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Agent cannot backtrack 
beyond this time point 
alone to avoid a paradox…

A subsystem may be “backwards”, 
while the rest is “forwards”…

But agents can interact only if they 
are in compatible space-time

Transactional systems

Concurrent debuggers

Counterfactual reasoning

Self assembly

Lamport’s clocks (78): causality as abstract time



Well understood operationally
Operational semantics

(reduction)

āb.P | a(x).Q ! P | Q{b/x}Pi

m0(c) = m(a)

m(b) = d
with

explicit subst.

m :āb.P | m0 :c(x).Q $ (i, āb).m :P | (i, c[d/x]).m0 :Q

subst. in m applied to b

RPi

Computation is 
information 
preserving!

Computation is 
dissipative
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Forward computation

<latexit sha1_base64="2PR9RscPEuVLWqEMXlJ0T5cAIRw=">AAAB/3icbVC7TsMwFHV4lvAqMLJEVEhMVYJQYaxgYWwl+pCaqHKcm9aq40S2g6hCBmZW+AY2xMqn8An8BU6bAVqOdKWjc+617z1+wqhUtv1lrKyurW9sVrbM7Z3dvf3qwWFXxqkg0CExi0XfxxIY5dBRVDHoJwJw5DPo+ZObwu/dg5A05ndqmoAX4RGnISVYaan9MKzW7Lo9g7VMnJLUUInWsPrtBjFJI+CKMCzlwLET5WVYKEoY5KabSkgwmeARDDTlOALpZbNFc+tUK4EVxkIXV9ZM/T2R4UjKaeTrzgirsVz0CvE/b5Cq8MrLKE9SBZzMPwpTZqnYKq62AiqAKDbVBBNB9a4WGWOBidLZmG4AoUuiJHOLlwWwzH3Mc1Nn4ywmsUy653WnUW+0L2rN6zKlCjpGJ+gMOegSNdEtaqEOIgjQM3pBr8aT8Wa8Gx/z1hWjnDlCf2B8/gA7LZbT</latexit>x
<latexit sha1_base64="Yud7DpomxUAyAxOnMaiEOAqB8Gg=">AAAB/3icbVDLSsNAFJ3UV42vqks3g0VwVRKR6rLoxmUL9gFNKJPJTTt08mBmIoTYhWu3+g3uxK2f4if4F07aLLT1wIXDOffO3Hu8hDOpLOvLqKytb2xuVbfNnd29/YPa4VFPxqmg0KUxj8XAIxI4i6CrmOIwSASQ0OPQ96a3hd9/ACFZHN2rLAE3JOOIBYwSpaVONqrVrYY1B14ldknqqER7VPt2/JimIUSKciLl0LYS5eZEKEY5zEwnlZAQOiVjGGoakRCkm88XneEzrfg4iIWuSOG5+nsiJ6GUWejpzpCoiVz2CvE/b5iq4NrNWZSkCiK6+ChIOVYxLq7GPhNAFc80IVQwvSumEyIIVTob0/EhcGiY5E7xsgCeO4+zmamzsZeTWCW9i4bdbDQ7l/XWTZlSFZ2gU3SObHSFWugOtVEXUQToGb2gV+PJeDPejY9Fa8UoZ47RHxifPzzIltQ=</latexit>y

<latexit sha1_base64="gwZT6+SCJXROVAR7kwLcFQXILiI=">AAAB/3icbVC7TsMwFHV4lvAqMLJEVEhMVYJQYaxgYWwl+pCaqHKcm9aq40S2g1RCBmZW+AY2xMqn8An8BU6bAVqOdKWjc+617z1+wqhUtv1lrKyurW9sVrbM7Z3dvf3qwWFXxqkg0CExi0XfxxIY5dBRVDHoJwJw5DPo+ZObwu/dg5A05ndqmoAX4RGnISVYaan9MKzW7Lo9g7VMnJLUUInWsPrtBjFJI+CKMCzlwLET5WVYKEoY5KabSkgwmeARDDTlOALpZbNFc+tUK4EVxkIXV9ZM/T2R4UjKaeTrzgirsVz0CvE/b5Cq8MrLKE9SBZzMPwpTZqnYKq62AiqAKDbVBBNB9a4WGWOBidLZmG4AoUuiJHOLlwWwzH3Mc1Nn4ywmsUy653WnUW+0L2rN6zKlCjpGJ+gMOegSNdEtaqEOIgjQM3pBr8aT8Wa8Gx/z1hWjnDlCf2B8/gA+Y5bV</latexit>z <latexit sha1_base64="eVWW4kLUkIbsJzjyTWjvOOJfWcM=">AAAB/3icbVDLSsNAFJ3UV42vqks3g0VwVRKR6rLoxmUL9gFNKJPJTTt08mBmIpSYhWu3+g3uxK2f4if4F07aLLT1wIXDOffO3Hu8hDOpLOvLqKytb2xuVbfNnd29/YPa4VFPxqmg0KUxj8XAIxI4i6CrmOIwSASQ0OPQ96a3hd9/ACFZHN2rWQJuSMYRCxglSksdNarVrYY1B14ldknqqER7VPt2/JimIUSKciLl0LYS5WZEKEY55KaTSkgInZIxDDWNSAjSzeaL5vhMKz4OYqErUniu/p7ISCjlLPR0Z0jURC57hfifN0xVcO1mLEpSBRFdfBSkHKsYF1djnwmgis80IVQwvSumEyIIVTob0/EhcGiYZE7xsgCeOY95bups7OUkVknvomE3G83OZb11U6ZURSfoFJ0jG12hFrpDbdRFFAF6Ri/o1Xgy3ox342PRWjHKmWP0B8bnDzTBls8=</latexit>

t

<latexit sha1_base64="PsZ4l4tBWp3oel1Le35cUOxhRkw=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4KolIdVl047KCfUhTymR60w6dScLMjVBiPsC1W/0Gd+LWz/AT/AsnbRfaeuDC4Zx7Z+49fiy4Rsf5sgorq2vrG8XN0tb2zu5eef+gpaNEMWiySESq41MNgofQRI4COrECKn0BbX98nfvtB1CaR+EdTmLoSToMecAZRSPdeyBjnGjAfrniVJ0p7GXizkmFzNHol7+9QcQSCSEyQbXuuk6MvZQq5ExAVvISDTFlYzqErqEhlaB76XThzD4xysAOImUqRHuq/p5IqdR6In3TKSmO9KKXi/953QSDy17KwzhBCNnsoyARNkZ2fr094AoYiokhlCludrXZiCrK0GRU8gYQeEzGqZe/rECk3mOWlUw27mISy6R1VnVr1drteaV+NU+pSI7IMTklLrkgdXJDGqRJGJHkmbyQV+vJerPerY9Za8GazxySP7A+fwDcA5qC</latexit>

→

<latexit sha1_base64="qiv+6AP9V3Wcyi654WSiq4Y00Bk=">AAACB3icbVDLTsMwEHR4lvAqcOQSUSFxqhKECscKLhyLRB+oiSrH2bRW7STYDlIV8gGcucI3cENc+Qw+gb/AaXOAlpFWGs3s2rvjJ4xKZdtfxtLyyuraemXD3Nza3tmt7u13ZJwKAm0Ss1j0fCyB0QjaiioGvUQA5j6Drj++KvzuAwhJ4+hWTRLwOB5GNKQEKy3duTL1JSi4H1Rrdt2ewlokTklqqERrUP12g5ikHCJFGJay79iJ8jIsFCUMctNNJSSYjPEQ+ppGmIP0sunCuXWslcAKY6ErUtZU/T2RYS7lhPu6k2M1kvNeIf7n9VMVXngZjZJUQURmH4Ups1RsFddbARVAFJtogomgeleLjLDAROmMTDeA0CU8ydziZQEscx/z3NTZOPNJLJLOad1p1Bs3Z7XmZZlSBR2iI3SCHHSOmugatVAbEcTRM3pBr8aT8Wa8Gx+z1iWjnDlAf2B8/gDD/Jpz</latexit>→ <latexit sha1_base64="qiv+6AP9V3Wcyi654WSiq4Y00Bk=">AAACB3icbVDLTsMwEHR4lvAqcOQSUSFxqhKECscKLhyLRB+oiSrH2bRW7STYDlIV8gGcucI3cENc+Qw+gb/AaXOAlpFWGs3s2rvjJ4xKZdtfxtLyyuraemXD3Nza3tmt7u13ZJwKAm0Ss1j0fCyB0QjaiioGvUQA5j6Drj++KvzuAwhJ4+hWTRLwOB5GNKQEKy3duTL1JSi4H1Rrdt2ewlokTklqqERrUP12g5ikHCJFGJay79iJ8jIsFCUMctNNJSSYjPEQ+ppGmIP0sunCuXWslcAKY6ErUtZU/T2RYS7lhPu6k2M1kvNeIf7n9VMVXngZjZJUQURmH4Ups1RsFddbARVAFJtogomgeleLjLDAROmMTDeA0CU8ydziZQEscx/z3NTZOPNJLJLOad1p1Bs3Z7XmZZlSBR2iI3SCHHSOmugatVAbEcTRM3pBr8aT8Wa8Gx+z1iWjnDlAf2B8/gDD/Jpz</latexit>→

<latexit sha1_base64="qiv+6AP9V3Wcyi654WSiq4Y00Bk=">AAACB3icbVDLTsMwEHR4lvAqcOQSUSFxqhKECscKLhyLRB+oiSrH2bRW7STYDlIV8gGcucI3cENc+Qw+gb/AaXOAlpFWGs3s2rvjJ4xKZdtfxtLyyuraemXD3Nza3tmt7u13ZJwKAm0Ss1j0fCyB0QjaiioGvUQA5j6Drj++KvzuAwhJ4+hWTRLwOB5GNKQEKy3duTL1JSi4H1Rrdt2ewlokTklqqERrUP12g5ikHCJFGJay79iJ8jIsFCUMctNNJSSYjPEQ+ppGmIP0sunCuXWslcAKY6ErUtZU/T2RYS7lhPu6k2M1kvNeIf7n9VMVXngZjZJUQURmH4Ups1RsFddbARVAFJtogomgeleLjLDAROmMTDeA0CU8ydziZQEscx/z3NTZOPNJLJLOad1p1Bs3Z7XmZZlSBR2iI3SCHHSOmugatVAbEcTRM3pBr8aT8Wa8Gx+z1iWjnDlAf2B8/gDD/Jpz</latexit>→
<latexit sha1_base64="qiv+6AP9V3Wcyi654WSiq4Y00Bk=">AAACB3icbVDLTsMwEHR4lvAqcOQSUSFxqhKECscKLhyLRB+oiSrH2bRW7STYDlIV8gGcucI3cENc+Qw+gb/AaXOAlpFWGs3s2rvjJ4xKZdtfxtLyyuraemXD3Nza3tmt7u13ZJwKAm0Ss1j0fCyB0QjaiioGvUQA5j6Drj++KvzuAwhJ4+hWTRLwOB5GNKQEKy3duTL1JSi4H1Rrdt2ewlokTklqqERrUP12g5ikHCJFGJay79iJ8jIsFCUMctNNJSSYjPEQ+ppGmIP0sunCuXWslcAKY6ErUtZU/T2RYS7lhPu6k2M1kvNeIf7n9VMVXngZjZJUQURmH4Ups1RsFddbARVAFJtogomgeleLjLDAROmMTDeA0CU8ydziZQEscx/z3NTZOPNJLJLOad1p1Bs3Z7XmZZlSBR2iI3SCHHSOmugatVAbEcTRM3pBr8aT8Wa8Gx+z1iWjnDlAf2B8/gDD/Jpz</latexit>→

<latexit sha1_base64="qiv+6AP9V3Wcyi654WSiq4Y00Bk=">AAACB3icbVDLTsMwEHR4lvAqcOQSUSFxqhKECscKLhyLRB+oiSrH2bRW7STYDlIV8gGcucI3cENc+Qw+gb/AaXOAlpFWGs3s2rvjJ4xKZdtfxtLyyuraemXD3Nza3tmt7u13ZJwKAm0Ss1j0fCyB0QjaiioGvUQA5j6Drj++KvzuAwhJ4+hWTRLwOB5GNKQEKy3duTL1JSi4H1Rrdt2ewlokTklqqERrUP12g5ikHCJFGJay79iJ8jIsFCUMctNNJSSYjPEQ+ppGmIP0sunCuXWslcAKY6ErUtZU/T2RYS7lhPu6k2M1kvNeIf7n9VMVXngZjZJUQURmH4Ups1RsFddbARVAFJtogomgeleLjLDAROmMTDeA0CU8ydziZQEscx/z3NTZOPNJLJLOad1p1Bs3Z7XmZZlSBR2iI3SCHHSOmugatVAbEcTRM3pBr8aT8Wa8Gx+z1iWjnDlAf2B8/gDD/Jpz</latexit>→

<latexit sha1_base64="iNBkjUG8VTBRi8sudalKZR6wJ7M=">AAACGHicbZDPSsNAEMY3/jf+i3oRvASL4KkkItVjsRePCtYWmlI2m0m7uJuE3YlQYnwQz171GbyJV28+gm/htvagrR8sfHwzw8z+wkxwjZ73ac3NLywuLa+s2mvrG5tbzvbOjU5zxaDJUpGqdkg1CJ5AEzkKaGcKqAwFtMLbxqjeugOleZpc4zCDrqT9hMecUTRRz9kLQGY41IABi1IMJMVBGBaNsudUvKo3ljtr/ImpkIkue85XEKUsl5AgE1Trju9l2C2oQs4ElHaQa8gou6V96BibUAm6W4x/ULqHJoncOFXmJeiO098TBZVaD2VoOkcX6unaKPyv1skxPusWPMlyhIT9LIpz4WLqjnC4EVfAUAyNoUxxc6vLBlRRhgaaHUQQB0xmxZiLAlEE92VpGzb+NIlZc3Nc9WvV2tVJpX4+obRC9skBOSI+OSV1ckEuSZMw8kCeyDN5sR6tV+vNev9pnbMmM7vkj6yPb5wSoVQ=</latexit>

→ · C

<latexit sha1_base64="n1FbgJiBVAkVBPzK162biAbL4Ek=">AAACEHicbZDLSsNAFIYn9VbrLerSTbAIrkoiUl0Wu3FZwV6gCWUyOWmHTi7MTIol5iVcu9VncCdufQMfwbdwkmahrT8M/Pz/Oczhc2NGhTTNL62ytr6xuVXdru3s7u0f6IdHPRElnECXRCziAxcLYDSErqSSwSDmgAOXQd+dtvO+PwMuaBTey3kMToDHIfUpwVJFI11/sIkXSTvAcuK6aTsb6XWzYRYyVo1Vmjoq1Rnp37YXkSSAUBKGhRhaZiydFHNJCYOsZicCYkymeAxDZUMcgHDS4vLMOFOJZ/gRVy+URpH+3khxIMQ8cNVkfqFY7vLwv26YSP/aSWkYJxJCsvjIT5ghIyPHYHiUA5FsrgwmnKpbDTLBHBOpYNVsD3ybBHFacOHAUvsxy2qKjbVMYtX0LhpWs9G8u6y3bkpKVXSCTtE5stAVaqFb1EFdRNAMPaMX9Ko9aW/au/axGK1o5c4x+iPt8wfGtJ2l</latexit>

x · C
<latexit sha1_base64="zXfUQRGJxxg0vGnlcAP3gFt4vys=">AAACEHicbZDLSsNAFIYnXmu8RV26CRbBVUlEqstiNy4r2As0pUwmJ+3QyYWZSSHEvIRrt/oM7sStb+Aj+BZO0iy09YeBn/8/hzl8bsyokJb1pa2tb2xubdd29N29/YND4+i4J6KEE+iSiEV84GIBjIbQlVQyGMQccOAy6LuzdtH358AFjcIHmcYwCvAkpD4lWKpobBipQ7xIOgGWU9fN2vnYqFsNq5S5auzK1FGlztj4dryIJAGEkjAsxNC2YjnKMJeUMMh1JxEQYzLDExgqG+IAxCgrL8/Nc5V4ph9x9UJplunvjQwHQqSBqyaLC8VyV4T/dcNE+jejjIZxIiEki4/8hJkyMgsMpkc5EMlSZTDhVN1qkinmmEgFS3c88B0SxFnJhQPLnMc81xUbe5nEquldNuxmo3l/VW/dVpRq6BSdoQtko2vUQneog7qIoDl6Ri/oVXvS3rR37WMxuqZVOyfoj7TPH8henaY=</latexit>

y · C
<latexit sha1_base64="2PR9RscPEuVLWqEMXlJ0T5cAIRw=">AAAB/3icbVC7TsMwFHV4lvAqMLJEVEhMVYJQYaxgYWwl+pCaqHKcm9aq40S2g6hCBmZW+AY2xMqn8An8BU6bAVqOdKWjc+617z1+wqhUtv1lrKyurW9sVrbM7Z3dvf3qwWFXxqkg0CExi0XfxxIY5dBRVDHoJwJw5DPo+ZObwu/dg5A05ndqmoAX4RGnISVYaan9MKzW7Lo9g7VMnJLUUInWsPrtBjFJI+CKMCzlwLET5WVYKEoY5KabSkgwmeARDDTlOALpZbNFc+tUK4EVxkIXV9ZM/T2R4UjKaeTrzgirsVz0CvE/b5Cq8MrLKE9SBZzMPwpTZqnYKq62AiqAKDbVBBNB9a4WGWOBidLZmG4AoUuiJHOLlwWwzH3Mc1Nn4ywmsUy653WnUW+0L2rN6zKlCjpGJ+gMOegSNdEtaqEOIgjQM3pBr8aT8Wa8Gx/z1hWjnDlCf2B8/gA7LZbT</latexit>x <latexit sha1_base64="Yud7DpomxUAyAxOnMaiEOAqB8Gg=">AAAB/3icbVDLSsNAFJ3UV42vqks3g0VwVRKR6rLoxmUL9gFNKJPJTTt08mBmIoTYhWu3+g3uxK2f4if4F07aLLT1wIXDOffO3Hu8hDOpLOvLqKytb2xuVbfNnd29/YPa4VFPxqmg0KUxj8XAIxI4i6CrmOIwSASQ0OPQ96a3hd9/ACFZHN2rLAE3JOOIBYwSpaVONqrVrYY1B14ldknqqER7VPt2/JimIUSKciLl0LYS5eZEKEY5zEwnlZAQOiVjGGoakRCkm88XneEzrfg4iIWuSOG5+nsiJ6GUWejpzpCoiVz2CvE/b5iq4NrNWZSkCiK6+ChIOVYxLq7GPhNAFc80IVQwvSumEyIIVTob0/EhcGiY5E7xsgCeO4+zmamzsZeTWCW9i4bdbDQ7l/XWTZlSFZ2gU3SObHSFWugOtVEXUQToGb2gV+PJeDPejY9Fa8UoZ47RHxifPzzIltQ=</latexit>y

<latexit sha1_base64="tgX61hdBQtO0EbUMHW59im6s1sE="></latexit>

z\x · x · C = z\y · y · C
<latexit sha1_base64="n4KcUqM2Q2AX9Vo2RSzWzw6wlsg=">AAACC3icbVBLTsMwFHTKr4RfgSUbiwqJVZUgVFhWsGFZJPqRmqhynJfWqvPBdhAl5Ais2cIZ2CG2HIIjcAvcNgtoGcnSaOa98dN4CWdSWdaXUVpaXlldK6+bG5tb2zuV3b22jFNBoUVjHouuRyRwFkFLMcWhmwggoceh440uJ37nDoRkcXSjxgm4IRlELGCUKC25D45H6EhyIof4vl+pWjVrCrxI7IJUUYFmv/Lt+DFNQ4gU1RGyZ1uJcjMiFKMcctNJJSQ6nwygp2lEQpBuNj06x0da8XEQC/0ihafq742MhFKOQ09PhkQN5bw3Ef/zeqkKzt2MRUmqIKKzj4KUYxXjSQPYZwKo4mNNCBVM34rpkAhCle7JdHwIHBommTNJFsAz5zHPTd2NPd/EImmf1Ox6rX59Wm1cFC2V0QE6RMfIRmeoga5QE7UQRbfoGb2gV+PJeDPejY/ZaMkodvbRHxifP4ebm+0=</latexit>

z\x <latexit sha1_base64="nkDEUFel6CP/em6vp71N1hWU2DY=">AAACC3icbVDLSsNAFJ34rPVVdelmsAiuSiJSXRbduKxgH9CEMpnctEMnD2cmQoz5BNdu9RvciVs/wk/wL5y0WWjrgYHDOfeeuRw35kwq0/wylpZXVtfWKxvVza3tnd3a3n5XRomg0KERj0TfJRI4C6GjmOLQjwWQwOXQcydXhd+7ByFZFN6qNAYnIKOQ+YwSpSXnwXYJnUhO5Binw1rdbJhT4EVilaSOSrSHtW/bi2gSQKiojpADy4yVkxGhGOWQV+1EQqzzyQgGmoYkAOlk06NzfKwVD/uR0C9UeKr+3shIIGUauHoyIGos571C/M8bJMq/cDIWxomCkM4+8hOOVYSLBrDHBFDFU00IFUzfiumYCEKV7qlqe+DbNIgzu0gWwDP7Mc+ruhtrvolF0j1tWM1G8+as3rosW6qgQ3SETpCFzlELXaM26iCK7tAzekGvxpPxZrwbH7PRJaPcOUB/YHz+AIk2m+4=</latexit>

z\y

<latexit sha1_base64="rO99BFNIkhO6g7msiNIKxWmYXzU=">AAACJHicbVC7TsMwFHV4lvIqMLJYFCSmKkGoMCJYGItEW6Smqhznhlo4D9k3SFXID/AhzKzwDWyIgYWdv8BpgwSFI1k+Oude3+vjJVJotO13a2Z2bn5hsbJUXV5ZXVuvbWx2dJwqDm0ey1hdeUyDFBG0UaCEq0QBCz0JXe/mrPC7t6C0iKNLHCXQD9l1JALBGRppUNtF12P8Rkumh3Tkcj/G78sNGQ49LzvLB7W63bDHoH+JU5I6KdEa1D5dP+ZpCBFy87LuOXaC/YwpFFxCXnVTDYkZy66hZ2jEQtD9bPybnO4ZxadBrMyJkI7Vnx0ZC7UehZ6pLDbU014h/uf1UgyO+5mIkhQh4pNBQSopxrSIhvpCAUc5MoRxJcyulA+ZYhxNgFXXh8DlYZKNc1EgM/cuz6smG2c6ib+kc9Bwmo3mxWH95LRMqUK2yQ7ZJw45IifknLRIm3ByTx7JE3m2HqwX69V6m5TOWGXPFvkF6+MLRIKlyQ==</latexit>

t\y · y · C
<latexit sha1_base64="pa4ZdXnD8U6a+8BBwj0/9VP2EzE=">AAACC3icbVDLSsNAFJ3UV62vqks3g0VwVRKR6rLoxmUF+4AmlMnkph06eTgzEULMJ7h2q9/gTtz6EX6Cf+GkzUJbDwwczrn3zOW4MWdSmeaXUVlZXVvfqG7WtrZ3dvfq+wc9GSWCQpdGPBIDl0jgLISuYorDIBZAApdD351eF37/AYRkUXin0hicgIxD5jNKlJYcZbuETiUncoLTUb1hNs0Z8DKxStJAJTqj+rftRTQJIFRUR8ihZcbKyYhQjHLIa3YiIdb5ZAxDTUMSgHSy2dE5PtGKh/1I6BcqPFN/b2QkkDINXD0ZEDWRi14h/ucNE+VfOhkL40RBSOcf+QnHKsJFA9hjAqjiqSaECqZvxXRCBKFK91SzPfBtGsSZXSQL4Jn9mOc13Y212MQy6Z01rVazdXveaF+VLVXRETpGp8hCF6iNblAHdRFF9+gZvaBX48l4M96Nj/loxSh3DtEfGJ8/f0yb6A==</latexit>

t\y

x0 ⋅ x1 ⋅ ℂ = (x0 ∪ x1) ⋅ ℂ
∅ ⋅ ℂ = ℂ

ℂ
Labelled transition system 
as a monoid action

+ residuation



Forward computation

<latexit sha1_base64="2PR9RscPEuVLWqEMXlJ0T5cAIRw=">AAAB/3icbVC7TsMwFHV4lvAqMLJEVEhMVYJQYaxgYWwl+pCaqHKcm9aq40S2g6hCBmZW+AY2xMqn8An8BU6bAVqOdKWjc+617z1+wqhUtv1lrKyurW9sVrbM7Z3dvf3qwWFXxqkg0CExi0XfxxIY5dBRVDHoJwJw5DPo+ZObwu/dg5A05ndqmoAX4RGnISVYaan9MKzW7Lo9g7VMnJLUUInWsPrtBjFJI+CKMCzlwLET5WVYKEoY5KabSkgwmeARDDTlOALpZbNFc+tUK4EVxkIXV9ZM/T2R4UjKaeTrzgirsVz0CvE/b5Cq8MrLKE9SBZzMPwpTZqnYKq62AiqAKDbVBBNB9a4WGWOBidLZmG4AoUuiJHOLlwWwzH3Mc1Nn4ywmsUy653WnUW+0L2rN6zKlCjpGJ+gMOegSNdEtaqEOIgjQM3pBr8aT8Wa8Gx/z1hWjnDlCf2B8/gA7LZbT</latexit>x
<latexit sha1_base64="Yud7DpomxUAyAxOnMaiEOAqB8Gg=">AAAB/3icbVDLSsNAFJ3UV42vqks3g0VwVRKR6rLoxmUL9gFNKJPJTTt08mBmIoTYhWu3+g3uxK2f4if4F07aLLT1wIXDOffO3Hu8hDOpLOvLqKytb2xuVbfNnd29/YPa4VFPxqmg0KUxj8XAIxI4i6CrmOIwSASQ0OPQ96a3hd9/ACFZHN2rLAE3JOOIBYwSpaVONqrVrYY1B14ldknqqER7VPt2/JimIUSKciLl0LYS5eZEKEY5zEwnlZAQOiVjGGoakRCkm88XneEzrfg4iIWuSOG5+nsiJ6GUWejpzpCoiVz2CvE/b5iq4NrNWZSkCiK6+ChIOVYxLq7GPhNAFc80IVQwvSumEyIIVTob0/EhcGiY5E7xsgCeO4+zmamzsZeTWCW9i4bdbDQ7l/XWTZlSFZ2gU3SObHSFWugOtVEXUQToGb2gV+PJeDPejY9Fa8UoZ47RHxifPzzIltQ=</latexit>y

<latexit sha1_base64="gwZT6+SCJXROVAR7kwLcFQXILiI=">AAAB/3icbVC7TsMwFHV4lvAqMLJEVEhMVYJQYaxgYWwl+pCaqHKcm9aq40S2g1RCBmZW+AY2xMqn8An8BU6bAVqOdKWjc+617z1+wqhUtv1lrKyurW9sVrbM7Z3dvf3qwWFXxqkg0CExi0XfxxIY5dBRVDHoJwJw5DPo+ZObwu/dg5A05ndqmoAX4RGnISVYaan9MKzW7Lo9g7VMnJLUUInWsPrtBjFJI+CKMCzlwLET5WVYKEoY5KabSkgwmeARDDTlOALpZbNFc+tUK4EVxkIXV9ZM/T2R4UjKaeTrzgirsVz0CvE/b5Cq8MrLKE9SBZzMPwpTZqnYKq62AiqAKDbVBBNB9a4WGWOBidLZmG4AoUuiJHOLlwWwzH3Mc1Nn4ywmsUy653WnUW+0L2rN6zKlCjpGJ+gMOegSNdEtaqEOIgjQM3pBr8aT8Wa8Gx/z1hWjnDlCf2B8/gA+Y5bV</latexit>z <latexit sha1_base64="eVWW4kLUkIbsJzjyTWjvOOJfWcM=">AAAB/3icbVDLSsNAFJ3UV42vqks3g0VwVRKR6rLoxmUL9gFNKJPJTTt08mBmIpSYhWu3+g3uxK2f4if4F07aLLT1wIXDOffO3Hu8hDOpLOvLqKytb2xuVbfNnd29/YPa4VFPxqmg0KUxj8XAIxI4i6CrmOIwSASQ0OPQ96a3hd9/ACFZHN2rWQJuSMYRCxglSksdNarVrYY1B14ldknqqER7VPt2/JimIUSKciLl0LYS5WZEKEY55KaTSkgInZIxDDWNSAjSzeaL5vhMKz4OYqErUniu/p7ISCjlLPR0Z0jURC57hfifN0xVcO1mLEpSBRFdfBSkHKsYF1djnwmgis80IVQwvSumEyIIVTob0/EhcGiYZE7xsgCeOY95bups7OUkVknvomE3G83OZb11U6ZURSfoFJ0jG12hFrpDbdRFFAF6Ri/o1Xgy3ox342PRWjHKmWP0B8bnDzTBls8=</latexit>

t

<latexit sha1_base64="PsZ4l4tBWp3oel1Le35cUOxhRkw=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4KolIdVl047KCfUhTymR60w6dScLMjVBiPsC1W/0Gd+LWz/AT/AsnbRfaeuDC4Zx7Z+49fiy4Rsf5sgorq2vrG8XN0tb2zu5eef+gpaNEMWiySESq41MNgofQRI4COrECKn0BbX98nfvtB1CaR+EdTmLoSToMecAZRSPdeyBjnGjAfrniVJ0p7GXizkmFzNHol7+9QcQSCSEyQbXuuk6MvZQq5ExAVvISDTFlYzqErqEhlaB76XThzD4xysAOImUqRHuq/p5IqdR6In3TKSmO9KKXi/953QSDy17KwzhBCNnsoyARNkZ2fr094AoYiokhlCludrXZiCrK0GRU8gYQeEzGqZe/rECk3mOWlUw27mISy6R1VnVr1drteaV+NU+pSI7IMTklLrkgdXJDGqRJGJHkmbyQV+vJerPerY9Za8GazxySP7A+fwDcA5qC</latexit>

→

<latexit sha1_base64="qiv+6AP9V3Wcyi654WSiq4Y00Bk=">AAACB3icbVDLTsMwEHR4lvAqcOQSUSFxqhKECscKLhyLRB+oiSrH2bRW7STYDlIV8gGcucI3cENc+Qw+gb/AaXOAlpFWGs3s2rvjJ4xKZdtfxtLyyuraemXD3Nza3tmt7u13ZJwKAm0Ss1j0fCyB0QjaiioGvUQA5j6Drj++KvzuAwhJ4+hWTRLwOB5GNKQEKy3duTL1JSi4H1Rrdt2ewlokTklqqERrUP12g5ikHCJFGJay79iJ8jIsFCUMctNNJSSYjPEQ+ppGmIP0sunCuXWslcAKY6ErUtZU/T2RYS7lhPu6k2M1kvNeIf7n9VMVXngZjZJUQURmH4Ups1RsFddbARVAFJtogomgeleLjLDAROmMTDeA0CU8ydziZQEscx/z3NTZOPNJLJLOad1p1Bs3Z7XmZZlSBR2iI3SCHHSOmugatVAbEcTRM3pBr8aT8Wa8Gx+z1iWjnDlAf2B8/gDD/Jpz</latexit>→ <latexit sha1_base64="qiv+6AP9V3Wcyi654WSiq4Y00Bk=">AAACB3icbVDLTsMwEHR4lvAqcOQSUSFxqhKECscKLhyLRB+oiSrH2bRW7STYDlIV8gGcucI3cENc+Qw+gb/AaXOAlpFWGs3s2rvjJ4xKZdtfxtLyyuraemXD3Nza3tmt7u13ZJwKAm0Ss1j0fCyB0QjaiioGvUQA5j6Drj++KvzuAwhJ4+hWTRLwOB5GNKQEKy3duTL1JSi4H1Rrdt2ewlokTklqqERrUP12g5ikHCJFGJay79iJ8jIsFCUMctNNJSSYjPEQ+ppGmIP0sunCuXWslcAKY6ErUtZU/T2RYS7lhPu6k2M1kvNeIf7n9VMVXngZjZJUQURmH4Ups1RsFddbARVAFJtogomgeleLjLDAROmMTDeA0CU8ydziZQEscx/z3NTZOPNJLJLOad1p1Bs3Z7XmZZlSBR2iI3SCHHSOmugatVAbEcTRM3pBr8aT8Wa8Gx+z1iWjnDlAf2B8/gDD/Jpz</latexit>→

