelled transition
+ symmetric residuation

system as a group action’s orbit
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Stable orbit theorem RS R T

{a} {b} {c}
Ve o N
/ @ N\

{a, b,c} / {a, b,c}
N N
{a,b} (b, c) 14, b} (a,c) (b, c)
[ . | | DN [
@ U .= @ 9w

\g/ \l/
I\ {a, b, c} /‘

Property: The following are equivalent! {a} % T " {a,b,c}
- C is not an event structure \ {Cl, C} {a b} {b, C} / Theorem: Cis a prime event structure if
T ’ T and only if one the point in its orbit is.
- orb(C) has an incoherent element e AN
{a} {b}
- orb(C) has an element not U — closed \ /
0

- orb(C) has an element not N —closed
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c}
\

b, c}
nN'e
]

{/}\ _

O}

{b,c,d}

b, c;

SWitCh{b,C}

10}

14}



Event structure switch
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Event structure = local (reversible) computations
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transition steps implement a switch.
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