<latexit sha1_base64="qiv+6AP9V3Wcyi654WSiq4Y00Bk=">AAACB3icbVDLTsMwEHR4lvAqcOQSUSFxqhKECscKLhyLRB+oiSrH2bRW7STYDlIV8gGcucI3cENc+Qw+gb/AaXOAlpFWGs3s2rvjJ4xKZdtfxtLyyuraemXD3Nza3tmt7u13ZJwKAm0Ss1j0fCyB0QjaiioGvUQA5j6Drj++KvzuAwhJ4+hWTRLwOB5GNKQEKy3duTL1JSi4H1Rrdt2ewlokTklqqERrUP12g5ikHCJFGJay79iJ8jIsFCUMctNNJSSYjPEQ+ppGmIP0sunCuXWslcAKY6ErUtZU/T2RYS7lhPu6k2M1kvNeIf7n9VMVXngZjZJUQURmH4Ups1RsFddbARVAFJtogomgeleLjLDAROmMTDeA0CU8ydziZQEscx/z3NTZOPNJLJLOad1p1Bs3Z7XmZZlSBR2iI3SCHHSOmugatVAbEcTRM3pBr8aT8Wa8Gx+z1iWjnDlAf2B8/gDD/Jpz</latexit>→
<latexit sha1_base64="qiv+6AP9V3Wcyi654WSiq4Y00Bk=">AAACB3icbVDLTsMwEHR4lvAqcOQSUSFxqhKECscKLhyLRB+oiSrH2bRW7STYDlIV8gGcucI3cENc+Qw+gb/AaXOAlpFWGs3s2rvjJ4xKZdtfxtLyyuraemXD3Nza3tmt7u13ZJwKAm0Ss1j0fCyB0QjaiioGvUQA5j6Drj++KvzuAwhJ4+hWTRLwOB5GNKQEKy3duTL1JSi4H1Rrdt2ewlokTklqqERrUP12g5ikHCJFGJay79iJ8jIsFCUMctNNJSSYjPEQ+ppGmIP0sunCuXWslcAKY6ErUtZU/T2RYS7lhPu6k2M1kvNeIf7n9VMVXngZjZJUQURmH4Ups1RsFddbARVAFJtogomgeleLjLDAROmMTDeA0CU8ydziZQEscx/z3NTZOPNJLJLOad1p1Bs3Z7XmZZlSBR2iI3SCHHSOmugatVAbEcTRM3pBr8aT8Wa8Gx+z1iWjnDlAf2B8/gDD/Jpz</latexit>→

<latexit sha1_base64="qiv+6AP9V3Wcyi654WSiq4Y00Bk=">AAACB3icbVDLTsMwEHR4lvAqcOQSUSFxqhKECscKLhyLRB+oiSrH2bRW7STYDlIV8gGcucI3cENc+Qw+gb/AaXOAlpFWGs3s2rvjJ4xKZdtfxtLyyuraemXD3Nza3tmt7u13ZJwKAm0Ss1j0fCyB0QjaiioGvUQA5j6Drj++KvzuAwhJ4+hWTRLwOB5GNKQEKy3duTL1JSi4H1Rrdt2ewlokTklqqERrUP12g5ikHCJFGJay79iJ8jIsFCUMctNNJSSYjPEQ+ppGmIP0sunCuXWslcAKY6ErUtZU/T2RYS7lhPu6k2M1kvNeIf7n9VMVXngZjZJUQURmH4Ups1RsFddbARVAFJtogomgeleLjLDAROmMTDeA0CU8ydziZQEscx/z3NTZOPNJLJLOad1p1Bs3Z7XmZZlSBR2iI3SCHHSOmugatVAbEcTRM3pBr8aT8Wa8Gx+z1iWjnDlAf2B8/gDD/Jpz</latexit>→

<latexit sha1_base64="iNBkjUG8VTBRi8sudalKZR6wJ7M=">AAACGHicbZDPSsNAEMY3/jf+i3oRvASL4KkkItVjsRePCtYWmlI2m0m7uJuE3YlQYnwQz171GbyJV28+gm/htvagrR8sfHwzw8z+wkxwjZ73ac3NLywuLa+s2mvrG5tbzvbOjU5zxaDJUpGqdkg1CJ5AEzkKaGcKqAwFtMLbxqjeugOleZpc4zCDrqT9hMecUTRRz9kLQGY41IABi1IMJMVBGBaNsudUvKo3ljtr/ImpkIkue85XEKUsl5AgE1Trju9l2C2oQs4ElHaQa8gou6V96BibUAm6W4x/ULqHJoncOFXmJeiO098TBZVaD2VoOkcX6unaKPyv1skxPusWPMlyhIT9LIpz4WLqjnC4EVfAUAyNoUxxc6vLBlRRhgaaHUQQB0xmxZiLAlEE92VpGzb+NIlZc3Nc9WvV2tVJpX4+obRC9skBOSI+OSV1ckEuSZMw8kCeyDN5sR6tV+vNev9pnbMmM7vkj6yPb5wSoVQ=</latexit>

→ · C

<latexit sha1_base64="n1FbgJiBVAkVBPzK162biAbL4Ek=">AAACEHicbZDLSsNAFIYn9VbrLerSTbAIrkoiUl0Wu3FZwV6gCWUyOWmHTi7MTIol5iVcu9VncCdufQMfwbdwkmahrT8M/Pz/Oczhc2NGhTTNL62ytr6xuVXdru3s7u0f6IdHPRElnECXRCziAxcLYDSErqSSwSDmgAOXQd+dtvO+PwMuaBTey3kMToDHIfUpwVJFI11/sIkXSTvAcuK6aTsb6XWzYRYyVo1Vmjoq1Rnp37YXkSSAUBKGhRhaZiydFHNJCYOsZicCYkymeAxDZUMcgHDS4vLMOFOJZ/gRVy+URpH+3khxIMQ8cNVkfqFY7vLwv26YSP/aSWkYJxJCsvjIT5ghIyPHYHiUA5FsrgwmnKpbDTLBHBOpYNVsD3ybBHFacOHAUvsxy2qKjbVMYtX0LhpWs9G8u6y3bkpKVXSCTtE5stAVaqFb1EFdRNAMPaMX9Ko9aW/au/axGK1o5c4x+iPt8wfGtJ2l</latexit>

x · C
<latexit sha1_base64="zXfUQRGJxxg0vGnlcAP3gFt4vys=">AAACEHicbZDLSsNAFIYnXmu8RV26CRbBVUlEqstiNy4r2As0pUwmJ+3QyYWZSSHEvIRrt/oM7sStb+Aj+BZO0iy09YeBn/8/hzl8bsyokJb1pa2tb2xubdd29N29/YND4+i4J6KEE+iSiEV84GIBjIbQlVQyGMQccOAy6LuzdtH358AFjcIHmcYwCvAkpD4lWKpobBipQ7xIOgGWU9fN2vnYqFsNq5S5auzK1FGlztj4dryIJAGEkjAsxNC2YjnKMJeUMMh1JxEQYzLDExgqG+IAxCgrL8/Nc5V4ph9x9UJplunvjQwHQqSBqyaLC8VyV4T/dcNE+jejjIZxIiEki4/8hJkyMgsMpkc5EMlSZTDhVN1qkinmmEgFS3c88B0SxFnJhQPLnMc81xUbe5nEquldNuxmo3l/VW/dVpRq6BSdoQtko2vUQneog7qIoDl6Ri/oVXvS3rR37WMxuqZVOyfoj7TPH8henaY=</latexit>

y · C
<latexit sha1_base64="2PR9RscPEuVLWqEMXlJ0T5cAIRw=">AAAB/3icbVC7TsMwFHV4lvAqMLJEVEhMVYJQYaxgYWwl+pCaqHKcm9aq40S2g6hCBmZW+AY2xMqn8An8BU6bAVqOdKWjc+617z1+wqhUtv1lrKyurW9sVrbM7Z3dvf3qwWFXxqkg0CExi0XfxxIY5dBRVDHoJwJw5DPo+ZObwu/dg5A05ndqmoAX4RGnISVYaan9MKzW7Lo9g7VMnJLUUInWsPrtBjFJI+CKMCzlwLET5WVYKEoY5KabSkgwmeARDDTlOALpZbNFc+tUK4EVxkIXV9ZM/T2R4UjKaeTrzgirsVz0CvE/b5Cq8MrLKE9SBZzMPwpTZqnYKq62AiqAKDbVBBNB9a4WGWOBidLZmG4AoUuiJHOLlwWwzH3Mc1Nn4ywmsUy653WnUW+0L2rN6zKlCjpGJ+gMOegSNdEtaqEOIgjQM3pBr8aT8Wa8Gx/z1hWjnDlCf2B8/gA7LZbT</latexit>x <latexit sha1_base64="Yud7DpomxUAyAxOnMaiEOAqB8Gg=">AAAB/3icbVDLSsNAFJ3UV42vqks3g0VwVRKR6rLoxmUL9gFNKJPJTTt08mBmIoTYhWu3+g3uxK2f4if4F07aLLT1wIXDOffO3Hu8hDOpLOvLqKytb2xuVbfNnd29/YPa4VFPxqmg0KUxj8XAIxI4i6CrmOIwSASQ0OPQ96a3hd9/ACFZHN2rLAE3JOOIBYwSpaVONqrVrYY1B14ldknqqER7VPt2/JimIUSKciLl0LYS5eZEKEY5zEwnlZAQOiVjGGoakRCkm88XneEzrfg4iIWuSOG5+nsiJ6GUWejpzpCoiVz2CvE/b5iq4NrNWZSkCiK6+ChIOVYxLq7GPhNAFc80IVQwvSumEyIIVTob0/EhcGiY5E7xsgCeO4+zmamzsZeTWCW9i4bdbDQ7l/XWTZlSFZ2gU3SObHSFWugOtVEXUQToGb2gV+PJeDPejY9Fa8UoZ47RHxifPzzIltQ=</latexit>y

<latexit sha1_base64="tgX61hdBQtO0EbUMHW59im6s1sE="></latexit>

z\x · x · C = z\y · y · C
<latexit sha1_base64="n4KcUqM2Q2AX9Vo2RSzWzw6wlsg=">AAACC3icbVBLTsMwFHTKr4RfgSUbiwqJVZUgVFhWsGFZJPqRmqhynJfWqvPBdhAl5Ais2cIZ2CG2HIIjcAvcNgtoGcnSaOa98dN4CWdSWdaXUVpaXlldK6+bG5tb2zuV3b22jFNBoUVjHouuRyRwFkFLMcWhmwggoceh440uJ37nDoRkcXSjxgm4IRlELGCUKC25D45H6EhyIof4vl+pWjVrCrxI7IJUUYFmv/Lt+DFNQ4gU1RGyZ1uJcjMiFKMcctNJJSQ6nwygp2lEQpBuNj06x0da8XEQC/0ihafq742MhFKOQ09PhkQN5bw3Ef/zeqkKzt2MRUmqIKKzj4KUYxXjSQPYZwKo4mNNCBVM34rpkAhCle7JdHwIHBommTNJFsAz5zHPTd2NPd/EImmf1Ox6rX59Wm1cFC2V0QE6RMfIRmeoga5QE7UQRbfoGb2gV+PJeDPejY/ZaMkodvbRHxifP4ebm+0=</latexit>

z\x <latexit sha1_base64="nkDEUFel6CP/em6vp71N1hWU2DY=">AAACC3icbVDLSsNAFJ34rPVVdelmsAiuSiJSXRbduKxgH9CEMpnctEMnD2cmQoz5BNdu9RvciVs/wk/wL5y0WWjrgYHDOfeeuRw35kwq0/wylpZXVtfWKxvVza3tnd3a3n5XRomg0KERj0TfJRI4C6GjmOLQjwWQwOXQcydXhd+7ByFZFN6qNAYnIKOQ+YwSpSXnwXYJnUhO5Binw1rdbJhT4EVilaSOSrSHtW/bi2gSQKiojpADy4yVkxGhGOWQV+1EQqzzyQgGmoYkAOlk06NzfKwVD/uR0C9UeKr+3shIIGUauHoyIGos571C/M8bJMq/cDIWxomCkM4+8hOOVYSLBrDHBFDFU00IFUzfiumYCEKV7qlqe+DbNIgzu0gWwDP7Mc+ruhtrvolF0j1tWM1G8+as3rosW6qgQ3SETpCFzlELXaM26iCK7tAzekGvxpPxZrwbH7PRJaPcOUB/YHz+AIk2m+4=</latexit>

z\y

<latexit sha1_base64="rO99BFNIkhO6g7msiNIKxWmYXzU=">AAACJHicbVC7TsMwFHV4lvIqMLJYFCSmKkGoMCJYGItEW6Smqhznhlo4D9k3SFXID/AhzKzwDWyIgYWdv8BpgwSFI1k+Oude3+vjJVJotO13a2Z2bn5hsbJUXV5ZXVuvbWx2dJwqDm0ey1hdeUyDFBG0UaCEq0QBCz0JXe/mrPC7t6C0iKNLHCXQD9l1JALBGRppUNtF12P8Rkumh3Tkcj/G78sNGQ49LzvLB7W63bDHoH+JU5I6KdEa1D5dP+ZpCBFy87LuOXaC/YwpFFxCXnVTDYkZy66hZ2jEQtD9bPybnO4ZxadBrMyJkI7Vnx0ZC7UehZ6pLDbU014h/uf1UgyO+5mIkhQh4pNBQSopxrSIhvpCAUc5MoRxJcyulA+ZYhxNgFXXh8DlYZKNc1EgM/cuz6smG2c6ib+kc9Bwmo3mxWH95LRMqUK2yQ7ZJw45IifknLRIm3ByTx7JE3m2HqwX69V6m5TOWGXPFvkF6+MLRIKlyQ==</latexit>

t\y · y · C
<latexit sha1_base64="pa4ZdXnD8U6a+8BBwj0/9VP2EzE=">AAACC3icbVDLSsNAFJ3UV62vqks3g0VwVRKR6rLoxmUF+4AmlMnkph06eTgzEULMJ7h2q9/gTtz6EX6Cf+GkzUJbDwwczrn3zOW4MWdSmeaXUVlZXVvfqG7WtrZ3dvfq+wc9GSWCQpdGPBIDl0jgLISuYorDIBZAApdD351eF37/AYRkUXin0hicgIxD5jNKlJYcZbuETiUncoLTUb1hNs0Z8DKxStJAJTqj+rftRTQJIFRUR8ihZcbKyYhQjHLIa3YiIdb5ZAxDTUMSgHSy2dE5PtGKh/1I6BcqPFN/b2QkkDINXD0ZEDWRi14h/ucNE+VfOhkL40RBSOcf+QnHKsJFA9hjAqjiqSaECqZvxXRCBKFK91SzPfBtGsSZXSQL4Jn9mOc13Y212MQy6Z01rVazdXveaF+VLVXRETpGp8hCF6iNblAHdRFF9+gZvaBX48l4M96Nj/loxSh3DtEfGJ8/f0yb6A==</latexit>

t\y

x0 ⋅ x1 ⋅ ℂ = (x0 ∪ x1) ⋅ ℂ
∅ ⋅ ℂ = ℂ

ℂ
Labelled transition system 
as a monoid action

+ residuation

Possible futures are partially ordered
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Prime Event Structures
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YES!

… but it is not true in general…



Adjunction [Winskel 82]

ℂ

<latexit sha1_base64="e6deNEsRwYbeRxi5ZtWBncYmUjg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQplst+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmKPNpIhLVjVAzwSXzDTeCdVPFMI4E60ST27nfeWRK80Q+mGnKwhhHkg85RWMlP8gxmPWrNbfuLkD+Eq8gNSjQ6lc/g0FCs5hJQwVq3fPc1IQ5KsOpYLNKkGmWIp3giPUslRgzHeaLY2fkzCoDMkyULWnIQv05kWOs9TSObGeMZqxXvbn4n9fLzPA6zLlMM8MkXS4aZoKYhMw/JwOuGDViaglSxe2thI5RITU2n4oNwVt9+S9pX9S9Rr1xf1lr3hRxlOEETuEcPLiCJtxBC3ygwOEJXuDVkc6z8+a8L1tLTjFzDL/gfHwD7XeOyA==</latexit>

{a}

<latexit sha1_base64="as7551Nevh3U91H3mRRCmWEvXq0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHosevFYwX5AE8pku22XbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmhYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nirImjUWsOiFqJrhkTcONYJ1EMYxCwdrh+G7mt5+Y0jyWj2aSsCDCoeQDTtFYqe1neBH601654lbdOcgq8XJSgRyNXvnL78c0jZg0VKDWXc9NTJChMpwKNi35qWYJ0jEOWddSiRHTQTY/d0rOrNIng1jZkobM1d8TGUZaT6LQdkZoRnrZm4n/ed3UDG6CjMskNUzSxaJBKoiJyex30ueKUSMmliBV3N5K6AgVUmMTKtkQvOWXV0nrsurVqrWHq0r9No+jCCdwCufgwTXU4R4a0AQKY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AEl+Pag==</latexit>

{a, b}
<latexit sha1_base64="VlZC+AhXkvrVqc1I2Nw3FookFIQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHosevFYwX5AE8pmu22XbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmhYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnZAaLoXiTRQoeSfRnEah5O1wfDfz209cGxGrR5wkPIjoUImBYBSt1Paz8IL501654lbdOcgq8XJSgRyNXvnL78csjbhCJqkxXc9NMMioRsEkn5b81PCEsjEd8q6likbcBNn83Ck5s0qfDGJtSyGZq78nMhoZM4lC2xlRHJllbyb+53VTHNwEmVBJilyxxaJBKgnGZPY76QvNGcqJJZRpYW8lbEQ1ZWgTKtkQvOWXV0nrsurVqrWHq0r9No+jCCdwCufgwTXU4R4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AFW2PbA==</latexit>

{b, c}

<latexit sha1_base64="f5rgKO1vVQaelUrd7iTJdrApj+I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQtlsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmGPosEYnqRlSj4BJ9w43AbqqQxpHATjS5nfudR1SaJ/LBTFMMYzqSfMgZNVbygzwKZv1qza27C5C/xCtIDQq0+tXPYJCwLEZpmKBa9zw3NWFOleFM4KwSZBpTyiZ0hD1LJY1Rh/ni2Bk5s8qADBNlSxqyUH9O5DTWehpHtjOmZqxXvbn4n9fLzPA6zLlMM4OSLRcNM0FMQuafkwFXyIyYWkKZ4vZWwsZUUWZsPhUbgrf68l/Svqh7jXrj/rLWvCniKMMJnMI5eHAFTbiDFvjAgMMTvMCrI51n5815X7aWnGLmGH7B+fgG7v2OyQ==</latexit>

{b}
<latexit sha1_base64="WxaGc8BCYMM737DgGHn928SaBRA=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseiF48V7Ie0oWy2k3bpbhJ2J0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFBE0UaCETqKBqUBCOxjfzvz2E2gj4ugBJwn4ig0jEQrO0EqPPVAJTgxgv1xxq+4cdJV4OamQHI1++as3iHmqIEIumTFdz03Qz5hGwSVMS73UQML4mA2ha2nEFBg/mx88pWdWGdAw1rYipHP190TGlDETFdhOxXBklr2Z+J/XTTG89jMRJSlCxBeLwlRSjOnsezoQGjjKiSWMa2FvpXzENONoMyrZELzll1dJ66Lq1aq1+8tK/SaPo0hOyCk5Jx65InVyRxqkSThR5Jm8kjdHOy/Ou/OxaC04+cwx+QPn8wc8b5C2</latexit>

;



Adjunction [Winskel 82]

ℂ

Prime elements:

p ∈ 𝖯𝗋(ℂ) : p ⊑ ⨆X ⟹ p ⊑ x ∈ X

<latexit sha1_base64="e6deNEsRwYbeRxi5ZtWBncYmUjg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQplst+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmKPNpIhLVjVAzwSXzDTeCdVPFMI4E60ST27nfeWRK80Q+mGnKwhhHkg85RWMlP8gxmPWrNbfuLkD+Eq8gNSjQ6lc/g0FCs5hJQwVq3fPc1IQ5KsOpYLNKkGmWIp3giPUslRgzHeaLY2fkzCoDMkyULWnIQv05kWOs9TSObGeMZqxXvbn4n9fLzPA6zLlMM8MkXS4aZoKYhMw/JwOuGDViaglSxe2thI5RITU2n4oNwVt9+S9pX9S9Rr1xf1lr3hRxlOEETuEcPLiCJtxBC3ygwOEJXuDVkc6z8+a8L1tLTjFzDL/gfHwD7XeOyA==</latexit>

{a}

<latexit sha1_base64="as7551Nevh3U91H3mRRCmWEvXq0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHosevFYwX5AE8pku22XbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmhYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nirImjUWsOiFqJrhkTcONYJ1EMYxCwdrh+G7mt5+Y0jyWj2aSsCDCoeQDTtFYqe1neBH601654lbdOcgq8XJSgRyNXvnL78c0jZg0VKDWXc9NTJChMpwKNi35qWYJ0jEOWddSiRHTQTY/d0rOrNIng1jZkobM1d8TGUZaT6LQdkZoRnrZm4n/ed3UDG6CjMskNUzSxaJBKoiJyex30ueKUSMmliBV3N5K6AgVUmMTKtkQvOWXV0nrsurVqrWHq0r9No+jCCdwCufgwTXU4R4a0AQKY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AEl+Pag==</latexit>

{a, b}
<latexit sha1_base64="VlZC+AhXkvrVqc1I2Nw3FookFIQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHosevFYwX5AE8pmu22XbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmhYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnZAaLoXiTRQoeSfRnEah5O1wfDfz209cGxGrR5wkPIjoUImBYBSt1Paz8IL501654lbdOcgq8XJSgRyNXvnL78csjbhCJqkxXc9NMMioRsEkn5b81PCEsjEd8q6likbcBNn83Ck5s0qfDGJtSyGZq78nMhoZM4lC2xlRHJllbyb+53VTHNwEmVBJilyxxaJBKgnGZPY76QvNGcqJJZRpYW8lbEQ1ZWgTKtkQvOWXV0nrsurVqrWHq0r9No+jCCdwCufgwTXU4R4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AFW2PbA==</latexit>

{b, c}

<latexit sha1_base64="f5rgKO1vVQaelUrd7iTJdrApj+I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQtlsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmGPosEYnqRlSj4BJ9w43AbqqQxpHATjS5nfudR1SaJ/LBTFMMYzqSfMgZNVbygzwKZv1qza27C5C/xCtIDQq0+tXPYJCwLEZpmKBa9zw3NWFOleFM4KwSZBpTyiZ0hD1LJY1Rh/ni2Bk5s8qADBNlSxqyUH9O5DTWehpHtjOmZqxXvbn4n9fLzPA6zLlMM4OSLRcNM0FMQuafkwFXyIyYWkKZ4vZWwsZUUWZsPhUbgrf68l/Svqh7jXrj/rLWvCniKMMJnMI5eHAFTbiDFvjAgMMTvMCrI51n5815X7aWnGLmGH7B+fgG7v2OyQ==</latexit>

{b}
<latexit sha1_base64="WxaGc8BCYMM737DgGHn928SaBRA=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseiF48V7Ie0oWy2k3bpbhJ2J0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFBE0UaCETqKBqUBCOxjfzvz2E2gj4ugBJwn4ig0jEQrO0EqPPVAJTgxgv1xxq+4cdJV4OamQHI1++as3iHmqIEIumTFdz03Qz5hGwSVMS73UQML4mA2ha2nEFBg/mx88pWdWGdAw1rYipHP190TGlDETFdhOxXBklr2Z+J/XTTG89jMRJSlCxBeLwlRSjOnsezoQGjjKiSWMa2FvpXzENONoMyrZELzll1dJ66Lq1aq1+8tK/SaPo0hOyCk5Jx65InVyRxqkSThR5Jm8kjdHOy/Ou/OxaC04+cwx+QPn8wc8b5C2</latexit>

;



Adjunction [Winskel 82]

<latexit sha1_base64="m2a2Z2Zf5onp890WFwwsO/+2rmQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VMG2hCWWy3bZLN5uwuxFK6G/w4kERr/4gb/4bt20OWn0w8Hhvhpl5USq4Nq775ZTW1jc2t8rblZ3dvf2D6uFRWyeZosyniUhUN0LNBJfMN9wI1k0VwzgSrBNNbuZ+55EpzRP5YKYpC2McST7kFI2V/CDHYNav1ty6uwD5S7yC1KBAq1/9DAYJzWImDRWodc9zUxPmqAyngs0qQaZZinSCI9azVGLMdJgvjp2RM6sMyDBRtqQhC/XnRI6x1tM4sp0xmrFe9ebif14vM8PrMOcyzQyTdLlomAliEjL/nAy4YtSIqSVIFbe3EjpGhdTYfCo2BG/15b+kfVH3GvXG/WWteVfEUYYTOIVz8OAKmnALLfCBAocneIFXRzrPzpvzvmwtOcXMMfyC8/EN75KOzw==</latexit>

{a}
<latexit sha1_base64="O9KPHSoWjUDL+8VWsoZCNQk7yhI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VMG2hCWWznbZLN5uwuxFK6G/w4kERr/4gb/4bt20OWn0w8Hhvhpl5USq4Nq775ZTW1jc2t8rblZ3dvf2D6uFRWyeZYuizRCSqG1GNgkv0DTcCu6lCGkcCO9HkZu53HlFpnsgHM00xjOlI8iFn1FjJD/IomPWrNbfuLkD+Eq8gNSjQ6lc/g0HCshilYYJq3fPc1IQ5VYYzgbNKkGlMKZvQEfYslTRGHeaLY2fkzCoDMkyULWnIQv05kdNY62kc2c6YmrFe9ebif14vM8PrMOcyzQxKtlw0zAQxCZl/TgZcITNiagllittbCRtTRZmx+VRsCN7qy39J+6LuNeqN+8ta866IowwncArn4MEVNOEWWuADAw5P8AKvjnSenTfnfdlacoqZY/gF5+Mb8RiO0A==</latexit>

{b}

<latexit sha1_base64="tFCpDU0pjywYoO9uvcWoOlKGofY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHoseNFbBfsBTSib7bZdutmE3YlQQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfD8e3Mbz9xbUSsHnGS8CCiQyUGglG0UtvPwgvmT3vlilt15yCrxMtJBXI0euUvvx+zNOIKmaTGdD03wSCjGgWTfFryU8MTysZ0yLuWKhpxE2Tzc6fkzCp9Moi1LYVkrv6eyGhkzCQKbWdEcWSWvZn4n9dNcXATZEIlKXLFFosGqSQYk9nvpC80ZygnllCmhb2VsBHVlKFNqGRD8JZfXiWty6pXq9Yerir1+zyOIpzAKZyDB9dQhztoQBMYjOEZXuHNSZwX5935WLQWnHzmGP7A+fwBF4iPcw==</latexit>

{b, c}

ℂ

Prime elements:

p ∈ 𝖯𝗋(ℂ) : p ⊑ ⨆X ⟹ p ⊑ x ∈ X

<latexit sha1_base64="e6deNEsRwYbeRxi5ZtWBncYmUjg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQplst+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmKPNpIhLVjVAzwSXzDTeCdVPFMI4E60ST27nfeWRK80Q+mGnKwhhHkg85RWMlP8gxmPWrNbfuLkD+Eq8gNSjQ6lc/g0FCs5hJQwVq3fPc1IQ5KsOpYLNKkGmWIp3giPUslRgzHeaLY2fkzCoDMkyULWnIQv05kWOs9TSObGeMZqxXvbn4n9fLzPA6zLlMM8MkXS4aZoKYhMw/JwOuGDViaglSxe2thI5RITU2n4oNwVt9+S9pX9S9Rr1xf1lr3hRxlOEETuEcPLiCJtxBC3ygwOEJXuDVkc6z8+a8L1tLTjFzDL/gfHwD7XeOyA==</latexit>

{a}

<latexit sha1_base64="as7551Nevh3U91H3mRRCmWEvXq0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHosevFYwX5AE8pku22XbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmhYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nirImjUWsOiFqJrhkTcONYJ1EMYxCwdrh+G7mt5+Y0jyWj2aSsCDCoeQDTtFYqe1neBH601654lbdOcgq8XJSgRyNXvnL78c0jZg0VKDWXc9NTJChMpwKNi35qWYJ0jEOWddSiRHTQTY/d0rOrNIng1jZkobM1d8TGUZaT6LQdkZoRnrZm4n/ed3UDG6CjMskNUzSxaJBKoiJyex30ueKUSMmliBV3N5K6AgVUmMTKtkQvOWXV0nrsurVqrWHq0r9No+jCCdwCufgwTXU4R4a0AQKY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AEl+Pag==</latexit>

{a, b}
<latexit sha1_base64="VlZC+AhXkvrVqc1I2Nw3FookFIQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHosevFYwX5AE8pmu22XbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmhYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnZAaLoXiTRQoeSfRnEah5O1wfDfz209cGxGrR5wkPIjoUImBYBSt1Paz8IL501654lbdOcgq8XJSgRyNXvnL78csjbhCJqkxXc9NMMioRsEkn5b81PCEsjEd8q6likbcBNn83Ck5s0qfDGJtSyGZq78nMhoZM4lC2xlRHJllbyb+53VTHNwEmVBJilyxxaJBKgnGZPY76QvNGcqJJZRpYW8lbEQ1ZWgTKtkQvOWXV0nrsurVqrWHq0r9No+jCCdwCufgwTXU4R4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AFW2PbA==</latexit>

{b, c}

<latexit sha1_base64="f5rgKO1vVQaelUrd7iTJdrApj+I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQtlsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmGPosEYnqRlSj4BJ9w43AbqqQxpHATjS5nfudR1SaJ/LBTFMMYzqSfMgZNVbygzwKZv1qza27C5C/xCtIDQq0+tXPYJCwLEZpmKBa9zw3NWFOleFM4KwSZBpTyiZ0hD1LJY1Rh/ni2Bk5s8qADBNlSxqyUH9O5DTWehpHtjOmZqxXvbn4n9fLzPA6zLlMM4OSLRcNM0FMQuafkwFXyIyYWkKZ4vZWwsZUUWZsPhUbgrf68l/Svqh7jXrj/rLWvCniKMMJnMI5eHAFTbiDFvjAgMMTvMCrI51n5815X7aWnGLmGH7B+fgG7v2OyQ==</latexit>

{b}
<latexit sha1_base64="WxaGc8BCYMM737DgGHn928SaBRA=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseiF48V7Ie0oWy2k3bpbhJ2J0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFBE0UaCETqKBqUBCOxjfzvz2E2gj4ugBJwn4ig0jEQrO0EqPPVAJTgxgv1xxq+4cdJV4OamQHI1++as3iHmqIEIumTFdz03Qz5hGwSVMS73UQML4mA2ha2nEFBg/mx88pWdWGdAw1rYipHP190TGlDETFdhOxXBklr2Z+J/XTTG89jMRJSlCxBeLwlRSjOnsezoQGjjKiSWMa2FvpXzENONoMyrZELzll1dJ66Lq1aq1+8tK/SaPo0hOyCk5Jx65InVyRxqkSThR5Jm8kjdHOy/Ou/OxaC04+cwx+QPn8wc8b5C2</latexit>

;



Adjunction [Winskel 82]

<latexit sha1_base64="m2a2Z2Zf5onp890WFwwsO/+2rmQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VMG2hCWWy3bZLN5uwuxFK6G/w4kERr/4gb/4bt20OWn0w8Hhvhpl5USq4Nq775ZTW1jc2t8rblZ3dvf2D6uFRWyeZosyniUhUN0LNBJfMN9wI1k0VwzgSrBNNbuZ+55EpzRP5YKYpC2McST7kFI2V/CDHYNav1ty6uwD5S7yC1KBAq1/9DAYJzWImDRWodc9zUxPmqAyngs0qQaZZinSCI9azVGLMdJgvjp2RM6sMyDBRtqQhC/XnRI6x1tM4sp0xmrFe9ebif14vM8PrMOcyzQyTdLlomAliEjL/nAy4YtSIqSVIFbe3EjpGhdTYfCo2BG/15b+kfVH3GvXG/WWteVfEUYYTOIVz8OAKmnALLfCBAocneIFXRzrPzpvzvmwtOcXMMfyC8/EN75KOzw==</latexit>

{a}
<latexit sha1_base64="O9KPHSoWjUDL+8VWsoZCNQk7yhI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VMG2hCWWznbZLN5uwuxFK6G/w4kERr/4gb/4bt20OWn0w8Hhvhpl5USq4Nq775ZTW1jc2t8rblZ3dvf2D6uFRWyeZYuizRCSqG1GNgkv0DTcCu6lCGkcCO9HkZu53HlFpnsgHM00xjOlI8iFn1FjJD/IomPWrNbfuLkD+Eq8gNSjQ6lc/g0HCshilYYJq3fPc1IQ5VYYzgbNKkGlMKZvQEfYslTRGHeaLY2fkzCoDMkyULWnIQv05kdNY62kc2c6YmrFe9ebif14vM8PrMOcyzQxKtlw0zAQxCZl/TgZcITNiagllittbCRtTRZmx+VRsCN7qy39J+6LuNeqN+8ta866IowwncArn4MEVNOEWWuADAw5P8AKvjnSenTfnfdlacoqZY/gF5+Mb8RiO0A==</latexit>

{b}

<latexit sha1_base64="tFCpDU0pjywYoO9uvcWoOlKGofY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHoseNFbBfsBTSib7bZdutmE3YlQQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfD8e3Mbz9xbUSsHnGS8CCiQyUGglG0UtvPwgvmT3vlilt15yCrxMtJBXI0euUvvx+zNOIKmaTGdD03wSCjGgWTfFryU8MTysZ0yLuWKhpxE2Tzc6fkzCp9Moi1LYVkrv6eyGhkzCQKbWdEcWSWvZn4n9dNcXATZEIlKXLFFosGqSQYk9nvpC80ZygnllCmhb2VsBHVlKFNqGRD8JZfXiWty6pXq9Yerir1+zyOIpzAKZyDB9dQhztoQBMYjOEZXuHNSZwX5935WLQWnHzmGP7A+fwBF4iPcw==</latexit>

{b, c}
>

ℂ

Prime elements:

p ∈ 𝖯𝗋(ℂ) : p ⊑ ⨆X ⟹ p ⊑ x ∈ X

<latexit sha1_base64="e6deNEsRwYbeRxi5ZtWBncYmUjg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQplst+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmKPNpIhLVjVAzwSXzDTeCdVPFMI4E60ST27nfeWRK80Q+mGnKwhhHkg85RWMlP8gxmPWrNbfuLkD+Eq8gNSjQ6lc/g0FCs5hJQwVq3fPc1IQ5KsOpYLNKkGmWIp3giPUslRgzHeaLY2fkzCoDMkyULWnIQv05kWOs9TSObGeMZqxXvbn4n9fLzPA6zLlMM8MkXS4aZoKYhMw/JwOuGDViaglSxe2thI5RITU2n4oNwVt9+S9pX9S9Rr1xf1lr3hRxlOEETuEcPLiCJtxBC3ygwOEJXuDVkc6z8+a8L1tLTjFzDL/gfHwD7XeOyA==</latexit>

{a}

<latexit sha1_base64="as7551Nevh3U91H3mRRCmWEvXq0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHosevFYwX5AE8pku22XbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmhYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nirImjUWsOiFqJrhkTcONYJ1EMYxCwdrh+G7mt5+Y0jyWj2aSsCDCoeQDTtFYqe1neBH601654lbdOcgq8XJSgRyNXvnL78c0jZg0VKDWXc9NTJChMpwKNi35qWYJ0jEOWddSiRHTQTY/d0rOrNIng1jZkobM1d8TGUZaT6LQdkZoRnrZm4n/ed3UDG6CjMskNUzSxaJBKoiJyex30ueKUSMmliBV3N5K6AgVUmMTKtkQvOWXV0nrsurVqrWHq0r9No+jCCdwCufgwTXU4R4a0AQKY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AEl+Pag==</latexit>

{a, b}
<latexit sha1_base64="VlZC+AhXkvrVqc1I2Nw3FookFIQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHosevFYwX5AE8pmu22XbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmhYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnZAaLoXiTRQoeSfRnEah5O1wfDfz209cGxGrR5wkPIjoUImBYBSt1Paz8IL501654lbdOcgq8XJSgRyNXvnL78csjbhCJqkxXc9NMMioRsEkn5b81PCEsjEd8q6likbcBNn83Ck5s0qfDGJtSyGZq78nMhoZM4lC2xlRHJllbyb+53VTHNwEmVBJilyxxaJBKgnGZPY76QvNGcqJJZRpYW8lbEQ1ZWgTKtkQvOWXV0nrsurVqrWHq0r9No+jCCdwCufgwTXU4R4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AFW2PbA==</latexit>

{b, c}

<latexit sha1_base64="f5rgKO1vVQaelUrd7iTJdrApj+I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQtlsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmGPosEYnqRlSj4BJ9w43AbqqQxpHATjS5nfudR1SaJ/LBTFMMYzqSfMgZNVbygzwKZv1qza27C5C/xCtIDQq0+tXPYJCwLEZpmKBa9zw3NWFOleFM4KwSZBpTyiZ0hD1LJY1Rh/ni2Bk5s8qADBNlSxqyUH9O5DTWehpHtjOmZqxXvbn4n9fLzPA6zLlMM4OSLRcNM0FMQuafkwFXyIyYWkKZ4vZWwsZUUWZsPhUbgrf68l/Svqh7jXrj/rLWvCniKMMJnMI5eHAFTbiDFvjAgMMTvMCrI51n5815X7aWnGLmGH7B+fgG7v2OyQ==</latexit>

{b}
<latexit sha1_base64="WxaGc8BCYMM737DgGHn928SaBRA=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseiF48V7Ie0oWy2k3bpbhJ2J0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFBE0UaCETqKBqUBCOxjfzvz2E2gj4ugBJwn4ig0jEQrO0EqPPVAJTgxgv1xxq+4cdJV4OamQHI1++as3iHmqIEIumTFdz03Qz5hGwSVMS73UQML4mA2ha2nEFBg/mx88pWdWGdAw1rYipHP190TGlDETFdhOxXBklr2Z+J/XTTG89jMRJSlCxBeLwlRSjOnsezoQGjjKiSWMa2FvpXzENONoMyrZELzll1dJ66Lq1aq1+8tK/SaPo0hOyCk5Jx65InVyRxqkSThR5Jm8kjdHOy/Ou/OxaC04+cwx+QPn8wc8b5C2</latexit>

;



Adjunction [Winskel 82]

<latexit sha1_base64="m2a2Z2Zf5onp890WFwwsO/+2rmQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VMG2hCWWy3bZLN5uwuxFK6G/w4kERr/4gb/4bt20OWn0w8Hhvhpl5USq4Nq775ZTW1jc2t8rblZ3dvf2D6uFRWyeZosyniUhUN0LNBJfMN9wI1k0VwzgSrBNNbuZ+55EpzRP5YKYpC2McST7kFI2V/CDHYNav1ty6uwD5S7yC1KBAq1/9DAYJzWImDRWodc9zUxPmqAyngs0qQaZZinSCI9azVGLMdJgvjp2RM6sMyDBRtqQhC/XnRI6x1tM4sp0xmrFe9ebif14vM8PrMOcyzQyTdLlomAliEjL/nAy4YtSIqSVIFbe3EjpGhdTYfCo2BG/15b+kfVH3GvXG/WWteVfEUYYTOIVz8OAKmnALLfCBAocneIFXRzrPzpvzvmwtOcXMMfyC8/EN75KOzw==</latexit>

{a}
<latexit sha1_base64="O9KPHSoWjUDL+8VWsoZCNQk7yhI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VMG2hCWWznbZLN5uwuxFK6G/w4kERr/4gb/4bt20OWn0w8Hhvhpl5USq4Nq775ZTW1jc2t8rblZ3dvf2D6uFRWyeZYuizRCSqG1GNgkv0DTcCu6lCGkcCO9HkZu53HlFpnsgHM00xjOlI8iFn1FjJD/IomPWrNbfuLkD+Eq8gNSjQ6lc/g0HCshilYYJq3fPc1IQ5VYYzgbNKkGlMKZvQEfYslTRGHeaLY2fkzCoDMkyULWnIQv05kdNY62kc2c6YmrFe9ebif14vM8PrMOcyzQxKtlw0zAQxCZl/TgZcITNiagllittbCRtTRZmx+VRsCN7qy39J+6LuNeqN+8ta866IowwncArn4MEVNOEWWuADAw5P8AKvjnSenTfnfdlacoqZY/gF5+Mb8RiO0A==</latexit>

{b}

<latexit sha1_base64="tFCpDU0pjywYoO9uvcWoOlKGofY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHoseNFbBfsBTSib7bZdutmE3YlQQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfD8e3Mbz9xbUSsHnGS8CCiQyUGglG0UtvPwgvmT3vlilt15yCrxMtJBXI0euUvvx+zNOIKmaTGdD03wSCjGgWTfFryU8MTysZ0yLuWKhpxE2Tzc6fkzCp9Moi1LYVkrv6eyGhkzCQKbWdEcWSWvZn4n9dNcXATZEIlKXLFFosGqSQYk9nvpC80ZygnllCmhb2VsBHVlKFNqGRD8JZfXiWty6pXq9Yerir1+zyOIpzAKZyDB9dQhztoQBMYjOEZXuHNSZwX5935WLQWnHzmGP7A+fwBF4iPcw==</latexit>

{b, c}
# >

ℂ

Prime elements:

p ∈ 𝖯𝗋(ℂ) : p ⊑ ⨆X ⟹ p ⊑ x ∈ X

<latexit sha1_base64="e6deNEsRwYbeRxi5ZtWBncYmUjg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQplst+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmKPNpIhLVjVAzwSXzDTeCdVPFMI4E60ST27nfeWRK80Q+mGnKwhhHkg85RWMlP8gxmPWrNbfuLkD+Eq8gNSjQ6lc/g0FCs5hJQwVq3fPc1IQ5KsOpYLNKkGmWIp3giPUslRgzHeaLY2fkzCoDMkyULWnIQv05kWOs9TSObGeMZqxXvbn4n9fLzPA6zLlMM8MkXS4aZoKYhMw/JwOuGDViaglSxe2thI5RITU2n4oNwVt9+S9pX9S9Rr1xf1lr3hRxlOEETuEcPLiCJtxBC3ygwOEJXuDVkc6z8+a8L1tLTjFzDL/gfHwD7XeOyA==</latexit>

{a}

<latexit sha1_base64="as7551Nevh3U91H3mRRCmWEvXq0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHosevFYwX5AE8pku22XbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmhYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nirImjUWsOiFqJrhkTcONYJ1EMYxCwdrh+G7mt5+Y0jyWj2aSsCDCoeQDTtFYqe1neBH601654lbdOcgq8XJSgRyNXvnL78c0jZg0VKDWXc9NTJChMpwKNi35qWYJ0jEOWddSiRHTQTY/d0rOrNIng1jZkobM1d8TGUZaT6LQdkZoRnrZm4n/ed3UDG6CjMskNUzSxaJBKoiJyex30ueKUSMmliBV3N5K6AgVUmMTKtkQvOWXV0nrsurVqrWHq0r9No+jCCdwCufgwTXU4R4a0AQKY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AEl+Pag==</latexit>

{a, b}
<latexit sha1_base64="VlZC+AhXkvrVqc1I2Nw3FookFIQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHosevFYwX5AE8pmu22XbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmhYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnZAaLoXiTRQoeSfRnEah5O1wfDfz209cGxGrR5wkPIjoUImBYBSt1Paz8IL501654lbdOcgq8XJSgRyNXvnL78csjbhCJqkxXc9NMMioRsEkn5b81PCEsjEd8q6likbcBNn83Ck5s0qfDGJtSyGZq78nMhoZM4lC2xlRHJllbyb+53VTHNwEmVBJilyxxaJBKgnGZPY76QvNGcqJJZRpYW8lbEQ1ZWgTKtkQvOWXV0nrsurVqrWHq0r9No+jCCdwCufgwTXU4R4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AFW2PbA==</latexit>

{b, c}

<latexit sha1_base64="f5rgKO1vVQaelUrd7iTJdrApj+I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQtlsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmGPosEYnqRlSj4BJ9w43AbqqQxpHATjS5nfudR1SaJ/LBTFMMYzqSfMgZNVbygzwKZv1qza27C5C/xCtIDQq0+tXPYJCwLEZpmKBa9zw3NWFOleFM4KwSZBpTyiZ0hD1LJY1Rh/ni2Bk5s8qADBNlSxqyUH9O5DTWehpHtjOmZqxXvbn4n9fLzPA6zLlMM4OSLRcNM0FMQuafkwFXyIyYWkKZ4vZWwsZUUWZsPhUbgrf68l/Svqh7jXrj/rLWvCniKMMJnMI5eHAFTbiDFvjAgMMTvMCrI51n5815X7aWnGLmGH7B+fgG7v2OyQ==</latexit>

{b}
<latexit sha1_base64="WxaGc8BCYMM737DgGHn928SaBRA=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseiF48V7Ie0oWy2k3bpbhJ2J0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFBE0UaCETqKBqUBCOxjfzvz2E2gj4ugBJwn4ig0jEQrO0EqPPVAJTgxgv1xxq+4cdJV4OamQHI1++as3iHmqIEIumTFdz03Qz5hGwSVMS73UQML4mA2ha2nEFBg/mx88pWdWGdAw1rYipHP190TGlDETFdhOxXBklr2Z+J/XTTG89jMRJSlCxBeLwlRSjOnsezoQGjjKiSWMa2FvpXzENONoMyrZELzll1dJ66Lq1aq1+8tK/SaPo0hOyCk5Jx65InVyRxqkSThR5Jm8kjdHOy/Ou/OxaC04+cwx+QPn8wc8b5C2</latexit>

;



Adjunction [Winskel 82]

<latexit sha1_base64="m2a2Z2Zf5onp890WFwwsO/+2rmQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VMG2hCWWy3bZLN5uwuxFK6G/w4kERr/4gb/4bt20OWn0w8Hhvhpl5USq4Nq775ZTW1jc2t8rblZ3dvf2D6uFRWyeZosyniUhUN0LNBJfMN9wI1k0VwzgSrBNNbuZ+55EpzRP5YKYpC2McST7kFI2V/CDHYNav1ty6uwD5S7yC1KBAq1/9DAYJzWImDRWodc9zUxPmqAyngs0qQaZZinSCI9azVGLMdJgvjp2RM6sMyDBRtqQhC/XnRI6x1tM4sp0xmrFe9ebif14vM8PrMOcyzQyTdLlomAliEjL/nAy4YtSIqSVIFbe3EjpGhdTYfCo2BG/15b+kfVH3GvXG/WWteVfEUYYTOIVz8OAKmnALLfCBAocneIFXRzrPzpvzvmwtOcXMMfyC8/EN75KOzw==</latexit>

{a}
<latexit sha1_base64="O9KPHSoWjUDL+8VWsoZCNQk7yhI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VMG2hCWWznbZLN5uwuxFK6G/w4kERr/4gb/4bt20OWn0w8Hhvhpl5USq4Nq775ZTW1jc2t8rblZ3dvf2D6uFRWyeZYuizRCSqG1GNgkv0DTcCu6lCGkcCO9HkZu53HlFpnsgHM00xjOlI8iFn1FjJD/IomPWrNbfuLkD+Eq8gNSjQ6lc/g0HCshilYYJq3fPc1IQ5VYYzgbNKkGlMKZvQEfYslTRGHeaLY2fkzCoDMkyULWnIQv05kdNY62kc2c6YmrFe9ebif14vM8PrMOcyzQxKtlw0zAQxCZl/TgZcITNiagllittbCRtTRZmx+VRsCN7qy39J+6LuNeqN+8ta866IowwncArn4MEVNOEWWuADAw5P8AKvjnSenTfnfdlacoqZY/gF5+Mb8RiO0A==</latexit>

{b}

<latexit sha1_base64="tFCpDU0pjywYoO9uvcWoOlKGofY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHoseNFbBfsBTSib7bZdutmE3YlQQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfD8e3Mbz9xbUSsHnGS8CCiQyUGglG0UtvPwgvmT3vlilt15yCrxMtJBXI0euUvvx+zNOIKmaTGdD03wSCjGgWTfFryU8MTysZ0yLuWKhpxE2Tzc6fkzCp9Moi1LYVkrv6eyGhkzCQKbWdEcWSWvZn4n9dNcXATZEIlKXLFFosGqSQYk9nvpC80ZygnllCmhb2VsBHVlKFNqGRD8JZfXiWty6pXq9Yerir1+zyOIpzAKZyDB9dQhztoQBMYjOEZXuHNSZwX5935WLQWnHzmGP7A+fwBF4iPcw==</latexit>

{b, c}
# >

ℂ

Prime elements:

p ∈ 𝖯𝗋(ℂ) : p ⊑ ⨆X ⟹ p ⊑ x ∈ X

<latexit sha1_base64="e6deNEsRwYbeRxi5ZtWBncYmUjg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQplst+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmKPNpIhLVjVAzwSXzDTeCdVPFMI4E60ST27nfeWRK80Q+mGnKwhhHkg85RWMlP8gxmPWrNbfuLkD+Eq8gNSjQ6lc/g0FCs5hJQwVq3fPc1IQ5KsOpYLNKkGmWIp3giPUslRgzHeaLY2fkzCoDMkyULWnIQv05kWOs9TSObGeMZqxXvbn4n9fLzPA6zLlMM8MkXS4aZoKYhMw/JwOuGDViaglSxe2thI5RITU2n4oNwVt9+S9pX9S9Rr1xf1lr3hRxlOEETuEcPLiCJtxBC3ygwOEJXuDVkc6z8+a8L1tLTjFzDL/gfHwD7XeOyA==</latexit>

{a}

<latexit sha1_base64="as7551Nevh3U91H3mRRCmWEvXq0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHosevFYwX5AE8pku22XbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmhYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nirImjUWsOiFqJrhkTcONYJ1EMYxCwdrh+G7mt5+Y0jyWj2aSsCDCoeQDTtFYqe1neBH601654lbdOcgq8XJSgRyNXvnL78c0jZg0VKDWXc9NTJChMpwKNi35qWYJ0jEOWddSiRHTQTY/d0rOrNIng1jZkobM1d8TGUZaT6LQdkZoRnrZm4n/ed3UDG6CjMskNUzSxaJBKoiJyex30ueKUSMmliBV3N5K6AgVUmMTKtkQvOWXV0nrsurVqrWHq0r9No+jCCdwCufgwTXU4R4a0AQKY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AEl+Pag==</latexit>

{a, b}
<latexit sha1_base64="VlZC+AhXkvrVqc1I2Nw3FookFIQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHosevFYwX5AE8pmu22XbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmhYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnZAaLoXiTRQoeSfRnEah5O1wfDfz209cGxGrR5wkPIjoUImBYBSt1Paz8IL501654lbdOcgq8XJSgRyNXvnL78csjbhCJqkxXc9NMMioRsEkn5b81PCEsjEd8q6likbcBNn83Ck5s0qfDGJtSyGZq78nMhoZM4lC2xlRHJllbyb+53VTHNwEmVBJilyxxaJBKgnGZPY76QvNGcqJJZRpYW8lbEQ1ZWgTKtkQvOWXV0nrsurVqrWHq0r9No+jCCdwCufgwTXU4R4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AFW2PbA==</latexit>

{b, c}

<latexit sha1_base64="f5rgKO1vVQaelUrd7iTJdrApj+I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQtlsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmGPosEYnqRlSj4BJ9w43AbqqQxpHATjS5nfudR1SaJ/LBTFMMYzqSfMgZNVbygzwKZv1qza27C5C/xCtIDQq0+tXPYJCwLEZpmKBa9zw3NWFOleFM4KwSZBpTyiZ0hD1LJY1Rh/ni2Bk5s8qADBNlSxqyUH9O5DTWehpHtjOmZqxXvbn4n9fLzPA6zLlMM4OSLRcNM0FMQuafkwFXyIyYWkKZ4vZWwsZUUWZsPhUbgrf68l/Svqh7jXrj/rLWvCniKMMJnMI5eHAFTbiDFvjAgMMTvMCrI51n5815X7aWnGLmGH7B+fgG7v2OyQ==</latexit>

{b}
<latexit sha1_base64="WxaGc8BCYMM737DgGHn928SaBRA=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseiF48V7Ie0oWy2k3bpbhJ2J0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFBE0UaCETqKBqUBCOxjfzvz2E2gj4ugBJwn4ig0jEQrO0EqPPVAJTgxgv1xxq+4cdJV4OamQHI1++as3iHmqIEIumTFdz03Qz5hGwSVMS73UQML4mA2ha2nEFBg/mx88pWdWGdAw1rYipHP190TGlDETFdhOxXBklr2Z+J/XTTG89jMRJSlCxBeLwlRSjOnsezoQGjjKiSWMa2FvpXzENONoMyrZELzll1dJ66Lq1aq1+8tK/SaPo0hOyCk5Jx65InVyRxqkSThR5Jm8kjdHOy/Ou/OxaC04+cwx+QPn8wc8b5C2</latexit>

;



Adjunction [Winskel 82]

<latexit sha1_base64="m2a2Z2Zf5onp890WFwwsO/+2rmQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VMG2hCWWy3bZLN5uwuxFK6G/w4kERr/4gb/4bt20OWn0w8Hhvhpl5USq4Nq775ZTW1jc2t8rblZ3dvf2D6uFRWyeZosyniUhUN0LNBJfMN9wI1k0VwzgSrBNNbuZ+55EpzRP5YKYpC2McST7kFI2V/CDHYNav1ty6uwD5S7yC1KBAq1/9DAYJzWImDRWodc9zUxPmqAyngs0qQaZZinSCI9azVGLMdJgvjp2RM6sMyDBRtqQhC/XnRI6x1tM4sp0xmrFe9ebif14vM8PrMOcyzQyTdLlomAliEjL/nAy4YtSIqSVIFbe3EjpGhdTYfCo2BG/15b+kfVH3GvXG/WWteVfEUYYTOIVz8OAKmnALLfCBAocneIFXRzrPzpvzvmwtOcXMMfyC8/EN75KOzw==</latexit>

{a}
<latexit sha1_base64="O9KPHSoWjUDL+8VWsoZCNQk7yhI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VMG2hCWWznbZLN5uwuxFK6G/w4kERr/4gb/4bt20OWn0w8Hhvhpl5USq4Nq775ZTW1jc2t8rblZ3dvf2D6uFRWyeZYuizRCSqG1GNgkv0DTcCu6lCGkcCO9HkZu53HlFpnsgHM00xjOlI8iFn1FjJD/IomPWrNbfuLkD+Eq8gNSjQ6lc/g0HCshilYYJq3fPc1IQ5VYYzgbNKkGlMKZvQEfYslTRGHeaLY2fkzCoDMkyULWnIQv05kdNY62kc2c6YmrFe9ebif14vM8PrMOcyzQxKtlw0zAQxCZl/TgZcITNiagllittbCRtTRZmx+VRsCN7qy39J+6LuNeqN+8ta866IowwncArn4MEVNOEWWuADAw5P8AKvjnSenTfnfdlacoqZY/gF5+Mb8RiO0A==</latexit>

{b}

<latexit sha1_base64="tFCpDU0pjywYoO9uvcWoOlKGofY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHoseNFbBfsBTSib7bZdutmE3YlQQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfD8e3Mbz9xbUSsHnGS8CCiQyUGglG0UtvPwgvmT3vlilt15yCrxMtJBXI0euUvvx+zNOIKmaTGdD03wSCjGgWTfFryU8MTysZ0yLuWKhpxE2Tzc6fkzCp9Moi1LYVkrv6eyGhkzCQKbWdEcWSWvZn4n9dNcXATZEIlKXLFFosGqSQYk9nvpC80ZygnllCmhb2VsBHVlKFNqGRD8JZfXiWty6pXq9Yerir1+zyOIpzAKZyDB9dQhztoQBMYjOEZXuHNSZwX5935WLQWnHzmGP7A+fwBF4iPcw==</latexit>

{b, c}
# >

ℂ 𝔼 = (𝖯𝗋(ℂ), < , #)

Prime elements:

p ∈ 𝖯𝗋(ℂ) : p ⊑ ⨆X ⟹ p ⊑ x ∈ X

<latexit sha1_base64="e6deNEsRwYbeRxi5ZtWBncYmUjg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQplst+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmKPNpIhLVjVAzwSXzDTeCdVPFMI4E60ST27nfeWRK80Q+mGnKwhhHkg85RWMlP8gxmPWrNbfuLkD+Eq8gNSjQ6lc/g0FCs5hJQwVq3fPc1IQ5KsOpYLNKkGmWIp3giPUslRgzHeaLY2fkzCoDMkyULWnIQv05kWOs9TSObGeMZqxXvbn4n9fLzPA6zLlMM8MkXS4aZoKYhMw/JwOuGDViaglSxe2thI5RITU2n4oNwVt9+S9pX9S9Rr1xf1lr3hRxlOEETuEcPLiCJtxBC3ygwOEJXuDVkc6z8+a8L1tLTjFzDL/gfHwD7XeOyA==</latexit>

{a}

<latexit sha1_base64="as7551Nevh3U91H3mRRCmWEvXq0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHosevFYwX5AE8pku22XbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmhYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nirImjUWsOiFqJrhkTcONYJ1EMYxCwdrh+G7mt5+Y0jyWj2aSsCDCoeQDTtFYqe1neBH601654lbdOcgq8XJSgRyNXvnL78c0jZg0VKDWXc9NTJChMpwKNi35qWYJ0jEOWddSiRHTQTY/d0rOrNIng1jZkobM1d8TGUZaT6LQdkZoRnrZm4n/ed3UDG6CjMskNUzSxaJBKoiJyex30ueKUSMmliBV3N5K6AgVUmMTKtkQvOWXV0nrsurVqrWHq0r9No+jCCdwCufgwTXU4R4a0AQKY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AEl+Pag==</latexit>

{a, b}
<latexit sha1_base64="VlZC+AhXkvrVqc1I2Nw3FookFIQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHosevFYwX5AE8pmu22XbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmhYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnZAaLoXiTRQoeSfRnEah5O1wfDfz209cGxGrR5wkPIjoUImBYBSt1Paz8IL501654lbdOcgq8XJSgRyNXvnL78csjbhCJqkxXc9NMMioRsEkn5b81PCEsjEd8q6likbcBNn83Ck5s0qfDGJtSyGZq78nMhoZM4lC2xlRHJllbyb+53VTHNwEmVBJilyxxaJBKgnGZPY76QvNGcqJJZRpYW8lbEQ1ZWgTKtkQvOWXV0nrsurVqrWHq0r9No+jCCdwCufgwTXU4R4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AFW2PbA==</latexit>

{b, c}

<latexit sha1_base64="f5rgKO1vVQaelUrd7iTJdrApj+I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQtlsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmGPosEYnqRlSj4BJ9w43AbqqQxpHATjS5nfudR1SaJ/LBTFMMYzqSfMgZNVbygzwKZv1qza27C5C/xCtIDQq0+tXPYJCwLEZpmKBa9zw3NWFOleFM4KwSZBpTyiZ0hD1LJY1Rh/ni2Bk5s8qADBNlSxqyUH9O5DTWehpHtjOmZqxXvbn4n9fLzPA6zLlMM4OSLRcNM0FMQuafkwFXyIyYWkKZ4vZWwsZUUWZsPhUbgrf68l/Svqh7jXrj/rLWvCniKMMJnMI5eHAFTbiDFvjAgMMTvMCrI51n5815X7aWnGLmGH7B+fgG7v2OyQ==</latexit>

{b}
<latexit sha1_base64="WxaGc8BCYMM737DgGHn928SaBRA=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseiF48V7Ie0oWy2k3bpbhJ2J0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFBE0UaCETqKBqUBCOxjfzvz2E2gj4ugBJwn4ig0jEQrO0EqPPVAJTgxgv1xxq+4cdJV4OamQHI1++as3iHmqIEIumTFdz03Qz5hGwSVMS73UQML4mA2ha2nEFBg/mx88pWdWGdAw1rYipHP190TGlDETFdhOxXBklr2Z+J/XTTG89jMRJSlCxBeLwlRSjOnsezoQGjjKiSWMa2FvpXzENONoMyrZELzll1dJ66Lq1aq1+8tK/SaPo0hOyCk5Jx65InVyRxqkSThR5Jm8kjdHOy/Ou/OxaC04+cwx+QPn8wc8b5C2</latexit>

;



Adjunction [Winskel 82]

<latexit sha1_base64="m2a2Z2Zf5onp890WFwwsO/+2rmQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VMG2hCWWy3bZLN5uwuxFK6G/w4kERr/4gb/4bt20OWn0w8Hhvhpl5USq4Nq775ZTW1jc2t8rblZ3dvf2D6uFRWyeZosyniUhUN0LNBJfMN9wI1k0VwzgSrBNNbuZ+55EpzRP5YKYpC2McST7kFI2V/CDHYNav1ty6uwD5S7yC1KBAq1/9DAYJzWImDRWodc9zUxPmqAyngs0qQaZZinSCI9azVGLMdJgvjp2RM6sMyDBRtqQhC/XnRI6x1tM4sp0xmrFe9ebif14vM8PrMOcyzQyTdLlomAliEjL/nAy4YtSIqSVIFbe3EjpGhdTYfCo2BG/15b+kfVH3GvXG/WWteVfEUYYTOIVz8OAKmnALLfCBAocneIFXRzrPzpvzvmwtOcXMMfyC8/EN75KOzw==</latexit>

{a}
<latexit sha1_base64="O9KPHSoWjUDL+8VWsoZCNQk7yhI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VMG2hCWWznbZLN5uwuxFK6G/w4kERr/4gb/4bt20OWn0w8Hhvhpl5USq4Nq775ZTW1jc2t8rblZ3dvf2D6uFRWyeZYuizRCSqG1GNgkv0DTcCu6lCGkcCO9HkZu53HlFpnsgHM00xjOlI8iFn1FjJD/IomPWrNbfuLkD+Eq8gNSjQ6lc/g0HCshilYYJq3fPc1IQ5VYYzgbNKkGlMKZvQEfYslTRGHeaLY2fkzCoDMkyULWnIQv05kdNY62kc2c6YmrFe9ebif14vM8PrMOcyzQxKtlw0zAQxCZl/TgZcITNiagllittbCRtTRZmx+VRsCN7qy39J+6LuNeqN+8ta866IowwncArn4MEVNOEWWuADAw5P8AKvjnSenTfnfdlacoqZY/gF5+Mb8RiO0A==</latexit>

{b}

<latexit sha1_base64="tFCpDU0pjywYoO9uvcWoOlKGofY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHoseNFbBfsBTSib7bZdutmE3YlQQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfD8e3Mbz9xbUSsHnGS8CCiQyUGglG0UtvPwgvmT3vlilt15yCrxMtJBXI0euUvvx+zNOIKmaTGdD03wSCjGgWTfFryU8MTysZ0yLuWKhpxE2Tzc6fkzCp9Moi1LYVkrv6eyGhkzCQKbWdEcWSWvZn4n9dNcXATZEIlKXLFFosGqSQYk9nvpC80ZygnllCmhb2VsBHVlKFNqGRD8JZfXiWty6pXq9Yerir1+zyOIpzAKZyDB9dQhztoQBMYjOEZXuHNSZwX5935WLQWnHzmGP7A+fwBF4iPcw==</latexit>

{b, c}
# >

<latexit sha1_base64="CpaiuXwW37UNaGPkKNzWD6zfKuI=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseCF71VsB/ShrLZTtqlu0nYnQgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUc2jyWMa6EzADUkTQRIESOokGpgIJ7WB8M/PbT6CNiKMHnCTgKzaMRCg4Qys99kAlODGA/XLFrbpz0FXi5aRCcjT65a/eIOapggi5ZMZ0PTdBP2MaBZcwLfVSAwnjYzaErqURU2D8bH7wlJ5ZZUDDWNuKkM7V3xMZU8ZMVGA7FcORWfZm4n9eN8Xw2s9ElKQIEV8sClNJMaaz7+lAaOAoJ5YwroW9lfIR04yjzahkQ/CWX14lrYuqV6vW7i8r9bs8jiI5IafknHjkitTJLWmQJuFEkWfySt4c7bw4787HorXg5DPH5A+czx8+ipC9</latexit>

;

<latexit sha1_base64="AwLbrHEVMALq3f9B3qxx6SFxfEE=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VsB/ShLLZbtqlu5uwuxFKyK/w4kERr/4cb/4bt20O2vpg4PHeDDPzwoQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo5TRWibxDxWvRBrypmkbcMMp71EUSxCTrvh5Gbmd5+o0iyWD2aa0EDgkWQRI9hY6dHP/Az7uZ8PqjW37s6BVolXkBoUaA2qX/4wJqmg0hCOte57bmKCDCvDCKd5xU81TTCZ4BHtWyqxoDrI5gfn6MwqQxTFypY0aK7+nsiw0HoqQtspsBnrZW8m/uf1UxNdBxmTSWqoJItFUcqRidHsezRkihLDp5Zgopi9FZExVpgYm1HFhuAtv7xKOhd1r1Fv3F/WmndFHGU4gVM4Bw+uoAm30II2EBDwDK/w5ijnxXl3PhatJaeYOYY/cD5/AB0FkKc=</latexit>

{{a}}
<latexit sha1_base64="Po7IBoxzqO8Zws9exwmIpcVE1TU=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VsB/ShLLZbtqlu5uwuxFKyK/w4kERr/4cb/4bt20O2vpg4PHeDDPzwoQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo5TRWibxDxWvRBrypmkbcMMp71EUSxCTrvh5Gbmd5+o0iyWD2aa0EDgkWQRI9hY6dHP/Cz0cz8fVGtu3Z0DrRKvIDUo0BpUv/xhTFJBpSEca9333MQEGVaGEU7zip9qmmAywSPat1RiQXWQzQ/O0ZlVhiiKlS1p0Fz9PZFhofVUhLZTYDPWy95M/M/rpya6DjImk9RQSRaLopQjE6PZ92jIFCWGTy3BRDF7KyJjrDAxNqOKDcFbfnmVdC7qXqPeuL+sNe+KOMpwAqdwDh5cQRNuoQVtICDgGV7hzVHOi/PufCxaS04xcwx/4Hz+AB6NkKg=</latexit>

{{b}}

<latexit sha1_base64="viLkxJ2VTX3Bx8Fnm3HpLYuIxNI=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIHqQkItVjwYveKtgPaELZbDft0s0m7G6EGvJLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCDhTGnH+bZKa+sbm1vl7crO7t5+1T447Kg4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mNzM/O4jlYrF4kFPE+pHeCRYyAjWRhrYVS/zMuzl514WeLmXD+yaU3fmQKvELUgNCrQG9pc3jEkaUaEJx0r1XSfRfoalZoTTvOKliiaYTPCI9g0VOKLKz+aH5+jUKEMUxtKU0Giu/p7IcKTUNApMZ4T1WC17M/E/r5/q8NrPmEhSTQVZLApTjnSMZimgIZOUaD41BBPJzK2IjLHERJusKiYEd/nlVdK5qLuNeuP+sta8K+IowzGcwBm4cAVNuIUWtIFACs/wCm/Wk/VivVsfi9aSVcwcwR9Ynz/zjZNS</latexit>

{{a}, {b}}
<latexit sha1_base64="DRXpKUYU0DiaTqpDv06DQlHelog=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBRSmJSHVZcKO7CvYBTSiT6bQdOpmEmYlSYj7FjQtF3Pol7vwbp20W2nrgXg7n3MvcOUHMmdKO820V1tY3NreK26Wd3b39A7t82FZRIgltkYhHshtgRTkTtKWZ5rQbS4rDgNNOMLme+Z0HKhWLxL2extQP8UiwISNYG6lvl73USwMvq5peJV7mZX274tScOdAqcXNSgRzNvv3lDSKShFRowrFSPdeJtZ9iqRnhNCt5iaIxJhM8oj1DBQ6p8tP56Rk6NcoADSNpSmg0V39vpDhUahoGZjLEeqyWvZn4n9dL9PDKT5mIE00FWTw0TDjSEZrlgAZMUqL51BBMJDO3IjLGEhNt0iqZENzlL6+S9nnNrdfqdxeVxm0eRxGO4QTOwIVLaMANNKEFBB7hGV7hzXqyXqx362MxWrDynSP4A+vzByM5k/Y=</latexit>

{{b}, {b, c}}

ℂ 𝔼 = (𝖯𝗋(ℂ), < , #)

Prime elements:

p ∈ 𝖯𝗋(ℂ) : p ⊑ ⨆X ⟹ p ⊑ x ∈ X

<latexit sha1_base64="e6deNEsRwYbeRxi5ZtWBncYmUjg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQplst+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmKPNpIhLVjVAzwSXzDTeCdVPFMI4E60ST27nfeWRK80Q+mGnKwhhHkg85RWMlP8gxmPWrNbfuLkD+Eq8gNSjQ6lc/g0FCs5hJQwVq3fPc1IQ5KsOpYLNKkGmWIp3giPUslRgzHeaLY2fkzCoDMkyULWnIQv05kWOs9TSObGeMZqxXvbn4n9fLzPA6zLlMM8MkXS4aZoKYhMw/JwOuGDViaglSxe2thI5RITU2n4oNwVt9+S9pX9S9Rr1xf1lr3hRxlOEETuEcPLiCJtxBC3ygwOEJXuDVkc6z8+a8L1tLTjFzDL/gfHwD7XeOyA==</latexit>

{a}

<latexit sha1_base64="as7551Nevh3U91H3mRRCmWEvXq0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHosevFYwX5AE8pku22XbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmhYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nirImjUWsOiFqJrhkTcONYJ1EMYxCwdrh+G7mt5+Y0jyWj2aSsCDCoeQDTtFYqe1neBH601654lbdOcgq8XJSgRyNXvnL78c0jZg0VKDWXc9NTJChMpwKNi35qWYJ0jEOWddSiRHTQTY/d0rOrNIng1jZkobM1d8TGUZaT6LQdkZoRnrZm4n/ed3UDG6CjMskNUzSxaJBKoiJyex30ueKUSMmliBV3N5K6AgVUmMTKtkQvOWXV0nrsurVqrWHq0r9No+jCCdwCufgwTXU4R4a0AQKY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AEl+Pag==</latexit>

{a, b}
<latexit sha1_base64="VlZC+AhXkvrVqc1I2Nw3FookFIQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHosevFYwX5AE8pmu22XbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmhYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnZAaLoXiTRQoeSfRnEah5O1wfDfz209cGxGrR5wkPIjoUImBYBSt1Paz8IL501654lbdOcgq8XJSgRyNXvnL78csjbhCJqkxXc9NMMioRsEkn5b81PCEsjEd8q6likbcBNn83Ck5s0qfDGJtSyGZq78nMhoZM4lC2xlRHJllbyb+53VTHNwEmVBJilyxxaJBKgnGZPY76QvNGcqJJZRpYW8lbEQ1ZWgTKtkQvOWXV0nrsurVqrWHq0r9No+jCCdwCufgwTXU4R4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AFW2PbA==</latexit>

{b, c}

<latexit sha1_base64="f5rgKO1vVQaelUrd7iTJdrApj+I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQtlsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmGPosEYnqRlSj4BJ9w43AbqqQxpHATjS5nfudR1SaJ/LBTFMMYzqSfMgZNVbygzwKZv1qza27C5C/xCtIDQq0+tXPYJCwLEZpmKBa9zw3NWFOleFM4KwSZBpTyiZ0hD1LJY1Rh/ni2Bk5s8qADBNlSxqyUH9O5DTWehpHtjOmZqxXvbn4n9fLzPA6zLlMM4OSLRcNM0FMQuafkwFXyIyYWkKZ4vZWwsZUUWZsPhUbgrf68l/Svqh7jXrj/rLWvCniKMMJnMI5eHAFTbiDFvjAgMMTvMCrI51n5815X7aWnGLmGH7B+fgG7v2OyQ==</latexit>

{b}
<latexit sha1_base64="WxaGc8BCYMM737DgGHn928SaBRA=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseiF48V7Ie0oWy2k3bpbhJ2J0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFBE0UaCETqKBqUBCOxjfzvz2E2gj4ugBJwn4ig0jEQrO0EqPPVAJTgxgv1xxq+4cdJV4OamQHI1++as3iHmqIEIumTFdz03Qz5hGwSVMS73UQML4mA2ha2nEFBg/mx88pWdWGdAw1rYipHP190TGlDETFdhOxXBklr2Z+J/XTTG89jMRJSlCxBeLwlRSjOnsezoQGjjKiSWMa2FvpXzENONoMyrZELzll1dJ66Lq1aq1+8tK/SaPo0hOyCk5Jx65InVyRxqkSThR5Jm8kjdHOy/Ou/OxaC04+cwx+QPn8wc8b5C2</latexit>

;



Adjunction [Winskel 82]

<latexit sha1_base64="m2a2Z2Zf5onp890WFwwsO/+2rmQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VMG2hCWWy3bZLN5uwuxFK6G/w4kERr/4gb/4bt20OWn0w8Hhvhpl5USq4Nq775ZTW1jc2t8rblZ3dvf2D6uFRWyeZosyniUhUN0LNBJfMN9wI1k0VwzgSrBNNbuZ+55EpzRP5YKYpC2McST7kFI2V/CDHYNav1ty6uwD5S7yC1KBAq1/9DAYJzWImDRWodc9zUxPmqAyngs0qQaZZinSCI9azVGLMdJgvjp2RM6sMyDBRtqQhC/XnRI6x1tM4sp0xmrFe9ebif14vM8PrMOcyzQyTdLlomAliEjL/nAy4YtSIqSVIFbe3EjpGhdTYfCo2BG/15b+kfVH3GvXG/WWteVfEUYYTOIVz8OAKmnALLfCBAocneIFXRzrPzpvzvmwtOcXMMfyC8/EN75KOzw==</latexit>

{a}
<latexit sha1_base64="O9KPHSoWjUDL+8VWsoZCNQk7yhI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VMG2hCWWznbZLN5uwuxFK6G/w4kERr/4gb/4bt20OWn0w8Hhvhpl5USq4Nq775ZTW1jc2t8rblZ3dvf2D6uFRWyeZYuizRCSqG1GNgkv0DTcCu6lCGkcCO9HkZu53HlFpnsgHM00xjOlI8iFn1FjJD/IomPWrNbfuLkD+Eq8gNSjQ6lc/g0HCshilYYJq3fPc1IQ5VYYzgbNKkGlMKZvQEfYslTRGHeaLY2fkzCoDMkyULWnIQv05kdNY62kc2c6YmrFe9ebif14vM8PrMOcyzQxKtlw0zAQxCZl/TgZcITNiagllittbCRtTRZmx+VRsCN7qy39J+6LuNeqN+8ta866IowwncArn4MEVNOEWWuADAw5P8AKvjnSenTfnfdlacoqZY/gF5+Mb8RiO0A==</latexit>

{b}

<latexit sha1_base64="tFCpDU0pjywYoO9uvcWoOlKGofY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHoseNFbBfsBTSib7bZdutmE3YlQQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfD8e3Mbz9xbUSsHnGS8CCiQyUGglG0UtvPwgvmT3vlilt15yCrxMtJBXI0euUvvx+zNOIKmaTGdD03wSCjGgWTfFryU8MTysZ0yLuWKhpxE2Tzc6fkzCp9Moi1LYVkrv6eyGhkzCQKbWdEcWSWvZn4n9dNcXATZEIlKXLFFosGqSQYk9nvpC80ZygnllCmhb2VsBHVlKFNqGRD8JZfXiWty6pXq9Yerir1+zyOIpzAKZyDB9dQhztoQBMYjOEZXuHNSZwX5935WLQWnHzmGP7A+fwBF4iPcw==</latexit>

{b, c}
# >

<latexit sha1_base64="CpaiuXwW37UNaGPkKNzWD6zfKuI=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseCF71VsB/ShrLZTtqlu0nYnQgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUc2jyWMa6EzADUkTQRIESOokGpgIJ7WB8M/PbT6CNiKMHnCTgKzaMRCg4Qys99kAlODGA/XLFrbpz0FXi5aRCcjT65a/eIOapggi5ZMZ0PTdBP2MaBZcwLfVSAwnjYzaErqURU2D8bH7wlJ5ZZUDDWNuKkM7V3xMZU8ZMVGA7FcORWfZm4n9eN8Xw2s9ElKQIEV8sClNJMaaz7+lAaOAoJ5YwroW9lfIR04yjzahkQ/CWX14lrYuqV6vW7i8r9bs8jiI5IafknHjkitTJLWmQJuFEkWfySt4c7bw4787HorXg5DPH5A+czx8+ipC9</latexit>

;

<latexit sha1_base64="AwLbrHEVMALq3f9B3qxx6SFxfEE=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VsB/ShLLZbtqlu5uwuxFKyK/w4kERr/4cb/4bt20O2vpg4PHeDDPzwoQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo5TRWibxDxWvRBrypmkbcMMp71EUSxCTrvh5Gbmd5+o0iyWD2aa0EDgkWQRI9hY6dHP/Az7uZ8PqjW37s6BVolXkBoUaA2qX/4wJqmg0hCOte57bmKCDCvDCKd5xU81TTCZ4BHtWyqxoDrI5gfn6MwqQxTFypY0aK7+nsiw0HoqQtspsBnrZW8m/uf1UxNdBxmTSWqoJItFUcqRidHsezRkihLDp5Zgopi9FZExVpgYm1HFhuAtv7xKOhd1r1Fv3F/WmndFHGU4gVM4Bw+uoAm30II2EBDwDK/w5ijnxXl3PhatJaeYOYY/cD5/AB0FkKc=</latexit>

{{a}}
<latexit sha1_base64="Po7IBoxzqO8Zws9exwmIpcVE1TU=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VsB/ShLLZbtqlu5uwuxFKyK/w4kERr/4cb/4bt20O2vpg4PHeDDPzwoQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo5TRWibxDxWvRBrypmkbcMMp71EUSxCTrvh5Gbmd5+o0iyWD2aa0EDgkWQRI9hY6dHP/Cz0cz8fVGtu3Z0DrRKvIDUo0BpUv/xhTFJBpSEca9333MQEGVaGEU7zip9qmmAywSPat1RiQXWQzQ/O0ZlVhiiKlS1p0Fz9PZFhofVUhLZTYDPWy95M/M/rpya6DjImk9RQSRaLopQjE6PZ92jIFCWGTy3BRDF7KyJjrDAxNqOKDcFbfnmVdC7qXqPeuL+sNe+KOMpwAqdwDh5cQRNuoQVtICDgGV7hzVHOi/PufCxaS04xcwx/4Hz+AB6NkKg=</latexit>

{{b}}

<latexit sha1_base64="viLkxJ2VTX3Bx8Fnm3HpLYuIxNI=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIHqQkItVjwYveKtgPaELZbDft0s0m7G6EGvJLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCDhTGnH+bZKa+sbm1vl7crO7t5+1T447Kg4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mNzM/O4jlYrF4kFPE+pHeCRYyAjWRhrYVS/zMuzl514WeLmXD+yaU3fmQKvELUgNCrQG9pc3jEkaUaEJx0r1XSfRfoalZoTTvOKliiaYTPCI9g0VOKLKz+aH5+jUKEMUxtKU0Giu/p7IcKTUNApMZ4T1WC17M/E/r5/q8NrPmEhSTQVZLApTjnSMZimgIZOUaD41BBPJzK2IjLHERJusKiYEd/nlVdK5qLuNeuP+sta8K+IowzGcwBm4cAVNuIUWtIFACs/wCm/Wk/VivVsfi9aSVcwcwR9Ynz/zjZNS</latexit>

{{a}, {b}}
<latexit sha1_base64="DRXpKUYU0DiaTqpDv06DQlHelog=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBRSmJSHVZcKO7CvYBTSiT6bQdOpmEmYlSYj7FjQtF3Pol7vwbp20W2nrgXg7n3MvcOUHMmdKO820V1tY3NreK26Wd3b39A7t82FZRIgltkYhHshtgRTkTtKWZ5rQbS4rDgNNOMLme+Z0HKhWLxL2extQP8UiwISNYG6lvl73USwMvq5peJV7mZX274tScOdAqcXNSgRzNvv3lDSKShFRowrFSPdeJtZ9iqRnhNCt5iaIxJhM8oj1DBQ6p8tP56Rk6NcoADSNpSmg0V39vpDhUahoGZjLEeqyWvZn4n9dL9PDKT5mIE00FWTw0TDjSEZrlgAZMUqL51BBMJDO3IjLGEhNt0iqZENzlL6+S9nnNrdfqdxeVxm0eRxGO4QTOwIVLaMANNKEFBB7hGV7hzXqyXqx362MxWrDynSP4A+vzByM5k/Y=</latexit>

{{b}, {b, c}}

ℂ 𝔼 = (𝖯𝗋(ℂ), < , #) ℂ′￼ = 𝖢𝗈𝗇𝖿(𝔼)

Prime elements:

p ∈ 𝖯𝗋(ℂ) : p ⊑ ⨆X ⟹ p ⊑ x ∈ X

<latexit sha1_base64="e6deNEsRwYbeRxi5ZtWBncYmUjg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQplst+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmKPNpIhLVjVAzwSXzDTeCdVPFMI4E60ST27nfeWRK80Q+mGnKwhhHkg85RWMlP8gxmPWrNbfuLkD+Eq8gNSjQ6lc/g0FCs5hJQwVq3fPc1IQ5KsOpYLNKkGmWIp3giPUslRgzHeaLY2fkzCoDMkyULWnIQv05kWOs9TSObGeMZqxXvbn4n9fLzPA6zLlMM8MkXS4aZoKYhMw/JwOuGDViaglSxe2thI5RITU2n4oNwVt9+S9pX9S9Rr1xf1lr3hRxlOEETuEcPLiCJtxBC3ygwOEJXuDVkc6z8+a8L1tLTjFzDL/gfHwD7XeOyA==</latexit>

{a}

<latexit sha1_base64="as7551Nevh3U91H3mRRCmWEvXq0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHosevFYwX5AE8pku22XbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmhYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nirImjUWsOiFqJrhkTcONYJ1EMYxCwdrh+G7mt5+Y0jyWj2aSsCDCoeQDTtFYqe1neBH601654lbdOcgq8XJSgRyNXvnL78c0jZg0VKDWXc9NTJChMpwKNi35qWYJ0jEOWddSiRHTQTY/d0rOrNIng1jZkobM1d8TGUZaT6LQdkZoRnrZm4n/ed3UDG6CjMskNUzSxaJBKoiJyex30ueKUSMmliBV3N5K6AgVUmMTKtkQvOWXV0nrsurVqrWHq0r9No+jCCdwCufgwTXU4R4a0AQKY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AEl+Pag==</latexit>

{a, b}
<latexit sha1_base64="VlZC+AhXkvrVqc1I2Nw3FookFIQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHosevFYwX5AE8pmu22XbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmhYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnZAaLoXiTRQoeSfRnEah5O1wfDfz209cGxGrR5wkPIjoUImBYBSt1Paz8IL501654lbdOcgq8XJSgRyNXvnL78csjbhCJqkxXc9NMMioRsEkn5b81PCEsjEd8q6likbcBNn83Ck5s0qfDGJtSyGZq78nMhoZM4lC2xlRHJllbyb+53VTHNwEmVBJilyxxaJBKgnGZPY76QvNGcqJJZRpYW8lbEQ1ZWgTKtkQvOWXV0nrsurVqrWHq0r9No+jCCdwCufgwTXU4R4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AFW2PbA==</latexit>

{b, c}

<latexit sha1_base64="f5rgKO1vVQaelUrd7iTJdrApj+I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQtlsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmGPosEYnqRlSj4BJ9w43AbqqQxpHATjS5nfudR1SaJ/LBTFMMYzqSfMgZNVbygzwKZv1qza27C5C/xCtIDQq0+tXPYJCwLEZpmKBa9zw3NWFOleFM4KwSZBpTyiZ0hD1LJY1Rh/ni2Bk5s8qADBNlSxqyUH9O5DTWehpHtjOmZqxXvbn4n9fLzPA6zLlMM4OSLRcNM0FMQuafkwFXyIyYWkKZ4vZWwsZUUWZsPhUbgrf68l/Svqh7jXrj/rLWvCniKMMJnMI5eHAFTbiDFvjAgMMTvMCrI51n5815X7aWnGLmGH7B+fgG7v2OyQ==</latexit>

{b}
<latexit sha1_base64="WxaGc8BCYMM737DgGHn928SaBRA=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseiF48V7Ie0oWy2k3bpbhJ2J0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFBE0UaCETqKBqUBCOxjfzvz2E2gj4ugBJwn4ig0jEQrO0EqPPVAJTgxgv1xxq+4cdJV4OamQHI1++as3iHmqIEIumTFdz03Qz5hGwSVMS73UQML4mA2ha2nEFBg/mx88pWdWGdAw1rYipHP190TGlDETFdhOxXBklr2Z+J/XTTG89jMRJSlCxBeLwlRSjOnsezoQGjjKiSWMa2FvpXzENONoMyrZELzll1dJ66Lq1aq1+8tK/SaPo0hOyCk5Jx65InVyRxqkSThR5Jm8kjdHOy/Ou/OxaC04+cwx+QPn8wc8b5C2</latexit>

;



Adjunction [Winskel 82]

<latexit sha1_base64="m2a2Z2Zf5onp890WFwwsO/+2rmQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VMG2hCWWy3bZLN5uwuxFK6G/w4kERr/4gb/4bt20OWn0w8Hhvhpl5USq4Nq775ZTW1jc2t8rblZ3dvf2D6uFRWyeZosyniUhUN0LNBJfMN9wI1k0VwzgSrBNNbuZ+55EpzRP5YKYpC2McST7kFI2V/CDHYNav1ty6uwD5S7yC1KBAq1/9DAYJzWImDRWodc9zUxPmqAyngs0qQaZZinSCI9azVGLMdJgvjp2RM6sMyDBRtqQhC/XnRI6x1tM4sp0xmrFe9ebif14vM8PrMOcyzQyTdLlomAliEjL/nAy4YtSIqSVIFbe3EjpGhdTYfCo2BG/15b+kfVH3GvXG/WWteVfEUYYTOIVz8OAKmnALLfCBAocneIFXRzrPzpvzvmwtOcXMMfyC8/EN75KOzw==</latexit>

{a}
<latexit sha1_base64="O9KPHSoWjUDL+8VWsoZCNQk7yhI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VMG2hCWWznbZLN5uwuxFK6G/w4kERr/4gb/4bt20OWn0w8Hhvhpl5USq4Nq775ZTW1jc2t8rblZ3dvf2D6uFRWyeZYuizRCSqG1GNgkv0DTcCu6lCGkcCO9HkZu53HlFpnsgHM00xjOlI8iFn1FjJD/IomPWrNbfuLkD+Eq8gNSjQ6lc/g0HCshilYYJq3fPc1IQ5VYYzgbNKkGlMKZvQEfYslTRGHeaLY2fkzCoDMkyULWnIQv05kdNY62kc2c6YmrFe9ebif14vM8PrMOcyzQxKtlw0zAQxCZl/TgZcITNiagllittbCRtTRZmx+VRsCN7qy39J+6LuNeqN+8ta866IowwncArn4MEVNOEWWuADAw5P8AKvjnSenTfnfdlacoqZY/gF5+Mb8RiO0A==</latexit>

{b}

<latexit sha1_base64="tFCpDU0pjywYoO9uvcWoOlKGofY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHoseNFbBfsBTSib7bZdutmE3YlQQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfD8e3Mbz9xbUSsHnGS8CCiQyUGglG0UtvPwgvmT3vlilt15yCrxMtJBXI0euUvvx+zNOIKmaTGdD03wSCjGgWTfFryU8MTysZ0yLuWKhpxE2Tzc6fkzCp9Moi1LYVkrv6eyGhkzCQKbWdEcWSWvZn4n9dNcXATZEIlKXLFFosGqSQYk9nvpC80ZygnllCmhb2VsBHVlKFNqGRD8JZfXiWty6pXq9Yerir1+zyOIpzAKZyDB9dQhztoQBMYjOEZXuHNSZwX5935WLQWnHzmGP7A+fwBF4iPcw==</latexit>

{b, c}
# >

<latexit sha1_base64="CpaiuXwW37UNaGPkKNzWD6zfKuI=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseCF71VsB/ShrLZTtqlu0nYnQgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUc2jyWMa6EzADUkTQRIESOokGpgIJ7WB8M/PbT6CNiKMHnCTgKzaMRCg4Qys99kAlODGA/XLFrbpz0FXi5aRCcjT65a/eIOapggi5ZMZ0PTdBP2MaBZcwLfVSAwnjYzaErqURU2D8bH7wlJ5ZZUDDWNuKkM7V3xMZU8ZMVGA7FcORWfZm4n9eN8Xw2s9ElKQIEV8sClNJMaaz7+lAaOAoJ5YwroW9lfIR04yjzahkQ/CWX14lrYuqV6vW7i8r9bs8jiI5IafknHjkitTJLWmQJuFEkWfySt4c7bw4787HorXg5DPH5A+czx8+ipC9</latexit>

;

<latexit sha1_base64="AwLbrHEVMALq3f9B3qxx6SFxfEE=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VsB/ShLLZbtqlu5uwuxFKyK/w4kERr/4cb/4bt20O2vpg4PHeDDPzwoQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo5TRWibxDxWvRBrypmkbcMMp71EUSxCTrvh5Gbmd5+o0iyWD2aa0EDgkWQRI9hY6dHP/Az7uZ8PqjW37s6BVolXkBoUaA2qX/4wJqmg0hCOte57bmKCDCvDCKd5xU81TTCZ4BHtWyqxoDrI5gfn6MwqQxTFypY0aK7+nsiw0HoqQtspsBnrZW8m/uf1UxNdBxmTSWqoJItFUcqRidHsezRkihLDp5Zgopi9FZExVpgYm1HFhuAtv7xKOhd1r1Fv3F/WmndFHGU4gVM4Bw+uoAm30II2EBDwDK/w5ijnxXl3PhatJaeYOYY/cD5/AB0FkKc=</latexit>

{{a}}
<latexit sha1_base64="Po7IBoxzqO8Zws9exwmIpcVE1TU=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VsB/ShLLZbtqlu5uwuxFKyK/w4kERr/4cb/4bt20O2vpg4PHeDDPzwoQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo5TRWibxDxWvRBrypmkbcMMp71EUSxCTrvh5Gbmd5+o0iyWD2aa0EDgkWQRI9hY6dHP/Cz0cz8fVGtu3Z0DrRKvIDUo0BpUv/xhTFJBpSEca9333MQEGVaGEU7zip9qmmAywSPat1RiQXWQzQ/O0ZlVhiiKlS1p0Fz9PZFhofVUhLZTYDPWy95M/M/rpya6DjImk9RQSRaLopQjE6PZ92jIFCWGTy3BRDF7KyJjrDAxNqOKDcFbfnmVdC7qXqPeuL+sNe+KOMpwAqdwDh5cQRNuoQVtICDgGV7hzVHOi/PufCxaS04xcwx/4Hz+AB6NkKg=</latexit>

{{b}}

<latexit sha1_base64="viLkxJ2VTX3Bx8Fnm3HpLYuIxNI=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIHqQkItVjwYveKtgPaELZbDft0s0m7G6EGvJLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCDhTGnH+bZKa+sbm1vl7crO7t5+1T447Kg4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mNzM/O4jlYrF4kFPE+pHeCRYyAjWRhrYVS/zMuzl514WeLmXD+yaU3fmQKvELUgNCrQG9pc3jEkaUaEJx0r1XSfRfoalZoTTvOKliiaYTPCI9g0VOKLKz+aH5+jUKEMUxtKU0Giu/p7IcKTUNApMZ4T1WC17M/E/r5/q8NrPmEhSTQVZLApTjnSMZimgIZOUaD41BBPJzK2IjLHERJusKiYEd/nlVdK5qLuNeuP+sta8K+IowzGcwBm4cAVNuIUWtIFACs/wCm/Wk/VivVsfi9aSVcwcwR9Ynz/zjZNS</latexit>

{{a}, {b}}
<latexit sha1_base64="DRXpKUYU0DiaTqpDv06DQlHelog=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBRSmJSHVZcKO7CvYBTSiT6bQdOpmEmYlSYj7FjQtF3Pol7vwbp20W2nrgXg7n3MvcOUHMmdKO820V1tY3NreK26Wd3b39A7t82FZRIgltkYhHshtgRTkTtKWZ5rQbS4rDgNNOMLme+Z0HKhWLxL2extQP8UiwISNYG6lvl73USwMvq5peJV7mZX274tScOdAqcXNSgRzNvv3lDSKShFRowrFSPdeJtZ9iqRnhNCt5iaIxJhM8oj1DBQ6p8tP56Rk6NcoADSNpSmg0V39vpDhUahoGZjLEeqyWvZn4n9dL9PDKT5mIE00FWTw0TDjSEZrlgAZMUqL51BBMJDO3IjLGEhNt0iqZENzlL6+S9nnNrdfqdxeVxm0eRxGO4QTOwIVLaMANNKEFBB7hGV7hzXqyXqx362MxWrDynSP4A+vzByM5k/Y=</latexit>

{{b}, {b, c}}

ℂ 𝔼 = (𝖯𝗋(ℂ), < , #) ℂ′￼ = 𝖢𝗈𝗇𝖿(𝔼)
prime algebraic 
& coherent

Prime elements:

p ∈ 𝖯𝗋(ℂ) : p ⊑ ⨆X ⟹ p ⊑ x ∈ X

<latexit sha1_base64="e6deNEsRwYbeRxi5ZtWBncYmUjg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQplst+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmKPNpIhLVjVAzwSXzDTeCdVPFMI4E60ST27nfeWRK80Q+mGnKwhhHkg85RWMlP8gxmPWrNbfuLkD+Eq8gNSjQ6lc/g0FCs5hJQwVq3fPc1IQ5KsOpYLNKkGmWIp3giPUslRgzHeaLY2fkzCoDMkyULWnIQv05kWOs9TSObGeMZqxXvbn4n9fLzPA6zLlMM8MkXS4aZoKYhMw/JwOuGDViaglSxe2thI5RITU2n4oNwVt9+S9pX9S9Rr1xf1lr3hRxlOEETuEcPLiCJtxBC3ygwOEJXuDVkc6z8+a8L1tLTjFzDL/gfHwD7XeOyA==</latexit>

{a}

<latexit sha1_base64="as7551Nevh3U91H3mRRCmWEvXq0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHosevFYwX5AE8pku22XbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmhYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nirImjUWsOiFqJrhkTcONYJ1EMYxCwdrh+G7mt5+Y0jyWj2aSsCDCoeQDTtFYqe1neBH601654lbdOcgq8XJSgRyNXvnL78c0jZg0VKDWXc9NTJChMpwKNi35qWYJ0jEOWddSiRHTQTY/d0rOrNIng1jZkobM1d8TGUZaT6LQdkZoRnrZm4n/ed3UDG6CjMskNUzSxaJBKoiJyex30ueKUSMmliBV3N5K6AgVUmMTKtkQvOWXV0nrsurVqrWHq0r9No+jCCdwCufgwTXU4R4a0AQKY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AEl+Pag==</latexit>

{a, b}
<latexit sha1_base64="VlZC+AhXkvrVqc1I2Nw3FookFIQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHosevFYwX5AE8pmu22XbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmhYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnZAaLoXiTRQoeSfRnEah5O1wfDfz209cGxGrR5wkPIjoUImBYBSt1Paz8IL501654lbdOcgq8XJSgRyNXvnL78csjbhCJqkxXc9NMMioRsEkn5b81PCEsjEd8q6likbcBNn83Ck5s0qfDGJtSyGZq78nMhoZM4lC2xlRHJllbyb+53VTHNwEmVBJilyxxaJBKgnGZPY76QvNGcqJJZRpYW8lbEQ1ZWgTKtkQvOWXV0nrsurVqrWHq0r9No+jCCdwCufgwTXU4R4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AFW2PbA==</latexit>

{b, c}

<latexit sha1_base64="f5rgKO1vVQaelUrd7iTJdrApj+I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQtlsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmGPosEYnqRlSj4BJ9w43AbqqQxpHATjS5nfudR1SaJ/LBTFMMYzqSfMgZNVbygzwKZv1qza27C5C/xCtIDQq0+tXPYJCwLEZpmKBa9zw3NWFOleFM4KwSZBpTyiZ0hD1LJY1Rh/ni2Bk5s8qADBNlSxqyUH9O5DTWehpHtjOmZqxXvbn4n9fLzPA6zLlMM4OSLRcNM0FMQuafkwFXyIyYWkKZ4vZWwsZUUWZsPhUbgrf68l/Svqh7jXrj/rLWvCniKMMJnMI5eHAFTbiDFvjAgMMTvMCrI51n5815X7aWnGLmGH7B+fgG7v2OyQ==</latexit>

{b}
<latexit sha1_base64="WxaGc8BCYMM737DgGHn928SaBRA=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseiF48V7Ie0oWy2k3bpbhJ2J0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFBE0UaCETqKBqUBCOxjfzvz2E2gj4ugBJwn4ig0jEQrO0EqPPVAJTgxgv1xxq+4cdJV4OamQHI1++as3iHmqIEIumTFdz03Qz5hGwSVMS73UQML4mA2ha2nEFBg/mx88pWdWGdAw1rYipHP190TGlDETFdhOxXBklr2Z+J/XTTG89jMRJSlCxBeLwlRSjOnsezoQGjjKiSWMa2FvpXzENONoMyrZELzll1dJ66Lq1aq1+8tK/SaPo0hOyCk5Jx65InVyRxqkSThR5Jm8kjdHOy/Ou/OxaC04+cwx+QPn8wc8b5C2</latexit>

;



Adjunction [Winskel 82]

<latexit sha1_base64="m2a2Z2Zf5onp890WFwwsO/+2rmQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VMG2hCWWy3bZLN5uwuxFK6G/w4kERr/4gb/4bt20OWn0w8Hhvhpl5USq4Nq775ZTW1jc2t8rblZ3dvf2D6uFRWyeZosyniUhUN0LNBJfMN9wI1k0VwzgSrBNNbuZ+55EpzRP5YKYpC2McST7kFI2V/CDHYNav1ty6uwD5S7yC1KBAq1/9DAYJzWImDRWodc9zUxPmqAyngs0qQaZZinSCI9azVGLMdJgvjp2RM6sMyDBRtqQhC/XnRI6x1tM4sp0xmrFe9ebif14vM8PrMOcyzQyTdLlomAliEjL/nAy4YtSIqSVIFbe3EjpGhdTYfCo2BG/15b+kfVH3GvXG/WWteVfEUYYTOIVz8OAKmnALLfCBAocneIFXRzrPzpvzvmwtOcXMMfyC8/EN75KOzw==</latexit>

{a}
<latexit sha1_base64="O9KPHSoWjUDL+8VWsoZCNQk7yhI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VMG2hCWWznbZLN5uwuxFK6G/w4kERr/4gb/4bt20OWn0w8Hhvhpl5USq4Nq775ZTW1jc2t8rblZ3dvf2D6uFRWyeZYuizRCSqG1GNgkv0DTcCu6lCGkcCO9HkZu53HlFpnsgHM00xjOlI8iFn1FjJD/IomPWrNbfuLkD+Eq8gNSjQ6lc/g0HCshilYYJq3fPc1IQ5VYYzgbNKkGlMKZvQEfYslTRGHeaLY2fkzCoDMkyULWnIQv05kdNY62kc2c6YmrFe9ebif14vM8PrMOcyzQxKtlw0zAQxCZl/TgZcITNiagllittbCRtTRZmx+VRsCN7qy39J+6LuNeqN+8ta866IowwncArn4MEVNOEWWuADAw5P8AKvjnSenTfnfdlacoqZY/gF5+Mb8RiO0A==</latexit>

{b}

<latexit sha1_base64="tFCpDU0pjywYoO9uvcWoOlKGofY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHoseNFbBfsBTSib7bZdutmE3YlQQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfD8e3Mbz9xbUSsHnGS8CCiQyUGglG0UtvPwgvmT3vlilt15yCrxMtJBXI0euUvvx+zNOIKmaTGdD03wSCjGgWTfFryU8MTysZ0yLuWKhpxE2Tzc6fkzCp9Moi1LYVkrv6eyGhkzCQKbWdEcWSWvZn4n9dNcXATZEIlKXLFFosGqSQYk9nvpC80ZygnllCmhb2VsBHVlKFNqGRD8JZfXiWty6pXq9Yerir1+zyOIpzAKZyDB9dQhztoQBMYjOEZXuHNSZwX5935WLQWnHzmGP7A+fwBF4iPcw==</latexit>

{b, c}
# >

<latexit sha1_base64="CpaiuXwW37UNaGPkKNzWD6zfKuI=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseCF71VsB/ShrLZTtqlu0nYnQgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUc2jyWMa6EzADUkTQRIESOokGpgIJ7WB8M/PbT6CNiKMHnCTgKzaMRCg4Qys99kAlODGA/XLFrbpz0FXi5aRCcjT65a/eIOapggi5ZMZ0PTdBP2MaBZcwLfVSAwnjYzaErqURU2D8bH7wlJ5ZZUDDWNuKkM7V3xMZU8ZMVGA7FcORWfZm4n9eN8Xw2s9ElKQIEV8sClNJMaaz7+lAaOAoJ5YwroW9lfIR04yjzahkQ/CWX14lrYuqV6vW7i8r9bs8jiI5IafknHjkitTJLWmQJuFEkWfySt4c7bw4787HorXg5DPH5A+czx8+ipC9</latexit>

;

<latexit sha1_base64="AwLbrHEVMALq3f9B3qxx6SFxfEE=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VsB/ShLLZbtqlu5uwuxFKyK/w4kERr/4cb/4bt20O2vpg4PHeDDPzwoQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo5TRWibxDxWvRBrypmkbcMMp71EUSxCTrvh5Gbmd5+o0iyWD2aa0EDgkWQRI9hY6dHP/Az7uZ8PqjW37s6BVolXkBoUaA2qX/4wJqmg0hCOte57bmKCDCvDCKd5xU81TTCZ4BHtWyqxoDrI5gfn6MwqQxTFypY0aK7+nsiw0HoqQtspsBnrZW8m/uf1UxNdBxmTSWqoJItFUcqRidHsezRkihLDp5Zgopi9FZExVpgYm1HFhuAtv7xKOhd1r1Fv3F/WmndFHGU4gVM4Bw+uoAm30II2EBDwDK/w5ijnxXl3PhatJaeYOYY/cD5/AB0FkKc=</latexit>

{{a}}
<latexit sha1_base64="Po7IBoxzqO8Zws9exwmIpcVE1TU=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VsB/ShLLZbtqlu5uwuxFKyK/w4kERr/4cb/4bt20O2vpg4PHeDDPzwoQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo5TRWibxDxWvRBrypmkbcMMp71EUSxCTrvh5Gbmd5+o0iyWD2aa0EDgkWQRI9hY6dHP/Cz0cz8fVGtu3Z0DrRKvIDUo0BpUv/xhTFJBpSEca9333MQEGVaGEU7zip9qmmAywSPat1RiQXWQzQ/O0ZlVhiiKlS1p0Fz9PZFhofVUhLZTYDPWy95M/M/rpya6DjImk9RQSRaLopQjE6PZ92jIFCWGTy3BRDF7KyJjrDAxNqOKDcFbfnmVdC7qXqPeuL+sNe+KOMpwAqdwDh5cQRNuoQVtICDgGV7hzVHOi/PufCxaS04xcwx/4Hz+AB6NkKg=</latexit>

{{b}}

<latexit sha1_base64="viLkxJ2VTX3Bx8Fnm3HpLYuIxNI=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIHqQkItVjwYveKtgPaELZbDft0s0m7G6EGvJLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCDhTGnH+bZKa+sbm1vl7crO7t5+1T447Kg4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mNzM/O4jlYrF4kFPE+pHeCRYyAjWRhrYVS/zMuzl514WeLmXD+yaU3fmQKvELUgNCrQG9pc3jEkaUaEJx0r1XSfRfoalZoTTvOKliiaYTPCI9g0VOKLKz+aH5+jUKEMUxtKU0Giu/p7IcKTUNApMZ4T1WC17M/E/r5/q8NrPmEhSTQVZLApTjnSMZimgIZOUaD41BBPJzK2IjLHERJusKiYEd/nlVdK5qLuNeuP+sta8K+IowzGcwBm4cAVNuIUWtIFACs/wCm/Wk/VivVsfi9aSVcwcwR9Ynz/zjZNS</latexit>

{{a}, {b}}
<latexit sha1_base64="DRXpKUYU0DiaTqpDv06DQlHelog=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBRSmJSHVZcKO7CvYBTSiT6bQdOpmEmYlSYj7FjQtF3Pol7vwbp20W2nrgXg7n3MvcOUHMmdKO820V1tY3NreK26Wd3b39A7t82FZRIgltkYhHshtgRTkTtKWZ5rQbS4rDgNNOMLme+Z0HKhWLxL2extQP8UiwISNYG6lvl73USwMvq5peJV7mZX274tScOdAqcXNSgRzNvv3lDSKShFRowrFSPdeJtZ9iqRnhNCt5iaIxJhM8oj1DBQ6p8tP56Rk6NcoADSNpSmg0V39vpDhUahoGZjLEeqyWvZn4n9dL9PDKT5mIE00FWTw0TDjSEZrlgAZMUqL51BBMJDO3IjLGEhNt0iqZENzlL6+S9nnNrdfqdxeVxm0eRxGO4QTOwIVLaMANNKEFBB7hGV7hzXqyXqx362MxWrDynSP4A+vzByM5k/Y=</latexit>

{{b}, {b, c}}

ℂ 𝔼 = (𝖯𝗋(ℂ), < , #) ℂ′￼ = 𝖢𝗈𝗇𝖿(𝔼)

∼

prime algebraic 
& coherent

Prime elements:

p ∈ 𝖯𝗋(ℂ) : p ⊑ ⨆X ⟹ p ⊑ x ∈ X

<latexit sha1_base64="e6deNEsRwYbeRxi5ZtWBncYmUjg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQplst+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmKPNpIhLVjVAzwSXzDTeCdVPFMI4E60ST27nfeWRK80Q+mGnKwhhHkg85RWMlP8gxmPWrNbfuLkD+Eq8gNSjQ6lc/g0FCs5hJQwVq3fPc1IQ5KsOpYLNKkGmWIp3giPUslRgzHeaLY2fkzCoDMkyULWnIQv05kWOs9TSObGeMZqxXvbn4n9fLzPA6zLlMM8MkXS4aZoKYhMw/JwOuGDViaglSxe2thI5RITU2n4oNwVt9+S9pX9S9Rr1xf1lr3hRxlOEETuEcPLiCJtxBC3ygwOEJXuDVkc6z8+a8L1tLTjFzDL/gfHwD7XeOyA==</latexit>

{a}

<latexit sha1_base64="as7551Nevh3U91H3mRRCmWEvXq0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHosevFYwX5AE8pku22XbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmhYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nirImjUWsOiFqJrhkTcONYJ1EMYxCwdrh+G7mt5+Y0jyWj2aSsCDCoeQDTtFYqe1neBH601654lbdOcgq8XJSgRyNXvnL78c0jZg0VKDWXc9NTJChMpwKNi35qWYJ0jEOWddSiRHTQTY/d0rOrNIng1jZkobM1d8TGUZaT6LQdkZoRnrZm4n/ed3UDG6CjMskNUzSxaJBKoiJyex30ueKUSMmliBV3N5K6AgVUmMTKtkQvOWXV0nrsurVqrWHq0r9No+jCCdwCufgwTXU4R4a0AQKY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AEl+Pag==</latexit>

{a, b}
<latexit sha1_base64="VlZC+AhXkvrVqc1I2Nw3FookFIQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHosevFYwX5AE8pmu22XbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmhYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnZAaLoXiTRQoeSfRnEah5O1wfDfz209cGxGrR5wkPIjoUImBYBSt1Paz8IL501654lbdOcgq8XJSgRyNXvnL78csjbhCJqkxXc9NMMioRsEkn5b81PCEsjEd8q6likbcBNn83Ck5s0qfDGJtSyGZq78nMhoZM4lC2xlRHJllbyb+53VTHNwEmVBJilyxxaJBKgnGZPY76QvNGcqJJZRpYW8lbEQ1ZWgTKtkQvOWXV0nrsurVqrWHq0r9No+jCCdwCufgwTXU4R4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AFW2PbA==</latexit>

{b, c}

<latexit sha1_base64="f5rgKO1vVQaelUrd7iTJdrApj+I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQtlsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmGPosEYnqRlSj4BJ9w43AbqqQxpHATjS5nfudR1SaJ/LBTFMMYzqSfMgZNVbygzwKZv1qza27C5C/xCtIDQq0+tXPYJCwLEZpmKBa9zw3NWFOleFM4KwSZBpTyiZ0hD1LJY1Rh/ni2Bk5s8qADBNlSxqyUH9O5DTWehpHtjOmZqxXvbn4n9fLzPA6zLlMM4OSLRcNM0FMQuafkwFXyIyYWkKZ4vZWwsZUUWZsPhUbgrf68l/Svqh7jXrj/rLWvCniKMMJnMI5eHAFTbiDFvjAgMMTvMCrI51n5815X7aWnGLmGH7B+fgG7v2OyQ==</latexit>

{b}
<latexit sha1_base64="WxaGc8BCYMM737DgGHn928SaBRA=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseiF48V7Ie0oWy2k3bpbhJ2J0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFBE0UaCETqKBqUBCOxjfzvz2E2gj4ugBJwn4ig0jEQrO0EqPPVAJTgxgv1xxq+4cdJV4OamQHI1++as3iHmqIEIumTFdz03Qz5hGwSVMS73UQML4mA2ha2nEFBg/mx88pWdWGdAw1rYipHP190TGlDETFdhOxXBklr2Z+J/XTTG89jMRJSlCxBeLwlRSjOnsezoQGjjKiSWMa2FvpXzENONoMyrZELzll1dJ66Lq1aq1+8tK/SaPo0hOyCk5Jx65InVyRxqkSThR5Jm8kjdHOy/Ou/OxaC04+cwx+QPn8wc8b5C2</latexit>

;



117

118

119

120

121

122

123

124

125

126

127

128

129

130

131

132

133

134

135

136

137

138

139

140

141

142

143

144

145

146

147

148

149

150

151

152

153

154

155

156

157

158

159

160

161

162

163

164

165

166

167

168

169

170

171

172

173

174

Anon.

175

176

177

178

179

180

181

182

183

184

185

186

187

188

189

190

191

192

193

194

195

196

197

198

199

200

201

202

203

204

205

206

207

208

209

210

211

212

213

214

215

216

217

218

219

220

221

222

223

224

225

226

227

228

229

230

231

232

con!ict where at most two events are permitted to trigger. Con"g-
uration C1 models a form of disjunctive causality: the event 𝐿 can
be observed provided event 𝑀 or event 𝑁 (or both) appeared "rst.
Lastly, con"guration C2 models the fact that events 𝑀 and 𝑁 are not
compatible unless 𝐿 is triggered.

→

{𝑀} {𝐿}{𝑁}

{𝑀,𝑁} {𝑁, 𝐿}{𝑀, 𝐿}

C0

→

{𝑀} {𝑁}

{𝑀,𝑁}{𝑀, 𝐿} {𝑁, 𝐿}

{𝑀,𝑁, 𝐿}

C1

→

{𝑀} {𝑁}{𝐿}

{𝑀, 𝐿} {𝑁, 𝐿}

{𝑀,𝑁, 𝐿}

C2

Con"guration structures can be equipped with an operation
of residuation [6], which describes which con"gurations remain
reachable once a set of events has been triggered.

De!nition 2.2 (Residuation). Let C ↑ C𝐿 be con"guration struc-
ture. For all "nite 𝑂 ↑ C, we de"ne C↓ := 𝑂 · C where

C↓ = ↔𝑃, {𝑄 ↑ P(𝑃) | ↗𝑅 ↑ ↘C{𝑂} : 𝑄 = 𝑅\𝑂}≃
and where 𝑅\𝑂 := {𝑀 ↑ 𝑅 | 𝑀 ω 𝑂} is the classical set di#erence. We
call 𝑂 · C the residual of C after 𝑂 .

Since (P(𝑃),⇐) is a commutative monoid, residuation can be
understood as the action of a (partial) monoid on itself:

P!"#"$%&%"’ 2.3 (M"’"%( A)&%"’). The operator (·) : P!n (𝑃) ⇒
C𝐿 ⇑ C𝐿 is a monoid action on con!guration structures, i.e.:

• for all con!gurations 𝑂 , 𝑅, if 𝑅 ↑ C and 𝑂 ↑ 𝑅 · C then
𝑂 · (𝑅 · C) = (𝑂 ⇐ 𝑅) · C.

• → · C = C.

P!""*. Each con"guration 𝑆 ↑ 𝑂 · (𝑅 · C) is of the form 𝑆 =
(𝑄\𝑅)\𝑂 = 𝑄\(𝑂 ⇐𝑅) for some 𝑄 ↑ C. So 𝑆 ↑ 𝑂 · (𝑅 ·C) is equivalent
to 𝑆 ↑ (𝑂 ⇐ 𝑅) · C. That → · C = C is a direct consequence of the
de"nition of the residuation operation. ⊋

Example 2.4. We give below the residuals of the con"gurations
of Example 2.1 after {𝑁}. Notice that each con"guration residual can
still trigger the events 𝑀 and 𝐿 , but in a con!icting (C↓

0), independent
(C↓

1) or sequential manner (C↓
2).

→

{𝑀} {𝐿}

C↓
0 := {𝑁} · C0

→

{𝑀} {𝐿}

{𝑀, 𝐿}

C↓
1 := {𝑁} · C1

→

{𝐿}
{𝑀, 𝐿}

C↓
2 := {𝑁} · C2

3 Symmetric residuation
Con"guration structures come with a natural notion of abstract
time, in which the empty con"guration is the “present” state , and
the other con"gurations represent potential futures, two futures
𝑂 and 𝑅 being compatible when

⊔{𝑂,𝑅} exists. Following this in-
tuition, and incorporating reversed computations in the picture,

some futures could actually be reached by performing a “back-
ward” transition. Suppose for instance that a system in its original
state can perform 𝑀 or 𝑁 (but not both). This would be modeled
by the con"guration structure C = ↔{𝑀,𝑁}, {→, {𝑀}, {𝑁}}≃. Assum-
ing computations are reversible, the residual of this structure after
{𝑀} should be C↓ = ↔{𝑀⇓,𝑁}, {→, {𝑀⇓}, {𝑀⇓,𝑁}}≃ in which the “new”
present state sees two futures: one in which the event 𝑀 is undone,
and one in which 𝑁 can be observed provided 𝑀 is undone. To "x
the intuition we wrote 𝑀⇓ to indicate a “negative” event, but since
con"guration structures are just sets of events, C↓ is equivalent to
C↓↓ = ↔{𝑀,𝑁}, {→, {𝑀}, {𝑀,𝑁}}≃. This implies that the direction of an
event must be provided by some information that is not given by
the structure itself, but rather by its residuation history: event 𝑀 is
backward in C↓↓ because C↓↓ was obtained as the residual of C after
{𝑀}, a con"guration that also contains 𝑀.

In order to make these intuitions formal, we "rst introduce an
operation of symmetric residuation, a generalization of the residu-
ation of De"nition 2.2, which takes care of producing the causal
structure of reversible computations. We introduce backward and
forward events in Section 4.

Recall that ⫅̸, the symmetric set di#erence, is de"ned as

𝑂 ⫅̸ 𝑅 := (𝑂 ⇐ 𝑅)\(𝑂 ⇔ 𝑅) (1)

Property 3.1. Any power set equipped with the symmetric di#er-
ence forms an abelian group.

In particular (P(𝑃),⫅̸) has an abelian group structure, where
every event is its own inverse. Its action on con"guration structures
generates orbits that provide the mathematical foundations on
which we will model reversible computations.

De!nition 3.2 (Symmetric Residuation). Let C ↑ C𝐿 be con"g-
uration structure. For all "nite 𝑂 ↑ C, we de"ne C↓ := 𝑂 ↖ C
where

C↓ = ↔𝑃, {𝑄 ↑ P(𝑃) | ↗𝑅 ↑ C : 𝑄 = 𝑅 ⫅̸ 𝑂}≃

P!"#"$%&%"’ 3.3 (G!"+# A)&%"’). The operator (↖) : P!n (𝑃) ⇒
C𝐿 ⇑ C𝐿 is a group action on con!guration structures, i.e.:

• for all !nite con!gurations 𝑂 , 𝑅, if 𝑂 ↑ C and 𝑅 ↑ 𝑂 ↖ C,
then 𝑂 ↖ (𝑅 ↖ C) = (𝑂 ⫅̸ 𝑅) ↖ C.

• → ↖ C = C.

P!""*. We need to show that 𝑂 ⫅̸ 𝑅 is a con"guration of C. If
𝑂 ↖ (𝑅 ↖ C) is de"ned, then 𝑅 is a con"guration of C and 𝑂 is
a con"guration of 𝑅 ↖ C. Now all con"gurations of 𝑅 ↖ C must
be of the form 𝑅 ⫅̸ 𝑄 for some con"guration 𝑄 of C. Therefore
𝑂 = 𝑅 ⫅̸ 𝑄 and thus, 𝑂 ⫅̸ 𝑅 = (𝑅 ⫅̸ 𝑄) ⫅̸ 𝑅 = 𝑄 ⫅̸ (𝑅 ⫅̸ 𝑅) = 𝑄 using
Property 3.1. It entails that 𝑂 ⫅̸ 𝑅 is indeed a con"guration of C.

The fact that → ↖ C = C is a consequence of → being the neutral
element for the group (P(𝑃),⫅̸). ⊋

Notice that symmetric residuation 𝑂 ↖ C acts uniformly on
all con"gurations of C. This is to be contrasted with the classical
residuation 𝑂 · C, which discards con"gurations of C that are not
above 𝑂 . Yet both symmetric and classical residuations coincide on
con"gurations above 𝑂 .

P!"#"$%&%"’ 3.4. Let C ↑ C𝐿 . For all !nite 𝑂 ↑ C, if 𝑄 ↑ 𝑂 · C
then 𝑄 ↑ 𝑂 ↖ C.
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con!ict where at most two events are permitted to trigger. Con"g-
uration C1 models a form of disjunctive causality: the event 𝐿 can
be observed provided event 𝑀 or event 𝑁 (or both) appeared "rst.
Lastly, con"guration C2 models the fact that events 𝑀 and 𝑁 are not
compatible unless 𝐿 is triggered.

→

{𝑀} {𝐿}{𝑁}

{𝑀,𝑁} {𝑁, 𝐿}{𝑀, 𝐿}

C0

→

{𝑀} {𝑁}

{𝑀,𝑁}{𝑀, 𝐿} {𝑁, 𝐿}

{𝑀,𝑁, 𝐿}

C1

→

{𝑀} {𝑁}{𝐿}

{𝑀, 𝐿} {𝑁, 𝐿}

{𝑀,𝑁, 𝐿}

C2

Con"guration structures can be equipped with an operation
of residuation [6], which describes which con"gurations remain
reachable once a set of events has been triggered.

De!nition 2.2 (Residuation). Let C ↑ C𝐿 be con"guration struc-
ture. For all "nite 𝑂 ↑ C, we de"ne C↓ := 𝑂 · C where

C↓ = ↔𝑃, {𝑄 ↑ P(𝑃) | ↗𝑅 ↑ ↘C{𝑂} : 𝑄 = 𝑅\𝑂}≃
and where 𝑅\𝑂 := {𝑀 ↑ 𝑅 | 𝑀 ω 𝑂} is the classical set di#erence. We
call 𝑂 · C the residual of C after 𝑂 .

Since (P(𝑃),⇐) is a commutative monoid, residuation can be
understood as the action of a (partial) monoid on itself:

P!"#"$%&%"’ 2.3 (M"’"%( A)&%"’). The operator (·) : P!n (𝑃) ⇒
C𝐿 ⇑ C𝐿 is a monoid action on con!guration structures, i.e.:

• for all con!gurations 𝑂 , 𝑅, if 𝑅 ↑ C and 𝑂 ↑ 𝑅 · C then
𝑂 · (𝑅 · C) = (𝑂 ⇐ 𝑅) · C.

• → · C = C.

P!""*. Each con"guration 𝑆 ↑ 𝑂 · (𝑅 · C) is of the form 𝑆 =
(𝑄\𝑅)\𝑂 = 𝑄\(𝑂 ⇐𝑅) for some 𝑄 ↑ C. So 𝑆 ↑ 𝑂 · (𝑅 ·C) is equivalent
to 𝑆 ↑ (𝑂 ⇐ 𝑅) · C. That → · C = C is a direct consequence of the
de"nition of the residuation operation. ⊋

Example 2.4. We give below the residuals of the con"gurations
of Example 2.1 after {𝑁}. Notice that each con"guration residual can
still trigger the events 𝑀 and 𝐿 , but in a con!icting (C↓

0), independent
(C↓

1) or sequential manner (C↓
2).

→

{𝑀} {𝐿}

C↓
0 := {𝑁} · C0

→

{𝑀} {𝐿}

{𝑀, 𝐿}

C↓
1 := {𝑁} · C1

→

{𝐿}
{𝑀, 𝐿}

C↓
2 := {𝑁} · C2

3 Symmetric residuation
Con"guration structures come with a natural notion of abstract
time, in which the empty con"guration is the “present” state , and
the other con"gurations represent potential futures, two futures
𝑂 and 𝑅 being compatible when

⊔{𝑂,𝑅} exists. Following this in-
tuition, and incorporating reversed computations in the picture,

some futures could actually be reached by performing a “back-
ward” transition. Suppose for instance that a system in its original
state can perform 𝑀 or 𝑁 (but not both). This would be modeled
by the con"guration structure C = ↔{𝑀,𝑁}, {→, {𝑀}, {𝑁}}≃. Assum-
ing computations are reversible, the residual of this structure after
{𝑀} should be C↓ = ↔{𝑀⇓,𝑁}, {→, {𝑀⇓}, {𝑀⇓,𝑁}}≃ in which the “new”
present state sees two futures: one in which the event 𝑀 is undone,
and one in which 𝑁 can be observed provided 𝑀 is undone. To "x
the intuition we wrote 𝑀⇓ to indicate a “negative” event, but since
con"guration structures are just sets of events, C↓ is equivalent to
C↓↓ = ↔{𝑀,𝑁}, {→, {𝑀}, {𝑀,𝑁}}≃. This implies that the direction of an
event must be provided by some information that is not given by
the structure itself, but rather by its residuation history: event 𝑀 is
backward in C↓↓ because C↓↓ was obtained as the residual of C after
{𝑀}, a con"guration that also contains 𝑀.

In order to make these intuitions formal, we "rst introduce an
operation of symmetric residuation, a generalization of the residu-
ation of De"nition 2.2, which takes care of producing the causal
structure of reversible computations. We introduce backward and
forward events in Section 4.

Recall that ⫅̸, the symmetric set di#erence, is de"ned as

𝑂 ⫅̸ 𝑅 := (𝑂 ⇐ 𝑅)\(𝑂 ⇔ 𝑅) (1)

Property 3.1. Any power set equipped with the symmetric di#er-
ence forms an abelian group.

In particular (P(𝑃),⫅̸) has an abelian group structure, where
every event is its own inverse. Its action on con"guration structures
generates orbits that provide the mathematical foundations on
which we will model reversible computations.

De!nition 3.2 (Symmetric Residuation). Let C ↑ C𝐿 be con"g-
uration structure. For all "nite 𝑂 ↑ C, we de"ne C↓ := 𝑂 ↖ C
where

C↓ = ↔𝑃, {𝑄 ↑ P(𝑃) | ↗𝑅 ↑ C : 𝑄 = 𝑅 ⫅̸ 𝑂}≃

P!"#"$%&%"’ 3.3 (G!"+# A)&%"’). The operator (↖) : P!n (𝑃) ⇒
C𝐿 ⇑ C𝐿 is a group action on con!guration structures, i.e.:

• for all !nite con!gurations 𝑂 , 𝑅, if 𝑂 ↑ C and 𝑅 ↑ 𝑂 ↖ C,
then 𝑂 ↖ (𝑅 ↖ C) = (𝑂 ⫅̸ 𝑅) ↖ C.

• → ↖ C = C.

P!""*. We need to show that 𝑂 ⫅̸ 𝑅 is a con"guration of C. If
𝑂 ↖ (𝑅 ↖ C) is de"ned, then 𝑅 is a con"guration of C and 𝑂 is
a con"guration of 𝑅 ↖ C. Now all con"gurations of 𝑅 ↖ C must
be of the form 𝑅 ⫅̸ 𝑄 for some con"guration 𝑄 of C. Therefore
𝑂 = 𝑅 ⫅̸ 𝑄 and thus, 𝑂 ⫅̸ 𝑅 = (𝑅 ⫅̸ 𝑄) ⫅̸ 𝑅 = 𝑄 ⫅̸ (𝑅 ⫅̸ 𝑅) = 𝑄 using
Property 3.1. It entails that 𝑂 ⫅̸ 𝑅 is indeed a con"guration of C.

The fact that → ↖ C = C is a consequence of → being the neutral
element for the group (P(𝑃),⫅̸). ⊋

Notice that symmetric residuation 𝑂 ↖ C acts uniformly on
all con"gurations of C. This is to be contrasted with the classical
residuation 𝑂 · C, which discards con"gurations of C that are not
above 𝑂 . Yet both symmetric and classical residuations coincide on
con"gurations above 𝑂 .

P!"#"$%&%"’ 3.4. Let C ↑ C𝐿 . For all !nite 𝑂 ↑ C, if 𝑄 ↑ 𝑂 · C
then 𝑄 ↑ 𝑂 ↖ C.
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con!ict where at most two events are permitted to trigger. Con"g-
uration C1 models a form of disjunctive causality: the event 𝐿 can
be observed provided event 𝑀 or event 𝑁 (or both) appeared "rst.
Lastly, con"guration C2 models the fact that events 𝑀 and 𝑁 are not
compatible unless 𝐿 is triggered.

→

{𝑀} {𝐿}{𝑁}

{𝑀,𝑁} {𝑁, 𝐿}{𝑀, 𝐿}

C0

→

{𝑀} {𝑁}

{𝑀,𝑁}{𝑀, 𝐿} {𝑁, 𝐿}

{𝑀,𝑁, 𝐿}

C1

→

{𝑀} {𝑁}{𝐿}

{𝑀, 𝐿} {𝑁, 𝐿}

{𝑀,𝑁, 𝐿}

C2

Con"guration structures can be equipped with an operation
of residuation [6], which describes which con"gurations remain
reachable once a set of events has been triggered.

De!nition 2.2 (Residuation). Let C ↑ C𝐿 be con"guration struc-
ture. For all "nite 𝑂 ↑ C, we de"ne C↓ := 𝑂 · C where

C↓ = ↔𝑃, {𝑄 ↑ P(𝑃) | ↗𝑅 ↑ ↘C{𝑂} : 𝑄 = 𝑅\𝑂}≃
and where 𝑅\𝑂 := {𝑀 ↑ 𝑅 | 𝑀 ω 𝑂} is the classical set di#erence. We
call 𝑂 · C the residual of C after 𝑂 .

Since (P(𝑃),⇐) is a commutative monoid, residuation can be
understood as the action of a (partial) monoid on itself:

P!"#"$%&%"’ 2.3 (M"’"%( A)&%"’). The operator (·) : P!n (𝑃) ⇒
C𝐿 ⇑ C𝐿 is a monoid action on con!guration structures, i.e.:

• for all con!gurations 𝑂 , 𝑅, if 𝑅 ↑ C and 𝑂 ↑ 𝑅 · C then
𝑂 · (𝑅 · C) = (𝑂 ⇐ 𝑅) · C.

• → · C = C.

P!""*. Each con"guration 𝑆 ↑ 𝑂 · (𝑅 · C) is of the form 𝑆 =
(𝑄\𝑅)\𝑂 = 𝑄\(𝑂 ⇐𝑅) for some 𝑄 ↑ C. So 𝑆 ↑ 𝑂 · (𝑅 ·C) is equivalent
to 𝑆 ↑ (𝑂 ⇐ 𝑅) · C. That → · C = C is a direct consequence of the
de"nition of the residuation operation. ⊋

Example 2.4. We give below the residuals of the con"gurations
of Example 2.1 after {𝑁}. Notice that each con"guration residual can
still trigger the events 𝑀 and 𝐿 , but in a con!icting (C↓

0), independent
(C↓

1) or sequential manner (C↓
2).

→

{𝑀} {𝐿}

C↓
0 := {𝑁} · C0

→

{𝑀} {𝐿}

{𝑀, 𝐿}

C↓
1 := {𝑁} · C1

→

{𝐿}
{𝑀, 𝐿}

C↓
2 := {𝑁} · C2

3 Symmetric residuation
Con"guration structures come with a natural notion of abstract
time, in which the empty con"guration is the “present” state , and
the other con"gurations represent potential futures, two futures
𝑂 and 𝑅 being compatible when

⊔{𝑂,𝑅} exists. Following this in-
tuition, and incorporating reversed computations in the picture,

some futures could actually be reached by performing a “back-
ward” transition. Suppose for instance that a system in its original
state can perform 𝑀 or 𝑁 (but not both). This would be modeled
by the con"guration structure C = ↔{𝑀,𝑁}, {→, {𝑀}, {𝑁}}≃. Assum-
ing computations are reversible, the residual of this structure after
{𝑀} should be C↓ = ↔{𝑀⇓,𝑁}, {→, {𝑀⇓}, {𝑀⇓,𝑁}}≃ in which the “new”
present state sees two futures: one in which the event 𝑀 is undone,
and one in which 𝑁 can be observed provided 𝑀 is undone. To "x
the intuition we wrote 𝑀⇓ to indicate a “negative” event, but since
con"guration structures are just sets of events, C↓ is equivalent to
C↓↓ = ↔{𝑀,𝑁}, {→, {𝑀}, {𝑀,𝑁}}≃. This implies that the direction of an
event must be provided by some information that is not given by
the structure itself, but rather by its residuation history: event 𝑀 is
backward in C↓↓ because C↓↓ was obtained as the residual of C after
{𝑀}, a con"guration that also contains 𝑀.

In order to make these intuitions formal, we "rst introduce an
operation of symmetric residuation, a generalization of the residu-
ation of De"nition 2.2, which takes care of producing the causal
structure of reversible computations. We introduce backward and
forward events in Section 4.

Recall that ⫅̸, the symmetric set di#erence, is de"ned as

𝑂 ⫅̸ 𝑅 := (𝑂 ⇐ 𝑅)\(𝑂 ⇔ 𝑅) (1)

Property 3.1. Any power set equipped with the symmetric di#er-
ence forms an abelian group.

In particular (P(𝑃),⫅̸) has an abelian group structure, where
every event is its own inverse. Its action on con"guration structures
generates orbits that provide the mathematical foundations on
which we will model reversible computations.

De!nition 3.2 (Symmetric Residuation). Let C ↑ C𝐿 be con"g-
uration structure. For all "nite 𝑂 ↑ C, we de"ne C↓ := 𝑂 ↖ C
where

C↓ = ↔𝑃, {𝑄 ↑ P(𝑃) | ↗𝑅 ↑ C : 𝑄 = 𝑅 ⫅̸ 𝑂}≃

P!"#"$%&%"’ 3.3 (G!"+# A)&%"’). The operator (↖) : P!n (𝑃) ⇒
C𝐿 ⇑ C𝐿 is a group action on con!guration structures, i.e.:

• for all !nite con!gurations 𝑂 , 𝑅, if 𝑂 ↑ C and 𝑅 ↑ 𝑂 ↖ C,
then 𝑂 ↖ (𝑅 ↖ C) = (𝑂 ⫅̸ 𝑅) ↖ C.

• → ↖ C = C.

P!""*. We need to show that 𝑂 ⫅̸ 𝑅 is a con"guration of C. If
𝑂 ↖ (𝑅 ↖ C) is de"ned, then 𝑅 is a con"guration of C and 𝑂 is
a con"guration of 𝑅 ↖ C. Now all con"gurations of 𝑅 ↖ C must
be of the form 𝑅 ⫅̸ 𝑄 for some con"guration 𝑄 of C. Therefore
𝑂 = 𝑅 ⫅̸ 𝑄 and thus, 𝑂 ⫅̸ 𝑅 = (𝑅 ⫅̸ 𝑄) ⫅̸ 𝑅 = 𝑄 ⫅̸ (𝑅 ⫅̸ 𝑅) = 𝑄 using
Property 3.1. It entails that 𝑂 ⫅̸ 𝑅 is indeed a con"guration of C.

The fact that → ↖ C = C is a consequence of → being the neutral
element for the group (P(𝑃),⫅̸). ⊋

Notice that symmetric residuation 𝑂 ↖ C acts uniformly on
all con"gurations of C. This is to be contrasted with the classical
residuation 𝑂 · C, which discards con"gurations of C that are not
above 𝑂 . Yet both symmetric and classical residuations coincide on
con"gurations above 𝑂 .

P!"#"$%&%"’ 3.4. Let C ↑ C𝐿 . For all !nite 𝑂 ↑ C, if 𝑄 ↑ 𝑂 · C
then 𝑄 ↑ 𝑂 ↖ C.
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con!ict where at most two events are permitted to trigger. Con"g-
uration C1 models a form of disjunctive causality: the event 𝐿 can
be observed provided event 𝑀 or event 𝑁 (or both) appeared "rst.
Lastly, con"guration C2 models the fact that events 𝑀 and 𝑁 are not
compatible unless 𝐿 is triggered.

→

{𝑀} {𝐿}{𝑁}

{𝑀,𝑁} {𝑁, 𝐿}{𝑀, 𝐿}

C0

→

{𝑀} {𝑁}

{𝑀,𝑁}{𝑀, 𝐿} {𝑁, 𝐿}

{𝑀,𝑁, 𝐿}

C1

→

{𝑀} {𝑁}{𝐿}

{𝑀, 𝐿} {𝑁, 𝐿}

{𝑀,𝑁, 𝐿}

C2

Con"guration structures can be equipped with an operation
of residuation [6], which describes which con"gurations remain
reachable once a set of events has been triggered.

De!nition 2.2 (Residuation). Let C ↑ C𝐿 be con"guration struc-
ture. For all "nite 𝑂 ↑ C, we de"ne C↓ := 𝑂 · C where

C↓ = ↔𝑃, {𝑄 ↑ P(𝑃) | ↗𝑅 ↑ ↘C{𝑂} : 𝑄 = 𝑅\𝑂}≃
and where 𝑅\𝑂 := {𝑀 ↑ 𝑅 | 𝑀 ω 𝑂} is the classical set di#erence. We
call 𝑂 · C the residual of C after 𝑂 .

Since (P(𝑃),⇐) is a commutative monoid, residuation can be
understood as the action of a (partial) monoid on itself:

P!"#"$%&%"’ 2.3 (M"’"%( A)&%"’). The operator (·) : P!n (𝑃) ⇒
C𝐿 ⇑ C𝐿 is a monoid action on con!guration structures, i.e.:

• for all con!gurations 𝑂 , 𝑅, if 𝑅 ↑ C and 𝑂 ↑ 𝑅 · C then
𝑂 · (𝑅 · C) = (𝑂 ⇐ 𝑅) · C.

• → · C = C.

P!""*. Each con"guration 𝑆 ↑ 𝑂 · (𝑅 · C) is of the form 𝑆 =
(𝑄\𝑅)\𝑂 = 𝑄\(𝑂 ⇐𝑅) for some 𝑄 ↑ C. So 𝑆 ↑ 𝑂 · (𝑅 ·C) is equivalent
to 𝑆 ↑ (𝑂 ⇐ 𝑅) · C. That → · C = C is a direct consequence of the
de"nition of the residuation operation. ⊋

Example 2.4. We give below the residuals of the con"gurations
of Example 2.1 after {𝑁}. Notice that each con"guration residual can
still trigger the events 𝑀 and 𝐿 , but in a con!icting (C↓

0), independent
(C↓

1) or sequential manner (C↓
2).

→

{𝑀} {𝐿}

C↓
0 := {𝑁} · C0

→

{𝑀} {𝐿}

{𝑀, 𝐿}

C↓
1 := {𝑁} · C1

→

{𝐿}
{𝑀, 𝐿}

C↓
2 := {𝑁} · C2

3 Symmetric residuation
Con"guration structures come with a natural notion of abstract
time, in which the empty con"guration is the “present” state , and
the other con"gurations represent potential futures, two futures
𝑂 and 𝑅 being compatible when

⊔{𝑂,𝑅} exists. Following this in-
tuition, and incorporating reversed computations in the picture,

some futures could actually be reached by performing a “back-
ward” transition. Suppose for instance that a system in its original
state can perform 𝑀 or 𝑁 (but not both). This would be modeled
by the con"guration structure C = ↔{𝑀,𝑁}, {→, {𝑀}, {𝑁}}≃. Assum-
ing computations are reversible, the residual of this structure after
{𝑀} should be C↓ = ↔{𝑀⇓,𝑁}, {→, {𝑀⇓}, {𝑀⇓,𝑁}}≃ in which the “new”
present state sees two futures: one in which the event 𝑀 is undone,
and one in which 𝑁 can be observed provided 𝑀 is undone. To "x
the intuition we wrote 𝑀⇓ to indicate a “negative” event, but since
con"guration structures are just sets of events, C↓ is equivalent to
C↓↓ = ↔{𝑀,𝑁}, {→, {𝑀}, {𝑀,𝑁}}≃. This implies that the direction of an
event must be provided by some information that is not given by
the structure itself, but rather by its residuation history: event 𝑀 is
backward in C↓↓ because C↓↓ was obtained as the residual of C after
{𝑀}, a con"guration that also contains 𝑀.

In order to make these intuitions formal, we "rst introduce an
operation of symmetric residuation, a generalization of the residu-
ation of De"nition 2.2, which takes care of producing the causal
structure of reversible computations. We introduce backward and
forward events in Section 4.

Recall that ⫅̸, the symmetric set di#erence, is de"ned as

𝑂 ⫅̸ 𝑅 := (𝑂 ⇐ 𝑅)\(𝑂 ⇔ 𝑅) (1)

Property 3.1. Any power set equipped with the symmetric di#er-
ence forms an abelian group.

In particular (P(𝑃),⫅̸) has an abelian group structure, where
every event is its own inverse. Its action on con"guration structures
generates orbits that provide the mathematical foundations on
which we will model reversible computations.

De!nition 3.2 (Symmetric Residuation). Let C ↑ C𝐿 be con"g-
uration structure. For all "nite 𝑂 ↑ C, we de"ne C↓ := 𝑂 ↖ C
where

C↓ = ↔𝑃, {𝑄 ↑ P(𝑃) | ↗𝑅 ↑ C : 𝑄 = 𝑅 ⫅̸ 𝑂}≃

P!"#"$%&%"’ 3.3 (G!"+# A)&%"’). The operator (↖) : P!n (𝑃) ⇒
C𝐿 ⇑ C𝐿 is a group action on con!guration structures, i.e.:

• for all !nite con!gurations 𝑂 , 𝑅, if 𝑂 ↑ C and 𝑅 ↑ 𝑂 ↖ C,
then 𝑂 ↖ (𝑅 ↖ C) = (𝑂 ⫅̸ 𝑅) ↖ C.

• → ↖ C = C.

P!""*. We need to show that 𝑂 ⫅̸ 𝑅 is a con"guration of C. If
𝑂 ↖ (𝑅 ↖ C) is de"ned, then 𝑅 is a con"guration of C and 𝑂 is
a con"guration of 𝑅 ↖ C. Now all con"gurations of 𝑅 ↖ C must
be of the form 𝑅 ⫅̸ 𝑄 for some con"guration 𝑄 of C. Therefore
𝑂 = 𝑅 ⫅̸ 𝑄 and thus, 𝑂 ⫅̸ 𝑅 = (𝑅 ⫅̸ 𝑄) ⫅̸ 𝑅 = 𝑄 ⫅̸ (𝑅 ⫅̸ 𝑅) = 𝑄 using
Property 3.1. It entails that 𝑂 ⫅̸ 𝑅 is indeed a con"guration of C.

The fact that → ↖ C = C is a consequence of → being the neutral
element for the group (P(𝑃),⫅̸). ⊋

Notice that symmetric residuation 𝑂 ↖ C acts uniformly on
all con"gurations of C. This is to be contrasted with the classical
residuation 𝑂 · C, which discards con"gurations of C that are not
above 𝑂 . Yet both symmetric and classical residuations coincide on
con"gurations above 𝑂 .

P!"#"$%&%"’ 3.4. Let C ↑ C𝐿 . For all !nite 𝑂 ↑ C, if 𝑄 ↑ 𝑂 · C
then 𝑄 ↑ 𝑂 ↖ C.
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con!ict where at most two events are permitted to trigger. Con"g-
uration C1 models a form of disjunctive causality: the event 𝐿 can
be observed provided event 𝑀 or event 𝑁 (or both) appeared "rst.
Lastly, con"guration C2 models the fact that events 𝑀 and 𝑁 are not
compatible unless 𝐿 is triggered.

→

{𝑀} {𝐿}{𝑁}

{𝑀,𝑁} {𝑁, 𝐿}{𝑀, 𝐿}

C0

→

{𝑀} {𝑁}

{𝑀,𝑁}{𝑀, 𝐿} {𝑁, 𝐿}

{𝑀,𝑁, 𝐿}

C1

→

{𝑀} {𝑁}{𝐿}

{𝑀, 𝐿} {𝑁, 𝐿}

{𝑀,𝑁, 𝐿}

C2

Con"guration structures can be equipped with an operation
of residuation [6], which describes which con"gurations remain
reachable once a set of events has been triggered.

De!nition 2.2 (Residuation). Let C ↑ C𝐿 be con"guration struc-
ture. For all "nite 𝑂 ↑ C, we de"ne C↓ := 𝑂 · C where

C↓ = ↔𝑃, {𝑄 ↑ P(𝑃) | ↗𝑅 ↑ ↘C{𝑂} : 𝑄 = 𝑅\𝑂}≃
and where 𝑅\𝑂 := {𝑀 ↑ 𝑅 | 𝑀 ω 𝑂} is the classical set di#erence. We
call 𝑂 · C the residual of C after 𝑂 .

Since (P(𝑃),⇐) is a commutative monoid, residuation can be
understood as the action of a (partial) monoid on itself:

P!"#"$%&%"’ 2.3 (M"’"%( A)&%"’). The operator (·) : P!n (𝑃) ⇒
C𝐿 ⇑ C𝐿 is a monoid action on con!guration structures, i.e.:

• for all con!gurations 𝑂 , 𝑅, if 𝑅 ↑ C and 𝑂 ↑ 𝑅 · C then
𝑂 · (𝑅 · C) = (𝑂 ⇐ 𝑅) · C.

• → · C = C.

P!""*. Each con"guration 𝑆 ↑ 𝑂 · (𝑅 · C) is of the form 𝑆 =
(𝑄\𝑅)\𝑂 = 𝑄\(𝑂 ⇐𝑅) for some 𝑄 ↑ C. So 𝑆 ↑ 𝑂 · (𝑅 ·C) is equivalent
to 𝑆 ↑ (𝑂 ⇐ 𝑅) · C. That → · C = C is a direct consequence of the
de"nition of the residuation operation. ⊋

Example 2.4. We give below the residuals of the con"gurations
of Example 2.1 after {𝑁}. Notice that each con"guration residual can
still trigger the events 𝑀 and 𝐿 , but in a con!icting (C↓

0), independent
(C↓

1) or sequential manner (C↓
2).

→

{𝑀} {𝐿}

C↓
0 := {𝑁} · C0

→

{𝑀} {𝐿}

{𝑀, 𝐿}

C↓
1 := {𝑁} · C1

→

{𝐿}
{𝑀, 𝐿}

C↓
2 := {𝑁} · C2

3 Symmetric residuation
Con"guration structures come with a natural notion of abstract
time, in which the empty con"guration is the “present” state , and
the other con"gurations represent potential futures, two futures
𝑂 and 𝑅 being compatible when

⊔{𝑂,𝑅} exists. Following this in-
tuition, and incorporating reversed computations in the picture,

some futures could actually be reached by performing a “back-
ward” transition. Suppose for instance that a system in its original
state can perform 𝑀 or 𝑁 (but not both). This would be modeled
by the con"guration structure C = ↔{𝑀,𝑁}, {→, {𝑀}, {𝑁}}≃. Assum-
ing computations are reversible, the residual of this structure after
{𝑀} should be C↓ = ↔{𝑀⇓,𝑁}, {→, {𝑀⇓}, {𝑀⇓,𝑁}}≃ in which the “new”
present state sees two futures: one in which the event 𝑀 is undone,
and one in which 𝑁 can be observed provided 𝑀 is undone. To "x
the intuition we wrote 𝑀⇓ to indicate a “negative” event, but since
con"guration structures are just sets of events, C↓ is equivalent to
C↓↓ = ↔{𝑀,𝑁}, {→, {𝑀}, {𝑀,𝑁}}≃. This implies that the direction of an
event must be provided by some information that is not given by
the structure itself, but rather by its residuation history: event 𝑀 is
backward in C↓↓ because C↓↓ was obtained as the residual of C after
{𝑀}, a con"guration that also contains 𝑀.

In order to make these intuitions formal, we "rst introduce an
operation of symmetric residuation, a generalization of the residu-
ation of De"nition 2.2, which takes care of producing the causal
structure of reversible computations. We introduce backward and
forward events in Section 4.

Recall that ⫅̸, the symmetric set di#erence, is de"ned as

𝑂 ⫅̸ 𝑅 := (𝑂 ⇐ 𝑅)\(𝑂 ⇔ 𝑅) (1)

Property 3.1. Any power set equipped with the symmetric di#er-
ence forms an abelian group.

In particular (P(𝑃),⫅̸) has an abelian group structure, where
every event is its own inverse. Its action on con"guration structures
generates orbits that provide the mathematical foundations on
which we will model reversible computations.

De!nition 3.2 (Symmetric Residuation). Let C ↑ C𝐿 be con"g-
uration structure. For all "nite 𝑂 ↑ C, we de"ne C↓ := 𝑂 ↖ C
where

C↓ = ↔𝑃, {𝑄 ↑ P(𝑃) | ↗𝑅 ↑ C : 𝑄 = 𝑅 ⫅̸ 𝑂}≃

P!"#"$%&%"’ 3.3 (G!"+# A)&%"’). The operator (↖) : P!n (𝑃) ⇒
C𝐿 ⇑ C𝐿 is a group action on con!guration structures, i.e.:

• for all !nite con!gurations 𝑂 , 𝑅, if 𝑂 ↑ C and 𝑅 ↑ 𝑂 ↖ C,
then 𝑂 ↖ (𝑅 ↖ C) = (𝑂 ⫅̸ 𝑅) ↖ C.

• → ↖ C = C.

P!""*. We need to show that 𝑂 ⫅̸ 𝑅 is a con"guration of C. If
𝑂 ↖ (𝑅 ↖ C) is de"ned, then 𝑅 is a con"guration of C and 𝑂 is
a con"guration of 𝑅 ↖ C. Now all con"gurations of 𝑅 ↖ C must
be of the form 𝑅 ⫅̸ 𝑄 for some con"guration 𝑄 of C. Therefore
𝑂 = 𝑅 ⫅̸ 𝑄 and thus, 𝑂 ⫅̸ 𝑅 = (𝑅 ⫅̸ 𝑄) ⫅̸ 𝑅 = 𝑄 ⫅̸ (𝑅 ⫅̸ 𝑅) = 𝑄 using
Property 3.1. It entails that 𝑂 ⫅̸ 𝑅 is indeed a con"guration of C.

The fact that → ↖ C = C is a consequence of → being the neutral
element for the group (P(𝑃),⫅̸). ⊋

Notice that symmetric residuation 𝑂 ↖ C acts uniformly on
all con"gurations of C. This is to be contrasted with the classical
residuation 𝑂 · C, which discards con"gurations of C that are not
above 𝑂 . Yet both symmetric and classical residuations coincide on
con"gurations above 𝑂 .

P!"#"$%&%"’ 3.4. Let C ↑ C𝐿 . For all !nite 𝑂 ↑ C, if 𝑄 ↑ 𝑂 · C
then 𝑄 ↑ 𝑂 ↖ C.
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con!ict where at most two events are permitted to trigger. Con"g-
uration C1 models a form of disjunctive causality: the event 𝐿 can
be observed provided event 𝑀 or event 𝑁 (or both) appeared "rst.
Lastly, con"guration C2 models the fact that events 𝑀 and 𝑁 are not
compatible unless 𝐿 is triggered.

→

{𝑀} {𝐿}{𝑁}

{𝑀,𝑁} {𝑁, 𝐿}{𝑀, 𝐿}

C0

→

{𝑀} {𝑁}

{𝑀,𝑁}{𝑀, 𝐿} {𝑁, 𝐿}

{𝑀,𝑁, 𝐿}

C1

→

{𝑀} {𝑁}{𝐿}

{𝑀, 𝐿} {𝑁, 𝐿}

{𝑀,𝑁, 𝐿}

C2

Con"guration structures can be equipped with an operation
of residuation [6], which describes which con"gurations remain
reachable once a set of events has been triggered.

De!nition 2.2 (Residuation). Let C ↑ C𝐿 be con"guration struc-
ture. For all "nite 𝑂 ↑ C, we de"ne C↓ := 𝑂 · C where

C↓ = ↔𝑃, {𝑄 ↑ P(𝑃) | ↗𝑅 ↑ ↘C{𝑂} : 𝑄 = 𝑅\𝑂}≃
and where 𝑅\𝑂 := {𝑀 ↑ 𝑅 | 𝑀 ω 𝑂} is the classical set di#erence. We
call 𝑂 · C the residual of C after 𝑂 .

Since (P(𝑃),⇐) is a commutative monoid, residuation can be
understood as the action of a (partial) monoid on itself:

P!"#"$%&%"’ 2.3 (M"’"%( A)&%"’). The operator (·) : P!n (𝑃) ⇒
C𝐿 ⇑ C𝐿 is a monoid action on con!guration structures, i.e.:

• for all con!gurations 𝑂 , 𝑅, if 𝑅 ↑ C and 𝑂 ↑ 𝑅 · C then
𝑂 · (𝑅 · C) = (𝑂 ⇐ 𝑅) · C.

• → · C = C.

P!""*. Each con"guration 𝑆 ↑ 𝑂 · (𝑅 · C) is of the form 𝑆 =
(𝑄\𝑅)\𝑂 = 𝑄\(𝑂 ⇐𝑅) for some 𝑄 ↑ C. So 𝑆 ↑ 𝑂 · (𝑅 ·C) is equivalent
to 𝑆 ↑ (𝑂 ⇐ 𝑅) · C. That → · C = C is a direct consequence of the
de"nition of the residuation operation. ⊋

Example 2.4. We give below the residuals of the con"gurations
of Example 2.1 after {𝑁}. Notice that each con"guration residual can
still trigger the events 𝑀 and 𝐿 , but in a con!icting (C↓

0), independent
(C↓

1) or sequential manner (C↓
2).

→

{𝑀} {𝐿}

C↓
0 := {𝑁} · C0

→

{𝑀} {𝐿}

{𝑀, 𝐿}

C↓
1 := {𝑁} · C1

→

{𝐿}
{𝑀, 𝐿}

C↓
2 := {𝑁} · C2

3 Symmetric residuation
Con"guration structures come with a natural notion of abstract
time, in which the empty con"guration is the “present” state , and
the other con"gurations represent potential futures, two futures
𝑂 and 𝑅 being compatible when

⊔{𝑂,𝑅} exists. Following this in-
tuition, and incorporating reversed computations in the picture,

some futures could actually be reached by performing a “back-
ward” transition. Suppose for instance that a system in its original
state can perform 𝑀 or 𝑁 (but not both). This would be modeled
by the con"guration structure C = ↔{𝑀,𝑁}, {→, {𝑀}, {𝑁}}≃. Assum-
ing computations are reversible, the residual of this structure after
{𝑀} should be C↓ = ↔{𝑀⇓,𝑁}, {→, {𝑀⇓}, {𝑀⇓,𝑁}}≃ in which the “new”
present state sees two futures: one in which the event 𝑀 is undone,
and one in which 𝑁 can be observed provided 𝑀 is undone. To "x
the intuition we wrote 𝑀⇓ to indicate a “negative” event, but since
con"guration structures are just sets of events, C↓ is equivalent to
C↓↓ = ↔{𝑀,𝑁}, {→, {𝑀}, {𝑀,𝑁}}≃. This implies that the direction of an
event must be provided by some information that is not given by
the structure itself, but rather by its residuation history: event 𝑀 is
backward in C↓↓ because C↓↓ was obtained as the residual of C after
{𝑀}, a con"guration that also contains 𝑀.

In order to make these intuitions formal, we "rst introduce an
operation of symmetric residuation, a generalization of the residu-
ation of De"nition 2.2, which takes care of producing the causal
structure of reversible computations. We introduce backward and
forward events in Section 4.

Recall that ⫅̸, the symmetric set di#erence, is de"ned as

𝑂 ⫅̸ 𝑅 := (𝑂 ⇐ 𝑅)\(𝑂 ⇔ 𝑅) (1)

Property 3.1. Any power set equipped with the symmetric di#er-
ence forms an abelian group.

In particular (P(𝑃),⫅̸) has an abelian group structure, where
every event is its own inverse. Its action on con"guration structures
generates orbits that provide the mathematical foundations on
which we will model reversible computations.

De!nition 3.2 (Symmetric Residuation). Let C ↑ C𝐿 be con"g-
uration structure. For all "nite 𝑂 ↑ C, we de"ne C↓ := 𝑂 ↖ C
where

C↓ = ↔𝑃, {𝑄 ↑ P(𝑃) | ↗𝑅 ↑ C : 𝑄 = 𝑅 ⫅̸ 𝑂}≃

P!"#"$%&%"’ 3.3 (G!"+# A)&%"’). The operator (↖) : P!n (𝑃) ⇒
C𝐿 ⇑ C𝐿 is a group action on con!guration structures, i.e.:

• for all !nite con!gurations 𝑂 , 𝑅, if 𝑂 ↑ C and 𝑅 ↑ 𝑂 ↖ C,
then 𝑂 ↖ (𝑅 ↖ C) = (𝑂 ⫅̸ 𝑅) ↖ C.

• → ↖ C = C.

P!""*. We need to show that 𝑂 ⫅̸ 𝑅 is a con"guration of C. If
𝑂 ↖ (𝑅 ↖ C) is de"ned, then 𝑅 is a con"guration of C and 𝑂 is
a con"guration of 𝑅 ↖ C. Now all con"gurations of 𝑅 ↖ C must
be of the form 𝑅 ⫅̸ 𝑄 for some con"guration 𝑄 of C. Therefore
𝑂 = 𝑅 ⫅̸ 𝑄 and thus, 𝑂 ⫅̸ 𝑅 = (𝑅 ⫅̸ 𝑄) ⫅̸ 𝑅 = 𝑄 ⫅̸ (𝑅 ⫅̸ 𝑅) = 𝑄 using
Property 3.1. It entails that 𝑂 ⫅̸ 𝑅 is indeed a con"guration of C.

The fact that → ↖ C = C is a consequence of → being the neutral
element for the group (P(𝑃),⫅̸). ⊋

Notice that symmetric residuation 𝑂 ↖ C acts uniformly on
all con"gurations of C. This is to be contrasted with the classical
residuation 𝑂 · C, which discards con"gurations of C that are not
above 𝑂 . Yet both symmetric and classical residuations coincide on
con"gurations above 𝑂 .

P!"#"$%&%"’ 3.4. Let C ↑ C𝐿 . For all !nite 𝑂 ↑ C, if 𝑄 ↑ 𝑂 · C
then 𝑄 ↑ 𝑂 ↖ C.
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con!ict where at most two events are permitted to trigger. Con"g-
uration C1 models a form of disjunctive causality: the event 𝐿 can
be observed provided event 𝑀 or event 𝑁 (or both) appeared "rst.
Lastly, con"guration C2 models the fact that events 𝑀 and 𝑁 are not
compatible unless 𝐿 is triggered.

→

{𝑀} {𝐿}{𝑁}

{𝑀,𝑁} {𝑁, 𝐿}{𝑀, 𝐿}

C0

→

{𝑀} {𝑁}

{𝑀,𝑁}{𝑀, 𝐿} {𝑁, 𝐿}

{𝑀,𝑁, 𝐿}

C1

→

{𝑀} {𝑁}{𝐿}

{𝑀, 𝐿} {𝑁, 𝐿}

{𝑀,𝑁, 𝐿}

C2

Con"guration structures can be equipped with an operation
of residuation [6], which describes which con"gurations remain
reachable once a set of events has been triggered.

De!nition 2.2 (Residuation). Let C ↑ C𝐿 be con"guration struc-
ture. For all "nite 𝑂 ↑ C, we de"ne C↓ := 𝑂 · C where

C↓ = ↔𝑃, {𝑄 ↑ P(𝑃) | ↗𝑅 ↑ ↘C{𝑂} : 𝑄 = 𝑅\𝑂}≃
and where 𝑅\𝑂 := {𝑀 ↑ 𝑅 | 𝑀 ω 𝑂} is the classical set di#erence. We
call 𝑂 · C the residual of C after 𝑂 .

Since (P(𝑃),⇐) is a commutative monoid, residuation can be
understood as the action of a (partial) monoid on itself:

P!"#"$%&%"’ 2.3 (M"’"%( A)&%"’). The operator (·) : P!n (𝑃) ⇒
C𝐿 ⇑ C𝐿 is a monoid action on con!guration structures, i.e.:

• for all con!gurations 𝑂 , 𝑅, if 𝑅 ↑ C and 𝑂 ↑ 𝑅 · C then
𝑂 · (𝑅 · C) = (𝑂 ⇐ 𝑅) · C.

• → · C = C.

P!""*. Each con"guration 𝑆 ↑ 𝑂 · (𝑅 · C) is of the form 𝑆 =
(𝑄\𝑅)\𝑂 = 𝑄\(𝑂 ⇐𝑅) for some 𝑄 ↑ C. So 𝑆 ↑ 𝑂 · (𝑅 ·C) is equivalent
to 𝑆 ↑ (𝑂 ⇐ 𝑅) · C. That → · C = C is a direct consequence of the
de"nition of the residuation operation. ⊋

Example 2.4. We give below the residuals of the con"gurations
of Example 2.1 after {𝑁}. Notice that each con"guration residual can
still trigger the events 𝑀 and 𝐿 , but in a con!icting (C↓

0), independent
(C↓

1) or sequential manner (C↓
2).

→

{𝑀} {𝐿}

C↓
0 := {𝑁} · C0

→

{𝑀} {𝐿}

{𝑀, 𝐿}

C↓
1 := {𝑁} · C1

→

{𝐿}
{𝑀, 𝐿}

C↓
2 := {𝑁} · C2

3 Symmetric residuation
Con"guration structures come with a natural notion of abstract
time, in which the empty con"guration is the “present” state , and
the other con"gurations represent potential futures, two futures
𝑂 and 𝑅 being compatible when

⊔{𝑂,𝑅} exists. Following this in-
tuition, and incorporating reversed computations in the picture,

some futures could actually be reached by performing a “back-
ward” transition. Suppose for instance that a system in its original
state can perform 𝑀 or 𝑁 (but not both). This would be modeled
by the con"guration structure C = ↔{𝑀,𝑁}, {→, {𝑀}, {𝑁}}≃. Assum-
ing computations are reversible, the residual of this structure after
{𝑀} should be C↓ = ↔{𝑀⇓,𝑁}, {→, {𝑀⇓}, {𝑀⇓,𝑁}}≃ in which the “new”
present state sees two futures: one in which the event 𝑀 is undone,
and one in which 𝑁 can be observed provided 𝑀 is undone. To "x
the intuition we wrote 𝑀⇓ to indicate a “negative” event, but since
con"guration structures are just sets of events, C↓ is equivalent to
C↓↓ = ↔{𝑀,𝑁}, {→, {𝑀}, {𝑀,𝑁}}≃. This implies that the direction of an
event must be provided by some information that is not given by
the structure itself, but rather by its residuation history: event 𝑀 is
backward in C↓↓ because C↓↓ was obtained as the residual of C after
{𝑀}, a con"guration that also contains 𝑀.

In order to make these intuitions formal, we "rst introduce an
operation of symmetric residuation, a generalization of the residu-
ation of De"nition 2.2, which takes care of producing the causal
structure of reversible computations. We introduce backward and
forward events in Section 4.

Recall that ⫅̸, the symmetric set di#erence, is de"ned as

𝑂 ⫅̸ 𝑅 := (𝑂 ⇐ 𝑅)\(𝑂 ⇔ 𝑅) (1)

Property 3.1. Any power set equipped with the symmetric di#er-
ence forms an abelian group.

In particular (P(𝑃),⫅̸) has an abelian group structure, where
every event is its own inverse. Its action on con"guration structures
generates orbits that provide the mathematical foundations on
which we will model reversible computations.

De!nition 3.2 (Symmetric Residuation). Let C ↑ C𝐿 be con"g-
uration structure. For all "nite 𝑂 ↑ C, we de"ne C↓ := 𝑂 ↖ C
where

C↓ = ↔𝑃, {𝑄 ↑ P(𝑃) | ↗𝑅 ↑ C : 𝑄 = 𝑅 ⫅̸ 𝑂}≃

P!"#"$%&%"’ 3.3 (G!"+# A)&%"’). The operator (↖) : P!n (𝑃) ⇒
C𝐿 ⇑ C𝐿 is a group action on con!guration structures, i.e.:

• for all !nite con!gurations 𝑂 , 𝑅, if 𝑂 ↑ C and 𝑅 ↑ 𝑂 ↖ C,
then 𝑂 ↖ (𝑅 ↖ C) = (𝑂 ⫅̸ 𝑅) ↖ C.

• → ↖ C = C.

P!""*. We need to show that 𝑂 ⫅̸ 𝑅 is a con"guration of C. If
𝑂 ↖ (𝑅 ↖ C) is de"ned, then 𝑅 is a con"guration of C and 𝑂 is
a con"guration of 𝑅 ↖ C. Now all con"gurations of 𝑅 ↖ C must
be of the form 𝑅 ⫅̸ 𝑄 for some con"guration 𝑄 of C. Therefore
𝑂 = 𝑅 ⫅̸ 𝑄 and thus, 𝑂 ⫅̸ 𝑅 = (𝑅 ⫅̸ 𝑄) ⫅̸ 𝑅 = 𝑄 ⫅̸ (𝑅 ⫅̸ 𝑅) = 𝑄 using
Property 3.1. It entails that 𝑂 ⫅̸ 𝑅 is indeed a con"guration of C.

The fact that → ↖ C = C is a consequence of → being the neutral
element for the group (P(𝑃),⫅̸). ⊋

Notice that symmetric residuation 𝑂 ↖ C acts uniformly on
all con"gurations of C. This is to be contrasted with the classical
residuation 𝑂 · C, which discards con"gurations of C that are not
above 𝑂 . Yet both symmetric and classical residuations coincide on
con"gurations above 𝑂 .

P!"#"$%&%"’ 3.4. Let C ↑ C𝐿 . For all !nite 𝑂 ↑ C, if 𝑄 ↑ 𝑂 · C
then 𝑄 ↑ 𝑂 ↖ C.
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con!ict where at most two events are permitted to trigger. Con"g-
uration C1 models a form of disjunctive causality: the event 𝐿 can
be observed provided event 𝑀 or event 𝑁 (or both) appeared "rst.
Lastly, con"guration C2 models the fact that events 𝑀 and 𝑁 are not
compatible unless 𝐿 is triggered.

→

{𝑀} {𝐿}{𝑁}

{𝑀,𝑁} {𝑁, 𝐿}{𝑀, 𝐿}

C0

→

{𝑀} {𝑁}

{𝑀,𝑁}{𝑀, 𝐿} {𝑁, 𝐿}

{𝑀,𝑁, 𝐿}

C1

→

{𝑀} {𝑁}{𝐿}

{𝑀, 𝐿} {𝑁, 𝐿}

{𝑀,𝑁, 𝐿}

C2

Con"guration structures can be equipped with an operation
of residuation [6], which describes which con"gurations remain
reachable once a set of events has been triggered.

De!nition 2.2 (Residuation). Let C ↑ C𝐿 be con"guration struc-
ture. For all "nite 𝑂 ↑ C, we de"ne C↓ := 𝑂 · C where

C↓ = ↔𝑃, {𝑄 ↑ P(𝑃) | ↗𝑅 ↑ ↘C{𝑂} : 𝑄 = 𝑅\𝑂}≃
and where 𝑅\𝑂 := {𝑀 ↑ 𝑅 | 𝑀 ω 𝑂} is the classical set di#erence. We
call 𝑂 · C the residual of C after 𝑂 .

Since (P(𝑃),⇐) is a commutative monoid, residuation can be
understood as the action of a (partial) monoid on itself:

P!"#"$%&%"’ 2.3 (M"’"%( A)&%"’). The operator (·) : P!n (𝑃) ⇒
C𝐿 ⇑ C𝐿 is a monoid action on con!guration structures, i.e.:

• for all con!gurations 𝑂 , 𝑅, if 𝑅 ↑ C and 𝑂 ↑ 𝑅 · C then
𝑂 · (𝑅 · C) = (𝑂 ⇐ 𝑅) · C.

• → · C = C.

P!""*. Each con"guration 𝑆 ↑ 𝑂 · (𝑅 · C) is of the form 𝑆 =
(𝑄\𝑅)\𝑂 = 𝑄\(𝑂 ⇐𝑅) for some 𝑄 ↑ C. So 𝑆 ↑ 𝑂 · (𝑅 ·C) is equivalent
to 𝑆 ↑ (𝑂 ⇐ 𝑅) · C. That → · C = C is a direct consequence of the
de"nition of the residuation operation. ⊋

Example 2.4. We give below the residuals of the con"gurations
of Example 2.1 after {𝑁}. Notice that each con"guration residual can
still trigger the events 𝑀 and 𝐿 , but in a con!icting (C↓

0), independent
(C↓

1) or sequential manner (C↓
2).

→

{𝑀} {𝐿}

C↓
0 := {𝑁} · C0

→

{𝑀} {𝐿}

{𝑀, 𝐿}

C↓
1 := {𝑁} · C1

→

{𝐿}
{𝑀, 𝐿}

C↓
2 := {𝑁} · C2

3 Symmetric residuation
Con"guration structures come with a natural notion of abstract
time, in which the empty con"guration is the “present” state , and
the other con"gurations represent potential futures, two futures
𝑂 and 𝑅 being compatible when

⊔{𝑂,𝑅} exists. Following this in-
tuition, and incorporating reversed computations in the picture,

some futures could actually be reached by performing a “back-
ward” transition. Suppose for instance that a system in its original
state can perform 𝑀 or 𝑁 (but not both). This would be modeled
by the con"guration structure C = ↔{𝑀,𝑁}, {→, {𝑀}, {𝑁}}≃. Assum-
ing computations are reversible, the residual of this structure after
{𝑀} should be C↓ = ↔{𝑀⇓,𝑁}, {→, {𝑀⇓}, {𝑀⇓,𝑁}}≃ in which the “new”
present state sees two futures: one in which the event 𝑀 is undone,
and one in which 𝑁 can be observed provided 𝑀 is undone. To "x
the intuition we wrote 𝑀⇓ to indicate a “negative” event, but since
con"guration structures are just sets of events, C↓ is equivalent to
C↓↓ = ↔{𝑀,𝑁}, {→, {𝑀}, {𝑀,𝑁}}≃. This implies that the direction of an
event must be provided by some information that is not given by
the structure itself, but rather by its residuation history: event 𝑀 is
backward in C↓↓ because C↓↓ was obtained as the residual of C after
{𝑀}, a con"guration that also contains 𝑀.

In order to make these intuitions formal, we "rst introduce an
operation of symmetric residuation, a generalization of the residu-
ation of De"nition 2.2, which takes care of producing the causal
structure of reversible computations. We introduce backward and
forward events in Section 4.

Recall that ⫅̸, the symmetric set di#erence, is de"ned as

𝑂 ⫅̸ 𝑅 := (𝑂 ⇐ 𝑅)\(𝑂 ⇔ 𝑅) (1)

Property 3.1. Any power set equipped with the symmetric di#er-
ence forms an abelian group.

In particular (P(𝑃),⫅̸) has an abelian group structure, where
every event is its own inverse. Its action on con"guration structures
generates orbits that provide the mathematical foundations on
which we will model reversible computations.

De!nition 3.2 (Symmetric Residuation). Let C ↑ C𝐿 be con"g-
uration structure. For all "nite 𝑂 ↑ C, we de"ne C↓ := 𝑂 ↖ C
where

C↓ = ↔𝑃, {𝑄 ↑ P(𝑃) | ↗𝑅 ↑ C : 𝑄 = 𝑅 ⫅̸ 𝑂}≃

P!"#"$%&%"’ 3.3 (G!"+# A)&%"’). The operator (↖) : P!n (𝑃) ⇒
C𝐿 ⇑ C𝐿 is a group action on con!guration structures, i.e.:

• for all !nite con!gurations 𝑂 , 𝑅, if 𝑂 ↑ C and 𝑅 ↑ 𝑂 ↖ C,
then 𝑂 ↖ (𝑅 ↖ C) = (𝑂 ⫅̸ 𝑅) ↖ C.

• → ↖ C = C.

P!""*. We need to show that 𝑂 ⫅̸ 𝑅 is a con"guration of C. If
𝑂 ↖ (𝑅 ↖ C) is de"ned, then 𝑅 is a con"guration of C and 𝑂 is
a con"guration of 𝑅 ↖ C. Now all con"gurations of 𝑅 ↖ C must
be of the form 𝑅 ⫅̸ 𝑄 for some con"guration 𝑄 of C. Therefore
𝑂 = 𝑅 ⫅̸ 𝑄 and thus, 𝑂 ⫅̸ 𝑅 = (𝑅 ⫅̸ 𝑄) ⫅̸ 𝑅 = 𝑄 ⫅̸ (𝑅 ⫅̸ 𝑅) = 𝑄 using
Property 3.1. It entails that 𝑂 ⫅̸ 𝑅 is indeed a con"guration of C.

The fact that → ↖ C = C is a consequence of → being the neutral
element for the group (P(𝑃),⫅̸). ⊋

Notice that symmetric residuation 𝑂 ↖ C acts uniformly on
all con"gurations of C. This is to be contrasted with the classical
residuation 𝑂 · C, which discards con"gurations of C that are not
above 𝑂 . Yet both symmetric and classical residuations coincide on
con"gurations above 𝑂 .

P!"#"$%&%"’ 3.4. Let C ↑ C𝐿 . For all !nite 𝑂 ↑ C, if 𝑄 ↑ 𝑂 · C
then 𝑄 ↑ 𝑂 ↖ C.
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con!ict where at most two events are permitted to trigger. Con"g-
uration C1 models a form of disjunctive causality: the event 𝐿 can
be observed provided event 𝑀 or event 𝑁 (or both) appeared "rst.
Lastly, con"guration C2 models the fact that events 𝑀 and 𝑁 are not
compatible unless 𝐿 is triggered.

→

{𝑀} {𝐿}{𝑁}

{𝑀,𝑁} {𝑁, 𝐿}{𝑀, 𝐿}

C0

→

{𝑀} {𝑁}

{𝑀,𝑁}{𝑀, 𝐿} {𝑁, 𝐿}

{𝑀,𝑁, 𝐿}

C1

→

{𝑀} {𝑁}{𝐿}

{𝑀, 𝐿} {𝑁, 𝐿}

{𝑀,𝑁, 𝐿}

C2

Con"guration structures can be equipped with an operation
of residuation [6], which describes which con"gurations remain
reachable once a set of events has been triggered.

De!nition 2.2 (Residuation). Let C ↑ C𝐿 be con"guration struc-
ture. For all "nite 𝑂 ↑ C, we de"ne C↓ := 𝑂 · C where

C↓ = ↔𝑃, {𝑄 ↑ P(𝑃) | ↗𝑅 ↑ ↘C{𝑂} : 𝑄 = 𝑅\𝑂}≃
and where 𝑅\𝑂 := {𝑀 ↑ 𝑅 | 𝑀 ω 𝑂} is the classical set di#erence. We
call 𝑂 · C the residual of C after 𝑂 .

Since (P(𝑃),⇐) is a commutative monoid, residuation can be
understood as the action of a (partial) monoid on itself:

P!"#"$%&%"’ 2.3 (M"’"%( A)&%"’). The operator (·) : P!n (𝑃) ⇒
C𝐿 ⇑ C𝐿 is a monoid action on con!guration structures, i.e.:

• for all con!gurations 𝑂 , 𝑅, if 𝑅 ↑ C and 𝑂 ↑ 𝑅 · C then
𝑂 · (𝑅 · C) = (𝑂 ⇐ 𝑅) · C.

• → · C = C.

P!""*. Each con"guration 𝑆 ↑ 𝑂 · (𝑅 · C) is of the form 𝑆 =
(𝑄\𝑅)\𝑂 = 𝑄\(𝑂 ⇐𝑅) for some 𝑄 ↑ C. So 𝑆 ↑ 𝑂 · (𝑅 ·C) is equivalent
to 𝑆 ↑ (𝑂 ⇐ 𝑅) · C. That → · C = C is a direct consequence of the
de"nition of the residuation operation. ⊋

Example 2.4. We give below the residuals of the con"gurations
of Example 2.1 after {𝑁}. Notice that each con"guration residual can
still trigger the events 𝑀 and 𝐿 , but in a con!icting (C↓

0), independent
(C↓

1) or sequential manner (C↓
2).

→

{𝑀} {𝐿}

C↓
0 := {𝑁} · C0

→

{𝑀} {𝐿}

{𝑀, 𝐿}

C↓
1 := {𝑁} · C1

→

{𝐿}
{𝑀, 𝐿}

C↓
2 := {𝑁} · C2

3 Symmetric residuation
Con"guration structures come with a natural notion of abstract
time, in which the empty con"guration is the “present” state , and
the other con"gurations represent potential futures, two futures
𝑂 and 𝑅 being compatible when

⊔{𝑂,𝑅} exists. Following this in-
tuition, and incorporating reversed computations in the picture,

some futures could actually be reached by performing a “back-
ward” transition. Suppose for instance that a system in its original
state can perform 𝑀 or 𝑁 (but not both). This would be modeled
by the con"guration structure C = ↔{𝑀,𝑁}, {→, {𝑀}, {𝑁}}≃. Assum-
ing computations are reversible, the residual of this structure after
{𝑀} should be C↓ = ↔{𝑀⇓,𝑁}, {→, {𝑀⇓}, {𝑀⇓,𝑁}}≃ in which the “new”
present state sees two futures: one in which the event 𝑀 is undone,
and one in which 𝑁 can be observed provided 𝑀 is undone. To "x
the intuition we wrote 𝑀⇓ to indicate a “negative” event, but since
con"guration structures are just sets of events, C↓ is equivalent to
C↓↓ = ↔{𝑀,𝑁}, {→, {𝑀}, {𝑀,𝑁}}≃. This implies that the direction of an
event must be provided by some information that is not given by
the structure itself, but rather by its residuation history: event 𝑀 is
backward in C↓↓ because C↓↓ was obtained as the residual of C after
{𝑀}, a con"guration that also contains 𝑀.

In order to make these intuitions formal, we "rst introduce an
operation of symmetric residuation, a generalization of the residu-
ation of De"nition 2.2, which takes care of producing the causal
structure of reversible computations. We introduce backward and
forward events in Section 4.

Recall that ⫅̸, the symmetric set di#erence, is de"ned as

𝑂 ⫅̸ 𝑅 := (𝑂 ⇐ 𝑅)\(𝑂 ⇔ 𝑅) (1)

Property 3.1. Any power set equipped with the symmetric di#er-
ence forms an abelian group.

In particular (P(𝑃),⫅̸) has an abelian group structure, where
every event is its own inverse. Its action on con"guration structures
generates orbits that provide the mathematical foundations on
which we will model reversible computations.

De!nition 3.2 (Symmetric Residuation). Let C ↑ C𝐿 be con"g-
uration structure. For all "nite 𝑂 ↑ C, we de"ne C↓ := 𝑂 ↖ C
where

C↓ = ↔𝑃, {𝑄 ↑ P(𝑃) | ↗𝑅 ↑ C : 𝑄 = 𝑅 ⫅̸ 𝑂}≃

P!"#"$%&%"’ 3.3 (G!"+# A)&%"’). The operator (↖) : P!n (𝑃) ⇒
C𝐿 ⇑ C𝐿 is a group action on con!guration structures, i.e.:

• for all !nite con!gurations 𝑂 , 𝑅, if 𝑂 ↑ C and 𝑅 ↑ 𝑂 ↖ C,
then 𝑂 ↖ (𝑅 ↖ C) = (𝑂 ⫅̸ 𝑅) ↖ C.

• → ↖ C = C.

P!""*. We need to show that 𝑂 ⫅̸ 𝑅 is a con"guration of C. If
𝑂 ↖ (𝑅 ↖ C) is de"ned, then 𝑅 is a con"guration of C and 𝑂 is
a con"guration of 𝑅 ↖ C. Now all con"gurations of 𝑅 ↖ C must
be of the form 𝑅 ⫅̸ 𝑄 for some con"guration 𝑄 of C. Therefore
𝑂 = 𝑅 ⫅̸ 𝑄 and thus, 𝑂 ⫅̸ 𝑅 = (𝑅 ⫅̸ 𝑄) ⫅̸ 𝑅 = 𝑄 ⫅̸ (𝑅 ⫅̸ 𝑅) = 𝑄 using
Property 3.1. It entails that 𝑂 ⫅̸ 𝑅 is indeed a con"guration of C.

The fact that → ↖ C = C is a consequence of → being the neutral
element for the group (P(𝑃),⫅̸). ⊋

Notice that symmetric residuation 𝑂 ↖ C acts uniformly on
all con"gurations of C. This is to be contrasted with the classical
residuation 𝑂 · C, which discards con"gurations of C that are not
above 𝑂 . Yet both symmetric and classical residuations coincide on
con"gurations above 𝑂 .

P!"#"$%&%"’ 3.4. Let C ↑ C𝐿 . For all !nite 𝑂 ↑ C, if 𝑄 ↑ 𝑂 · C
then 𝑄 ↑ 𝑂 ↖ C.
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con!ict where at most two events are permitted to trigger. Con"g-
uration C1 models a form of disjunctive causality: the event 𝐿 can
be observed provided event 𝑀 or event 𝑁 (or both) appeared "rst.
Lastly, con"guration C2 models the fact that events 𝑀 and 𝑁 are not
compatible unless 𝐿 is triggered.

→

{𝑀} {𝐿}{𝑁}

{𝑀,𝑁} {𝑁, 𝐿}{𝑀, 𝐿}

C0

→

{𝑀} {𝑁}

{𝑀,𝑁}{𝑀, 𝐿} {𝑁, 𝐿}

{𝑀,𝑁, 𝐿}

C1

→

{𝑀} {𝑁}{𝐿}

{𝑀, 𝐿} {𝑁, 𝐿}

{𝑀,𝑁, 𝐿}

C2

Con"guration structures can be equipped with an operation
of residuation [6], which describes which con"gurations remain
reachable once a set of events has been triggered.

De!nition 2.2 (Residuation). Let C ↑ C𝐿 be con"guration struc-
ture. For all "nite 𝑂 ↑ C, we de"ne C↓ := 𝑂 · C where

C↓ = ↔𝑃, {𝑄 ↑ P(𝑃) | ↗𝑅 ↑ ↘C{𝑂} : 𝑄 = 𝑅\𝑂}≃
and where 𝑅\𝑂 := {𝑀 ↑ 𝑅 | 𝑀 ω 𝑂} is the classical set di#erence. We
call 𝑂 · C the residual of C after 𝑂 .

Since (P(𝑃),⇐) is a commutative monoid, residuation can be
understood as the action of a (partial) monoid on itself:

P!"#"$%&%"’ 2.3 (M"’"%( A)&%"’). The operator (·) : P!n (𝑃) ⇒
C𝐿 ⇑ C𝐿 is a monoid action on con!guration structures, i.e.:

• for all con!gurations 𝑂 , 𝑅, if 𝑅 ↑ C and 𝑂 ↑ 𝑅 · C then
𝑂 · (𝑅 · C) = (𝑂 ⇐ 𝑅) · C.

• → · C = C.

P!""*. Each con"guration 𝑆 ↑ 𝑂 · (𝑅 · C) is of the form 𝑆 =
(𝑄\𝑅)\𝑂 = 𝑄\(𝑂 ⇐𝑅) for some 𝑄 ↑ C. So 𝑆 ↑ 𝑂 · (𝑅 ·C) is equivalent
to 𝑆 ↑ (𝑂 ⇐ 𝑅) · C. That → · C = C is a direct consequence of the
de"nition of the residuation operation. ⊋

Example 2.4. We give below the residuals of the con"gurations
of Example 2.1 after {𝑁}. Notice that each con"guration residual can
still trigger the events 𝑀 and 𝐿 , but in a con!icting (C↓

0), independent
(C↓

1) or sequential manner (C↓
2).

→

{𝑀} {𝐿}

C↓
0 := {𝑁} · C0

→

{𝑀} {𝐿}

{𝑀, 𝐿}

C↓
1 := {𝑁} · C1

→

{𝐿}
{𝑀, 𝐿}

C↓
2 := {𝑁} · C2

3 Symmetric residuation
Con"guration structures come with a natural notion of abstract
time, in which the empty con"guration is the “present” state , and
the other con"gurations represent potential futures, two futures
𝑂 and 𝑅 being compatible when

⊔{𝑂,𝑅} exists. Following this in-
tuition, and incorporating reversed computations in the picture,

some futures could actually be reached by performing a “back-
ward” transition. Suppose for instance that a system in its original
state can perform 𝑀 or 𝑁 (but not both). This would be modeled
by the con"guration structure C = ↔{𝑀,𝑁}, {→, {𝑀}, {𝑁}}≃. Assum-
ing computations are reversible, the residual of this structure after
{𝑀} should be C↓ = ↔{𝑀⇓,𝑁}, {→, {𝑀⇓}, {𝑀⇓,𝑁}}≃ in which the “new”
present state sees two futures: one in which the event 𝑀 is undone,
and one in which 𝑁 can be observed provided 𝑀 is undone. To "x
the intuition we wrote 𝑀⇓ to indicate a “negative” event, but since
con"guration structures are just sets of events, C↓ is equivalent to
C↓↓ = ↔{𝑀,𝑁}, {→, {𝑀}, {𝑀,𝑁}}≃. This implies that the direction of an
event must be provided by some information that is not given by
the structure itself, but rather by its residuation history: event 𝑀 is
backward in C↓↓ because C↓↓ was obtained as the residual of C after
{𝑀}, a con"guration that also contains 𝑀.

In order to make these intuitions formal, we "rst introduce an
operation of symmetric residuation, a generalization of the residu-
ation of De"nition 2.2, which takes care of producing the causal
structure of reversible computations. We introduce backward and
forward events in Section 4.

Recall that ⫅̸, the symmetric set di#erence, is de"ned as

𝑂 ⫅̸ 𝑅 := (𝑂 ⇐ 𝑅)\(𝑂 ⇔ 𝑅) (1)

Property 3.1. Any power set equipped with the symmetric di#er-
ence forms an abelian group.

In particular (P(𝑃),⫅̸) has an abelian group structure, where
every event is its own inverse. Its action on con"guration structures
generates orbits that provide the mathematical foundations on
which we will model reversible computations.

De!nition 3.2 (Symmetric Residuation). Let C ↑ C𝐿 be con"g-
uration structure. For all "nite 𝑂 ↑ C, we de"ne C↓ := 𝑂 ↖ C
where

C↓ = ↔𝑃, {𝑄 ↑ P(𝑃) | ↗𝑅 ↑ C : 𝑄 = 𝑅 ⫅̸ 𝑂}≃

P!"#"$%&%"’ 3.3 (G!"+# A)&%"’). The operator (↖) : P!n (𝑃) ⇒
C𝐿 ⇑ C𝐿 is a group action on con!guration structures, i.e.:

• for all !nite con!gurations 𝑂 , 𝑅, if 𝑂 ↑ C and 𝑅 ↑ 𝑂 ↖ C,
then 𝑂 ↖ (𝑅 ↖ C) = (𝑂 ⫅̸ 𝑅) ↖ C.

• → ↖ C = C.

P!""*. We need to show that 𝑂 ⫅̸ 𝑅 is a con"guration of C. If
𝑂 ↖ (𝑅 ↖ C) is de"ned, then 𝑅 is a con"guration of C and 𝑂 is
a con"guration of 𝑅 ↖ C. Now all con"gurations of 𝑅 ↖ C must
be of the form 𝑅 ⫅̸ 𝑄 for some con"guration 𝑄 of C. Therefore
𝑂 = 𝑅 ⫅̸ 𝑄 and thus, 𝑂 ⫅̸ 𝑅 = (𝑅 ⫅̸ 𝑄) ⫅̸ 𝑅 = 𝑄 ⫅̸ (𝑅 ⫅̸ 𝑅) = 𝑄 using
Property 3.1. It entails that 𝑂 ⫅̸ 𝑅 is indeed a con"guration of C.

The fact that → ↖ C = C is a consequence of → being the neutral
element for the group (P(𝑃),⫅̸). ⊋

Notice that symmetric residuation 𝑂 ↖ C acts uniformly on
all con"gurations of C. This is to be contrasted with the classical
residuation 𝑂 · C, which discards con"gurations of C that are not
above 𝑂 . Yet both symmetric and classical residuations coincide on
con"gurations above 𝑂 .

P!"#"$%&%"’ 3.4. Let C ↑ C𝐿 . For all !nite 𝑂 ↑ C, if 𝑄 ↑ 𝑂 · C
then 𝑄 ↑ 𝑂 ↖ C.
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con!ict where at most two events are permitted to trigger. Con"g-
uration C1 models a form of disjunctive causality: the event 𝐿 can
be observed provided event 𝑀 or event 𝑁 (or both) appeared "rst.
Lastly, con"guration C2 models the fact that events 𝑀 and 𝑁 are not
compatible unless 𝐿 is triggered.

→

{𝑀} {𝐿}{𝑁}

{𝑀,𝑁} {𝑁, 𝐿}{𝑀, 𝐿}

C0

→

{𝑀} {𝑁}

{𝑀,𝑁}{𝑀, 𝐿} {𝑁, 𝐿}

{𝑀,𝑁, 𝐿}

C1

→

{𝑀} {𝑁}{𝐿}

{𝑀, 𝐿} {𝑁, 𝐿}

{𝑀,𝑁, 𝐿}

C2

Con"guration structures can be equipped with an operation
of residuation [6], which describes which con"gurations remain
reachable once a set of events has been triggered.

De!nition 2.2 (Residuation). Let C ↑ C𝐿 be con"guration struc-
ture. For all "nite 𝑂 ↑ C, we de"ne C↓ := 𝑂 · C where

C↓ = ↔𝑃, {𝑄 ↑ P(𝑃) | ↗𝑅 ↑ ↘C{𝑂} : 𝑄 = 𝑅\𝑂}≃
and where 𝑅\𝑂 := {𝑀 ↑ 𝑅 | 𝑀 ω 𝑂} is the classical set di#erence. We
call 𝑂 · C the residual of C after 𝑂 .

Since (P(𝑃),⇐) is a commutative monoid, residuation can be
understood as the action of a (partial) monoid on itself:

P!"#"$%&%"’ 2.3 (M"’"%( A)&%"’). The operator (·) : P!n (𝑃) ⇒
C𝐿 ⇑ C𝐿 is a monoid action on con!guration structures, i.e.:

• for all con!gurations 𝑂 , 𝑅, if 𝑅 ↑ C and 𝑂 ↑ 𝑅 · C then
𝑂 · (𝑅 · C) = (𝑂 ⇐ 𝑅) · C.

• → · C = C.

P!""*. Each con"guration 𝑆 ↑ 𝑂 · (𝑅 · C) is of the form 𝑆 =
(𝑄\𝑅)\𝑂 = 𝑄\(𝑂 ⇐𝑅) for some 𝑄 ↑ C. So 𝑆 ↑ 𝑂 · (𝑅 ·C) is equivalent
to 𝑆 ↑ (𝑂 ⇐ 𝑅) · C. That → · C = C is a direct consequence of the
de"nition of the residuation operation. ⊋

Example 2.4. We give below the residuals of the con"gurations
of Example 2.1 after {𝑁}. Notice that each con"guration residual can
still trigger the events 𝑀 and 𝐿 , but in a con!icting (C↓

0), independent
(C↓

1) or sequential manner (C↓
2).

→

{𝑀} {𝐿}

C↓
0 := {𝑁} · C0

→

{𝑀} {𝐿}

{𝑀, 𝐿}

C↓
1 := {𝑁} · C1

→

{𝐿}
{𝑀, 𝐿}

C↓
2 := {𝑁} · C2

3 Symmetric residuation
Con"guration structures come with a natural notion of abstract
time, in which the empty con"guration is the “present” state , and
the other con"gurations represent potential futures, two futures
𝑂 and 𝑅 being compatible when

⊔{𝑂,𝑅} exists. Following this in-
tuition, and incorporating reversed computations in the picture,

some futures could actually be reached by performing a “back-
ward” transition. Suppose for instance that a system in its original
state can perform 𝑀 or 𝑁 (but not both). This would be modeled
by the con"guration structure C = ↔{𝑀,𝑁}, {→, {𝑀}, {𝑁}}≃. Assum-
ing computations are reversible, the residual of this structure after
{𝑀} should be C↓ = ↔{𝑀⇓,𝑁}, {→, {𝑀⇓}, {𝑀⇓,𝑁}}≃ in which the “new”
present state sees two futures: one in which the event 𝑀 is undone,
and one in which 𝑁 can be observed provided 𝑀 is undone. To "x
the intuition we wrote 𝑀⇓ to indicate a “negative” event, but since
con"guration structures are just sets of events, C↓ is equivalent to
C↓↓ = ↔{𝑀,𝑁}, {→, {𝑀}, {𝑀,𝑁}}≃. This implies that the direction of an
event must be provided by some information that is not given by
the structure itself, but rather by its residuation history: event 𝑀 is
backward in C↓↓ because C↓↓ was obtained as the residual of C after
{𝑀}, a con"guration that also contains 𝑀.

In order to make these intuitions formal, we "rst introduce an
operation of symmetric residuation, a generalization of the residu-
ation of De"nition 2.2, which takes care of producing the causal
structure of reversible computations. We introduce backward and
forward events in Section 4.

Recall that ⫅̸, the symmetric set di#erence, is de"ned as

𝑂 ⫅̸ 𝑅 := (𝑂 ⇐ 𝑅)\(𝑂 ⇔ 𝑅) (1)

Property 3.1. Any power set equipped with the symmetric di#er-
ence forms an abelian group.

In particular (P(𝑃),⫅̸) has an abelian group structure, where
every event is its own inverse. Its action on con"guration structures
generates orbits that provide the mathematical foundations on
which we will model reversible computations.

De!nition 3.2 (Symmetric Residuation). Let C ↑ C𝐿 be con"g-
uration structure. For all "nite 𝑂 ↑ C, we de"ne C↓ := 𝑂 ↖ C
where

C↓ = ↔𝑃, {𝑄 ↑ P(𝑃) | ↗𝑅 ↑ C : 𝑄 = 𝑅 ⫅̸ 𝑂}≃

P!"#"$%&%"’ 3.3 (G!"+# A)&%"’). The operator (↖) : P!n (𝑃) ⇒
C𝐿 ⇑ C𝐿 is a group action on con!guration structures, i.e.:

• for all !nite con!gurations 𝑂 , 𝑅, if 𝑂 ↑ C and 𝑅 ↑ 𝑂 ↖ C,
then 𝑂 ↖ (𝑅 ↖ C) = (𝑂 ⫅̸ 𝑅) ↖ C.

• → ↖ C = C.

P!""*. We need to show that 𝑂 ⫅̸ 𝑅 is a con"guration of C. If
𝑂 ↖ (𝑅 ↖ C) is de"ned, then 𝑅 is a con"guration of C and 𝑂 is
a con"guration of 𝑅 ↖ C. Now all con"gurations of 𝑅 ↖ C must
be of the form 𝑅 ⫅̸ 𝑄 for some con"guration 𝑄 of C. Therefore
𝑂 = 𝑅 ⫅̸ 𝑄 and thus, 𝑂 ⫅̸ 𝑅 = (𝑅 ⫅̸ 𝑄) ⫅̸ 𝑅 = 𝑄 ⫅̸ (𝑅 ⫅̸ 𝑅) = 𝑄 using
Property 3.1. It entails that 𝑂 ⫅̸ 𝑅 is indeed a con"guration of C.

The fact that → ↖ C = C is a consequence of → being the neutral
element for the group (P(𝑃),⫅̸). ⊋

Notice that symmetric residuation 𝑂 ↖ C acts uniformly on
all con"gurations of C. This is to be contrasted with the classical
residuation 𝑂 · C, which discards con"gurations of C that are not
above 𝑂 . Yet both symmetric and classical residuations coincide on
con"gurations above 𝑂 .

P!"#"$%&%"’ 3.4. Let C ↑ C𝐿 . For all !nite 𝑂 ↑ C, if 𝑄 ↑ 𝑂 · C
then 𝑄 ↑ 𝑂 ↖ C.
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con!ict where at most two events are permitted to trigger. Con"g-
uration C1 models a form of disjunctive causality: the event 𝐿 can
be observed provided event 𝑀 or event 𝑁 (or both) appeared "rst.
Lastly, con"guration C2 models the fact that events 𝑀 and 𝑁 are not
compatible unless 𝐿 is triggered.

→

{𝑀} {𝐿}{𝑁}

{𝑀,𝑁} {𝑁, 𝐿}{𝑀, 𝐿}

C0

→

{𝑀} {𝑁}

{𝑀,𝑁}{𝑀, 𝐿} {𝑁, 𝐿}

{𝑀,𝑁, 𝐿}

C1

→

{𝑀} {𝑁}{𝐿}

{𝑀, 𝐿} {𝑁, 𝐿}

{𝑀,𝑁, 𝐿}

C2

Con"guration structures can be equipped with an operation
of residuation [6], which describes which con"gurations remain
reachable once a set of events has been triggered.

De!nition 2.2 (Residuation). Let C ↑ C𝐿 be con"guration struc-
ture. For all "nite 𝑂 ↑ C, we de"ne C↓ := 𝑂 · C where

C↓ = ↔𝑃, {𝑄 ↑ P(𝑃) | ↗𝑅 ↑ ↘C{𝑂} : 𝑄 = 𝑅\𝑂}≃
and where 𝑅\𝑂 := {𝑀 ↑ 𝑅 | 𝑀 ω 𝑂} is the classical set di#erence. We
call 𝑂 · C the residual of C after 𝑂 .

Since (P(𝑃),⇐) is a commutative monoid, residuation can be
understood as the action of a (partial) monoid on itself:

P!"#"$%&%"’ 2.3 (M"’"%( A)&%"’). The operator (·) : P!n (𝑃) ⇒
C𝐿 ⇑ C𝐿 is a monoid action on con!guration structures, i.e.:

• for all con!gurations 𝑂 , 𝑅, if 𝑅 ↑ C and 𝑂 ↑ 𝑅 · C then
𝑂 · (𝑅 · C) = (𝑂 ⇐ 𝑅) · C.

• → · C = C.

P!""*. Each con"guration 𝑆 ↑ 𝑂 · (𝑅 · C) is of the form 𝑆 =
(𝑄\𝑅)\𝑂 = 𝑄\(𝑂 ⇐𝑅) for some 𝑄 ↑ C. So 𝑆 ↑ 𝑂 · (𝑅 ·C) is equivalent
to 𝑆 ↑ (𝑂 ⇐ 𝑅) · C. That → · C = C is a direct consequence of the
de"nition of the residuation operation. ⊋

Example 2.4. We give below the residuals of the con"gurations
of Example 2.1 after {𝑁}. Notice that each con"guration residual can
still trigger the events 𝑀 and 𝐿 , but in a con!icting (C↓

0), independent
(C↓

1) or sequential manner (C↓
2).

→

{𝑀} {𝐿}

C↓
0 := {𝑁} · C0

→

{𝑀} {𝐿}

{𝑀, 𝐿}

C↓
1 := {𝑁} · C1

→

{𝐿}
{𝑀, 𝐿}

C↓
2 := {𝑁} · C2

3 Symmetric residuation
Con"guration structures come with a natural notion of abstract
time, in which the empty con"guration is the “present” state , and
the other con"gurations represent potential futures, two futures
𝑂 and 𝑅 being compatible when

⊔{𝑂,𝑅} exists. Following this in-
tuition, and incorporating reversed computations in the picture,

some futures could actually be reached by performing a “back-
ward” transition. Suppose for instance that a system in its original
state can perform 𝑀 or 𝑁 (but not both). This would be modeled
by the con"guration structure C = ↔{𝑀,𝑁}, {→, {𝑀}, {𝑁}}≃. Assum-
ing computations are reversible, the residual of this structure after
{𝑀} should be C↓ = ↔{𝑀⇓,𝑁}, {→, {𝑀⇓}, {𝑀⇓,𝑁}}≃ in which the “new”
present state sees two futures: one in which the event 𝑀 is undone,
and one in which 𝑁 can be observed provided 𝑀 is undone. To "x
the intuition we wrote 𝑀⇓ to indicate a “negative” event, but since
con"guration structures are just sets of events, C↓ is equivalent to
C↓↓ = ↔{𝑀,𝑁}, {→, {𝑀}, {𝑀,𝑁}}≃. This implies that the direction of an
event must be provided by some information that is not given by
the structure itself, but rather by its residuation history: event 𝑀 is
backward in C↓↓ because C↓↓ was obtained as the residual of C after
{𝑀}, a con"guration that also contains 𝑀.

In order to make these intuitions formal, we "rst introduce an
operation of symmetric residuation, a generalization of the residu-
ation of De"nition 2.2, which takes care of producing the causal
structure of reversible computations. We introduce backward and
forward events in Section 4.

Recall that ⫅̸, the symmetric set di#erence, is de"ned as

𝑂 ⫅̸ 𝑅 := (𝑂 ⇐ 𝑅)\(𝑂 ⇔ 𝑅) (1)

Property 3.1. Any power set equipped with the symmetric di#er-
ence forms an abelian group.

In particular (P(𝑃),⫅̸) has an abelian group structure, where
every event is its own inverse. Its action on con"guration structures
generates orbits that provide the mathematical foundations on
which we will model reversible computations.

De!nition 3.2 (Symmetric Residuation). Let C ↑ C𝐿 be con"g-
uration structure. For all "nite 𝑂 ↑ C, we de"ne C↓ := 𝑂 ↖ C
where

C↓ = ↔𝑃, {𝑄 ↑ P(𝑃) | ↗𝑅 ↑ C : 𝑄 = 𝑅 ⫅̸ 𝑂}≃

P!"#"$%&%"’ 3.3 (G!"+# A)&%"’). The operator (↖) : P!n (𝑃) ⇒
C𝐿 ⇑ C𝐿 is a group action on con!guration structures, i.e.:

• for all !nite con!gurations 𝑂 , 𝑅, if 𝑂 ↑ C and 𝑅 ↑ 𝑂 ↖ C,
then 𝑂 ↖ (𝑅 ↖ C) = (𝑂 ⫅̸ 𝑅) ↖ C.

• → ↖ C = C.

P!""*. We need to show that 𝑂 ⫅̸ 𝑅 is a con"guration of C. If
𝑂 ↖ (𝑅 ↖ C) is de"ned, then 𝑅 is a con"guration of C and 𝑂 is
a con"guration of 𝑅 ↖ C. Now all con"gurations of 𝑅 ↖ C must
be of the form 𝑅 ⫅̸ 𝑄 for some con"guration 𝑄 of C. Therefore
𝑂 = 𝑅 ⫅̸ 𝑄 and thus, 𝑂 ⫅̸ 𝑅 = (𝑅 ⫅̸ 𝑄) ⫅̸ 𝑅 = 𝑄 ⫅̸ (𝑅 ⫅̸ 𝑅) = 𝑄 using
Property 3.1. It entails that 𝑂 ⫅̸ 𝑅 is indeed a con"guration of C.

The fact that → ↖ C = C is a consequence of → being the neutral
element for the group (P(𝑃),⫅̸). ⊋

Notice that symmetric residuation 𝑂 ↖ C acts uniformly on
all con"gurations of C. This is to be contrasted with the classical
residuation 𝑂 · C, which discards con"gurations of C that are not
above 𝑂 . Yet both symmetric and classical residuations coincide on
con"gurations above 𝑂 .

P!"#"$%&%"’ 3.4. Let C ↑ C𝐿 . For all !nite 𝑂 ↑ C, if 𝑄 ↑ 𝑂 · C
then 𝑄 ↑ 𝑂 ↖ C.
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con!ict where at most two events are permitted to trigger. Con"g-
uration C1 models a form of disjunctive causality: the event 𝐿 can
be observed provided event 𝑀 or event 𝑁 (or both) appeared "rst.
Lastly, con"guration C2 models the fact that events 𝑀 and 𝑁 are not
compatible unless 𝐿 is triggered.

→

{𝑀} {𝐿}{𝑁}

{𝑀,𝑁} {𝑁, 𝐿}{𝑀, 𝐿}

C0

→

{𝑀} {𝑁}

{𝑀,𝑁}{𝑀, 𝐿} {𝑁, 𝐿}

{𝑀,𝑁, 𝐿}

C1

→

{𝑀} {𝑁}{𝐿}

{𝑀, 𝐿} {𝑁, 𝐿}

{𝑀,𝑁, 𝐿}

C2

Con"guration structures can be equipped with an operation
of residuation [6], which describes which con"gurations remain
reachable once a set of events has been triggered.

De!nition 2.2 (Residuation). Let C ↑ C𝐿 be con"guration struc-
ture. For all "nite 𝑂 ↑ C, we de"ne C↓ := 𝑂 · C where

C↓ = ↔𝑃, {𝑄 ↑ P(𝑃) | ↗𝑅 ↑ ↘C{𝑂} : 𝑄 = 𝑅\𝑂}≃
and where 𝑅\𝑂 := {𝑀 ↑ 𝑅 | 𝑀 ω 𝑂} is the classical set di#erence. We
call 𝑂 · C the residual of C after 𝑂 .

Since (P(𝑃),⇐) is a commutative monoid, residuation can be
understood as the action of a (partial) monoid on itself:

P!"#"$%&%"’ 2.3 (M"’"%( A)&%"’). The operator (·) : P!n (𝑃) ⇒
C𝐿 ⇑ C𝐿 is a monoid action on con!guration structures, i.e.:

• for all con!gurations 𝑂 , 𝑅, if 𝑅 ↑ C and 𝑂 ↑ 𝑅 · C then
𝑂 · (𝑅 · C) = (𝑂 ⇐ 𝑅) · C.

• → · C = C.

P!""*. Each con"guration 𝑆 ↑ 𝑂 · (𝑅 · C) is of the form 𝑆 =
(𝑄\𝑅)\𝑂 = 𝑄\(𝑂 ⇐𝑅) for some 𝑄 ↑ C. So 𝑆 ↑ 𝑂 · (𝑅 ·C) is equivalent
to 𝑆 ↑ (𝑂 ⇐ 𝑅) · C. That → · C = C is a direct consequence of the
de"nition of the residuation operation. ⊋

Example 2.4. We give below the residuals of the con"gurations
of Example 2.1 after {𝑁}. Notice that each con"guration residual can
still trigger the events 𝑀 and 𝐿 , but in a con!icting (C↓

0), independent
(C↓

1) or sequential manner (C↓
2).

→

{𝑀} {𝐿}

C↓
0 := {𝑁} · C0

→

{𝑀} {𝐿}

{𝑀, 𝐿}

C↓
1 := {𝑁} · C1

→

{𝐿}
{𝑀, 𝐿}

C↓
2 := {𝑁} · C2

3 Symmetric residuation
Con"guration structures come with a natural notion of abstract
time, in which the empty con"guration is the “present” state , and
the other con"gurations represent potential futures, two futures
𝑂 and 𝑅 being compatible when

⊔{𝑂,𝑅} exists. Following this in-
tuition, and incorporating reversed computations in the picture,

some futures could actually be reached by performing a “back-
ward” transition. Suppose for instance that a system in its original
state can perform 𝑀 or 𝑁 (but not both). This would be modeled
by the con"guration structure C = ↔{𝑀,𝑁}, {→, {𝑀}, {𝑁}}≃. Assum-
ing computations are reversible, the residual of this structure after
{𝑀} should be C↓ = ↔{𝑀⇓,𝑁}, {→, {𝑀⇓}, {𝑀⇓,𝑁}}≃ in which the “new”
present state sees two futures: one in which the event 𝑀 is undone,
and one in which 𝑁 can be observed provided 𝑀 is undone. To "x
the intuition we wrote 𝑀⇓ to indicate a “negative” event, but since
con"guration structures are just sets of events, C↓ is equivalent to
C↓↓ = ↔{𝑀,𝑁}, {→, {𝑀}, {𝑀,𝑁}}≃. This implies that the direction of an
event must be provided by some information that is not given by
the structure itself, but rather by its residuation history: event 𝑀 is
backward in C↓↓ because C↓↓ was obtained as the residual of C after
{𝑀}, a con"guration that also contains 𝑀.

In order to make these intuitions formal, we "rst introduce an
operation of symmetric residuation, a generalization of the residu-
ation of De"nition 2.2, which takes care of producing the causal
structure of reversible computations. We introduce backward and
forward events in Section 4.

Recall that ⫅̸, the symmetric set di#erence, is de"ned as

𝑂 ⫅̸ 𝑅 := (𝑂 ⇐ 𝑅)\(𝑂 ⇔ 𝑅) (1)

Property 3.1. Any power set equipped with the symmetric di#er-
ence forms an abelian group.

In particular (P(𝑃),⫅̸) has an abelian group structure, where
every event is its own inverse. Its action on con"guration structures
generates orbits that provide the mathematical foundations on
which we will model reversible computations.

De!nition 3.2 (Symmetric Residuation). Let C ↑ C𝐿 be con"g-
uration structure. For all "nite 𝑂 ↑ C, we de"ne C↓ := 𝑂 ↖ C
where

C↓ = ↔𝑃, {𝑄 ↑ P(𝑃) | ↗𝑅 ↑ C : 𝑄 = 𝑅 ⫅̸ 𝑂}≃

P!"#"$%&%"’ 3.3 (G!"+# A)&%"’). The operator (↖) : P!n (𝑃) ⇒
C𝐿 ⇑ C𝐿 is a group action on con!guration structures, i.e.:

• for all !nite con!gurations 𝑂 , 𝑅, if 𝑂 ↑ C and 𝑅 ↑ 𝑂 ↖ C,
then 𝑂 ↖ (𝑅 ↖ C) = (𝑂 ⫅̸ 𝑅) ↖ C.

• → ↖ C = C.

P!""*. We need to show that 𝑂 ⫅̸ 𝑅 is a con"guration of C. If
𝑂 ↖ (𝑅 ↖ C) is de"ned, then 𝑅 is a con"guration of C and 𝑂 is
a con"guration of 𝑅 ↖ C. Now all con"gurations of 𝑅 ↖ C must
be of the form 𝑅 ⫅̸ 𝑄 for some con"guration 𝑄 of C. Therefore
𝑂 = 𝑅 ⫅̸ 𝑄 and thus, 𝑂 ⫅̸ 𝑅 = (𝑅 ⫅̸ 𝑄) ⫅̸ 𝑅 = 𝑄 ⫅̸ (𝑅 ⫅̸ 𝑅) = 𝑄 using
Property 3.1. It entails that 𝑂 ⫅̸ 𝑅 is indeed a con"guration of C.

The fact that → ↖ C = C is a consequence of → being the neutral
element for the group (P(𝑃),⫅̸). ⊋

Notice that symmetric residuation 𝑂 ↖ C acts uniformly on
all con"gurations of C. This is to be contrasted with the classical
residuation 𝑂 · C, which discards con"gurations of C that are not
above 𝑂 . Yet both symmetric and classical residuations coincide on
con"gurations above 𝑂 .

P!"#"$%&%"’ 3.4. Let C ↑ C𝐿 . For all !nite 𝑂 ↑ C, if 𝑄 ↑ 𝑂 · C
then 𝑄 ↑ 𝑂 ↖ C.
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con!ict where at most two events are permitted to trigger. Con"g-
uration C1 models a form of disjunctive causality: the event 𝐿 can
be observed provided event 𝑀 or event 𝑁 (or both) appeared "rst.
Lastly, con"guration C2 models the fact that events 𝑀 and 𝑁 are not
compatible unless 𝐿 is triggered.

→

{𝑀} {𝐿}{𝑁}

{𝑀,𝑁} {𝑁, 𝐿}{𝑀, 𝐿}

C0

→

{𝑀} {𝑁}

{𝑀,𝑁}{𝑀, 𝐿} {𝑁, 𝐿}

{𝑀,𝑁, 𝐿}

C1

→

{𝑀} {𝑁}{𝐿}

{𝑀, 𝐿} {𝑁, 𝐿}

{𝑀,𝑁, 𝐿}

C2

Con"guration structures can be equipped with an operation
of residuation [6], which describes which con"gurations remain
reachable once a set of events has been triggered.

De!nition 2.2 (Residuation). Let C ↑ C𝐿 be con"guration struc-
ture. For all "nite 𝑂 ↑ C, we de"ne C↓ := 𝑂 · C where

C↓ = ↔𝑃, {𝑄 ↑ P(𝑃) | ↗𝑅 ↑ ↘C{𝑂} : 𝑄 = 𝑅\𝑂}≃
and where 𝑅\𝑂 := {𝑀 ↑ 𝑅 | 𝑀 ω 𝑂} is the classical set di#erence. We
call 𝑂 · C the residual of C after 𝑂 .

Since (P(𝑃),⇐) is a commutative monoid, residuation can be
understood as the action of a (partial) monoid on itself:

P!"#"$%&%"’ 2.3 (M"’"%( A)&%"’). The operator (·) : P!n (𝑃) ⇒
C𝐿 ⇑ C𝐿 is a monoid action on con!guration structures, i.e.:

• for all con!gurations 𝑂 , 𝑅, if 𝑅 ↑ C and 𝑂 ↑ 𝑅 · C then
𝑂 · (𝑅 · C) = (𝑂 ⇐ 𝑅) · C.

• → · C = C.

P!""*. Each con"guration 𝑆 ↑ 𝑂 · (𝑅 · C) is of the form 𝑆 =
(𝑄\𝑅)\𝑂 = 𝑄\(𝑂 ⇐𝑅) for some 𝑄 ↑ C. So 𝑆 ↑ 𝑂 · (𝑅 ·C) is equivalent
to 𝑆 ↑ (𝑂 ⇐ 𝑅) · C. That → · C = C is a direct consequence of the
de"nition of the residuation operation. ⊋

Example 2.4. We give below the residuals of the con"gurations
of Example 2.1 after {𝑁}. Notice that each con"guration residual can
still trigger the events 𝑀 and 𝐿 , but in a con!icting (C↓

0), independent
(C↓

1) or sequential manner (C↓
2).

→

{𝑀} {𝐿}

C↓
0 := {𝑁} · C0

→

{𝑀} {𝐿}

{𝑀, 𝐿}

C↓
1 := {𝑁} · C1

→

{𝐿}
{𝑀, 𝐿}

C↓
2 := {𝑁} · C2

3 Symmetric residuation
Con"guration structures come with a natural notion of abstract
time, in which the empty con"guration is the “present” state , and
the other con"gurations represent potential futures, two futures
𝑂 and 𝑅 being compatible when

⊔{𝑂,𝑅} exists. Following this in-
tuition, and incorporating reversed computations in the picture,

some futures could actually be reached by performing a “back-
ward” transition. Suppose for instance that a system in its original
state can perform 𝑀 or 𝑁 (but not both). This would be modeled
by the con"guration structure C = ↔{𝑀,𝑁}, {→, {𝑀}, {𝑁}}≃. Assum-
ing computations are reversible, the residual of this structure after
{𝑀} should be C↓ = ↔{𝑀⇓,𝑁}, {→, {𝑀⇓}, {𝑀⇓,𝑁}}≃ in which the “new”
present state sees two futures: one in which the event 𝑀 is undone,
and one in which 𝑁 can be observed provided 𝑀 is undone. To "x
the intuition we wrote 𝑀⇓ to indicate a “negative” event, but since
con"guration structures are just sets of events, C↓ is equivalent to
C↓↓ = ↔{𝑀,𝑁}, {→, {𝑀}, {𝑀,𝑁}}≃. This implies that the direction of an
event must be provided by some information that is not given by
the structure itself, but rather by its residuation history: event 𝑀 is
backward in C↓↓ because C↓↓ was obtained as the residual of C after
{𝑀}, a con"guration that also contains 𝑀.

In order to make these intuitions formal, we "rst introduce an
operation of symmetric residuation, a generalization of the residu-
ation of De"nition 2.2, which takes care of producing the causal
structure of reversible computations. We introduce backward and
forward events in Section 4.

Recall that ⫅̸, the symmetric set di#erence, is de"ned as

𝑂 ⫅̸ 𝑅 := (𝑂 ⇐ 𝑅)\(𝑂 ⇔ 𝑅) (1)

Property 3.1. Any power set equipped with the symmetric di#er-
ence forms an abelian group.

In particular (P(𝑃),⫅̸) has an abelian group structure, where
every event is its own inverse. Its action on con"guration structures
generates orbits that provide the mathematical foundations on
which we will model reversible computations.

De!nition 3.2 (Symmetric Residuation). Let C ↑ C𝐿 be con"g-
uration structure. For all "nite 𝑂 ↑ C, we de"ne C↓ := 𝑂 ↖ C
where

C↓ = ↔𝑃, {𝑄 ↑ P(𝑃) | ↗𝑅 ↑ C : 𝑄 = 𝑅 ⫅̸ 𝑂}≃

P!"#"$%&%"’ 3.3 (G!"+# A)&%"’). The operator (↖) : P!n (𝑃) ⇒
C𝐿 ⇑ C𝐿 is a group action on con!guration structures, i.e.:

• for all !nite con!gurations 𝑂 , 𝑅, if 𝑂 ↑ C and 𝑅 ↑ 𝑂 ↖ C,
then 𝑂 ↖ (𝑅 ↖ C) = (𝑂 ⫅̸ 𝑅) ↖ C.

• → ↖ C = C.

P!""*. We need to show that 𝑂 ⫅̸ 𝑅 is a con"guration of C. If
𝑂 ↖ (𝑅 ↖ C) is de"ned, then 𝑅 is a con"guration of C and 𝑂 is
a con"guration of 𝑅 ↖ C. Now all con"gurations of 𝑅 ↖ C must
be of the form 𝑅 ⫅̸ 𝑄 for some con"guration 𝑄 of C. Therefore
𝑂 = 𝑅 ⫅̸ 𝑄 and thus, 𝑂 ⫅̸ 𝑅 = (𝑅 ⫅̸ 𝑄) ⫅̸ 𝑅 = 𝑄 ⫅̸ (𝑅 ⫅̸ 𝑅) = 𝑄 using
Property 3.1. It entails that 𝑂 ⫅̸ 𝑅 is indeed a con"guration of C.

The fact that → ↖ C = C is a consequence of → being the neutral
element for the group (P(𝑃),⫅̸). ⊋

Notice that symmetric residuation 𝑂 ↖ C acts uniformly on
all con"gurations of C. This is to be contrasted with the classical
residuation 𝑂 · C, which discards con"gurations of C that are not
above 𝑂 . Yet both symmetric and classical residuations coincide on
con"gurations above 𝑂 .

P!"#"$%&%"’ 3.4. Let C ↑ C𝐿 . For all !nite 𝑂 ↑ C, if 𝑄 ↑ 𝑂 · C
then 𝑄 ↑ 𝑂 ↖ C.
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con!ict where at most two events are permitted to trigger. Con"g-
uration C1 models a form of disjunctive causality: the event 𝐿 can
be observed provided event 𝑀 or event 𝑁 (or both) appeared "rst.
Lastly, con"guration C2 models the fact that events 𝑀 and 𝑁 are not
compatible unless 𝐿 is triggered.

→

{𝑀} {𝐿}{𝑁}

{𝑀,𝑁} {𝑁, 𝐿}{𝑀, 𝐿}

C0

→

{𝑀} {𝑁}

{𝑀,𝑁}{𝑀, 𝐿} {𝑁, 𝐿}

{𝑀,𝑁, 𝐿}

C1

→

{𝑀} {𝑁}{𝐿}

{𝑀, 𝐿} {𝑁, 𝐿}

{𝑀,𝑁, 𝐿}

C2

Con"guration structures can be equipped with an operation
of residuation [6], which describes which con"gurations remain
reachable once a set of events has been triggered.

De!nition 2.2 (Residuation). Let C ↑ C𝐿 be con"guration struc-
ture. For all "nite 𝑂 ↑ C, we de"ne C↓ := 𝑂 · C where

C↓ = ↔𝑃, {𝑄 ↑ P(𝑃) | ↗𝑅 ↑ ↘C{𝑂} : 𝑄 = 𝑅\𝑂}≃
and where 𝑅\𝑂 := {𝑀 ↑ 𝑅 | 𝑀 ω 𝑂} is the classical set di#erence. We
call 𝑂 · C the residual of C after 𝑂 .

Since (P(𝑃),⇐) is a commutative monoid, residuation can be
understood as the action of a (partial) monoid on itself:

P!"#"$%&%"’ 2.3 (M"’"%( A)&%"’). The operator (·) : P!n (𝑃) ⇒
C𝐿 ⇑ C𝐿 is a monoid action on con!guration structures, i.e.:

• for all con!gurations 𝑂 , 𝑅, if 𝑅 ↑ C and 𝑂 ↑ 𝑅 · C then
𝑂 · (𝑅 · C) = (𝑂 ⇐ 𝑅) · C.

• → · C = C.

P!""*. Each con"guration 𝑆 ↑ 𝑂 · (𝑅 · C) is of the form 𝑆 =
(𝑄\𝑅)\𝑂 = 𝑄\(𝑂 ⇐𝑅) for some 𝑄 ↑ C. So 𝑆 ↑ 𝑂 · (𝑅 ·C) is equivalent
to 𝑆 ↑ (𝑂 ⇐ 𝑅) · C. That → · C = C is a direct consequence of the
de"nition of the residuation operation. ⊋

Example 2.4. We give below the residuals of the con"gurations
of Example 2.1 after {𝑁}. Notice that each con"guration residual can
still trigger the events 𝑀 and 𝐿 , but in a con!icting (C↓

0), independent
(C↓

1) or sequential manner (C↓
2).

→

{𝑀} {𝐿}

C↓
0 := {𝑁} · C0

→

{𝑀} {𝐿}

{𝑀, 𝐿}

C↓
1 := {𝑁} · C1

→

{𝐿}
{𝑀, 𝐿}

C↓
2 := {𝑁} · C2

3 Symmetric residuation
Con"guration structures come with a natural notion of abstract
time, in which the empty con"guration is the “present” state , and
the other con"gurations represent potential futures, two futures
𝑂 and 𝑅 being compatible when

⊔{𝑂,𝑅} exists. Following this in-
tuition, and incorporating reversed computations in the picture,

some futures could actually be reached by performing a “back-
ward” transition. Suppose for instance that a system in its original
state can perform 𝑀 or 𝑁 (but not both). This would be modeled
by the con"guration structure C = ↔{𝑀,𝑁}, {→, {𝑀}, {𝑁}}≃. Assum-
ing computations are reversible, the residual of this structure after
{𝑀} should be C↓ = ↔{𝑀⇓,𝑁}, {→, {𝑀⇓}, {𝑀⇓,𝑁}}≃ in which the “new”
present state sees two futures: one in which the event 𝑀 is undone,
and one in which 𝑁 can be observed provided 𝑀 is undone. To "x
the intuition we wrote 𝑀⇓ to indicate a “negative” event, but since
con"guration structures are just sets of events, C↓ is equivalent to
C↓↓ = ↔{𝑀,𝑁}, {→, {𝑀}, {𝑀,𝑁}}≃. This implies that the direction of an
event must be provided by some information that is not given by
the structure itself, but rather by its residuation history: event 𝑀 is
backward in C↓↓ because C↓↓ was obtained as the residual of C after
{𝑀}, a con"guration that also contains 𝑀.

In order to make these intuitions formal, we "rst introduce an
operation of symmetric residuation, a generalization of the residu-
ation of De"nition 2.2, which takes care of producing the causal
structure of reversible computations. We introduce backward and
forward events in Section 4.

Recall that ⫅̸, the symmetric set di#erence, is de"ned as

𝑂 ⫅̸ 𝑅 := (𝑂 ⇐ 𝑅)\(𝑂 ⇔ 𝑅) (1)

Property 3.1. Any power set equipped with the symmetric di#er-
ence forms an abelian group.

In particular (P(𝑃),⫅̸) has an abelian group structure, where
every event is its own inverse. Its action on con"guration structures
generates orbits that provide the mathematical foundations on
which we will model reversible computations.

De!nition 3.2 (Symmetric Residuation). Let C ↑ C𝐿 be con"g-
uration structure. For all "nite 𝑂 ↑ C, we de"ne C↓ := 𝑂 ↖ C
where

C↓ = ↔𝑃, {𝑄 ↑ P(𝑃) | ↗𝑅 ↑ C : 𝑄 = 𝑅 ⫅̸ 𝑂}≃

P!"#"$%&%"’ 3.3 (G!"+# A)&%"’). The operator (↖) : P!n (𝑃) ⇒
C𝐿 ⇑ C𝐿 is a group action on con!guration structures, i.e.:

• for all !nite con!gurations 𝑂 , 𝑅, if 𝑂 ↑ C and 𝑅 ↑ 𝑂 ↖ C,
then 𝑂 ↖ (𝑅 ↖ C) = (𝑂 ⫅̸ 𝑅) ↖ C.

• → ↖ C = C.

P!""*. We need to show that 𝑂 ⫅̸ 𝑅 is a con"guration of C. If
𝑂 ↖ (𝑅 ↖ C) is de"ned, then 𝑅 is a con"guration of C and 𝑂 is
a con"guration of 𝑅 ↖ C. Now all con"gurations of 𝑅 ↖ C must
be of the form 𝑅 ⫅̸ 𝑄 for some con"guration 𝑄 of C. Therefore
𝑂 = 𝑅 ⫅̸ 𝑄 and thus, 𝑂 ⫅̸ 𝑅 = (𝑅 ⫅̸ 𝑄) ⫅̸ 𝑅 = 𝑄 ⫅̸ (𝑅 ⫅̸ 𝑅) = 𝑄 using
Property 3.1. It entails that 𝑂 ⫅̸ 𝑅 is indeed a con"guration of C.

The fact that → ↖ C = C is a consequence of → being the neutral
element for the group (P(𝑃),⫅̸). ⊋

Notice that symmetric residuation 𝑂 ↖ C acts uniformly on
all con"gurations of C. This is to be contrasted with the classical
residuation 𝑂 · C, which discards con"gurations of C that are not
above 𝑂 . Yet both symmetric and classical residuations coincide on
con"gurations above 𝑂 .

P!"#"$%&%"’ 3.4. Let C ↑ C𝐿 . For all !nite 𝑂 ↑ C, if 𝑄 ↑ 𝑂 · C
then 𝑄 ↑ 𝑂 ↖ C.
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con!ict where at most two events are permitted to trigger. Con"g-
uration C1 models a form of disjunctive causality: the event 𝐿 can
be observed provided event 𝑀 or event 𝑁 (or both) appeared "rst.
Lastly, con"guration C2 models the fact that events 𝑀 and 𝑁 are not
compatible unless 𝐿 is triggered.

→

{𝑀} {𝐿}{𝑁}

{𝑀,𝑁} {𝑁, 𝐿}{𝑀, 𝐿}

C0

→

{𝑀} {𝑁}

{𝑀,𝑁}{𝑀, 𝐿} {𝑁, 𝐿}

{𝑀,𝑁, 𝐿}

C1

→

{𝑀} {𝑁}{𝐿}

{𝑀, 𝐿} {𝑁, 𝐿}

{𝑀,𝑁, 𝐿}

C2

Con"guration structures can be equipped with an operation
of residuation [6], which describes which con"gurations remain
reachable once a set of events has been triggered.

De!nition 2.2 (Residuation). Let C ↑ C𝐿 be con"guration struc-
ture. For all "nite 𝑂 ↑ C, we de"ne C↓ := 𝑂 · C where

C↓ = ↔𝑃, {𝑄 ↑ P(𝑃) | ↗𝑅 ↑ ↘C{𝑂} : 𝑄 = 𝑅\𝑂}≃
and where 𝑅\𝑂 := {𝑀 ↑ 𝑅 | 𝑀 ω 𝑂} is the classical set di#erence. We
call 𝑂 · C the residual of C after 𝑂 .

Since (P(𝑃),⇐) is a commutative monoid, residuation can be
understood as the action of a (partial) monoid on itself:

P!"#"$%&%"’ 2.3 (M"’"%( A)&%"’). The operator (·) : P!n (𝑃) ⇒
C𝐿 ⇑ C𝐿 is a monoid action on con!guration structures, i.e.:

• for all con!gurations 𝑂 , 𝑅, if 𝑅 ↑ C and 𝑂 ↑ 𝑅 · C then
𝑂 · (𝑅 · C) = (𝑂 ⇐ 𝑅) · C.

• → · C = C.

P!""*. Each con"guration 𝑆 ↑ 𝑂 · (𝑅 · C) is of the form 𝑆 =
(𝑄\𝑅)\𝑂 = 𝑄\(𝑂 ⇐𝑅) for some 𝑄 ↑ C. So 𝑆 ↑ 𝑂 · (𝑅 ·C) is equivalent
to 𝑆 ↑ (𝑂 ⇐ 𝑅) · C. That → · C = C is a direct consequence of the
de"nition of the residuation operation. ⊋

Example 2.4. We give below the residuals of the con"gurations
of Example 2.1 after {𝑁}. Notice that each con"guration residual can
still trigger the events 𝑀 and 𝐿 , but in a con!icting (C↓

0), independent
(C↓

1) or sequential manner (C↓
2).

→

{𝑀} {𝐿}

C↓
0 := {𝑁} · C0

→

{𝑀} {𝐿}

{𝑀, 𝐿}

C↓
1 := {𝑁} · C1

→

{𝐿}
{𝑀, 𝐿}

C↓
2 := {𝑁} · C2

3 Symmetric residuation
Con"guration structures come with a natural notion of abstract
time, in which the empty con"guration is the “present” state , and
the other con"gurations represent potential futures, two futures
𝑂 and 𝑅 being compatible when

⊔{𝑂,𝑅} exists. Following this in-
tuition, and incorporating reversed computations in the picture,

some futures could actually be reached by performing a “back-
ward” transition. Suppose for instance that a system in its original
state can perform 𝑀 or 𝑁 (but not both). This would be modeled
by the con"guration structure C = ↔{𝑀,𝑁}, {→, {𝑀}, {𝑁}}≃. Assum-
ing computations are reversible, the residual of this structure after
{𝑀} should be C↓ = ↔{𝑀⇓,𝑁}, {→, {𝑀⇓}, {𝑀⇓,𝑁}}≃ in which the “new”
present state sees two futures: one in which the event 𝑀 is undone,
and one in which 𝑁 can be observed provided 𝑀 is undone. To "x
the intuition we wrote 𝑀⇓ to indicate a “negative” event, but since
con"guration structures are just sets of events, C↓ is equivalent to
C↓↓ = ↔{𝑀,𝑁}, {→, {𝑀}, {𝑀,𝑁}}≃. This implies that the direction of an
event must be provided by some information that is not given by
the structure itself, but rather by its residuation history: event 𝑀 is
backward in C↓↓ because C↓↓ was obtained as the residual of C after
{𝑀}, a con"guration that also contains 𝑀.

In order to make these intuitions formal, we "rst introduce an
operation of symmetric residuation, a generalization of the residu-
ation of De"nition 2.2, which takes care of producing the causal
structure of reversible computations. We introduce backward and
forward events in Section 4.

Recall that ⫅̸, the symmetric set di#erence, is de"ned as

𝑂 ⫅̸ 𝑅 := (𝑂 ⇐ 𝑅)\(𝑂 ⇔ 𝑅) (1)

Property 3.1. Any power set equipped with the symmetric di#er-
ence forms an abelian group.

In particular (P(𝑃),⫅̸) has an abelian group structure, where
every event is its own inverse. Its action on con"guration structures
generates orbits that provide the mathematical foundations on
which we will model reversible computations.

De!nition 3.2 (Symmetric Residuation). Let C ↑ C𝐿 be con"g-
uration structure. For all "nite 𝑂 ↑ C, we de"ne C↓ := 𝑂 ↖ C
where

C↓ = ↔𝑃, {𝑄 ↑ P(𝑃) | ↗𝑅 ↑ C : 𝑄 = 𝑅 ⫅̸ 𝑂}≃

P!"#"$%&%"’ 3.3 (G!"+# A)&%"’). The operator (↖) : P!n (𝑃) ⇒
C𝐿 ⇑ C𝐿 is a group action on con!guration structures, i.e.:

• for all !nite con!gurations 𝑂 , 𝑅, if 𝑂 ↑ C and 𝑅 ↑ 𝑂 ↖ C,
then 𝑂 ↖ (𝑅 ↖ C) = (𝑂 ⫅̸ 𝑅) ↖ C.

• → ↖ C = C.

P!""*. We need to show that 𝑂 ⫅̸ 𝑅 is a con"guration of C. If
𝑂 ↖ (𝑅 ↖ C) is de"ned, then 𝑅 is a con"guration of C and 𝑂 is
a con"guration of 𝑅 ↖ C. Now all con"gurations of 𝑅 ↖ C must
be of the form 𝑅 ⫅̸ 𝑄 for some con"guration 𝑄 of C. Therefore
𝑂 = 𝑅 ⫅̸ 𝑄 and thus, 𝑂 ⫅̸ 𝑅 = (𝑅 ⫅̸ 𝑄) ⫅̸ 𝑅 = 𝑄 ⫅̸ (𝑅 ⫅̸ 𝑅) = 𝑄 using
Property 3.1. It entails that 𝑂 ⫅̸ 𝑅 is indeed a con"guration of C.

The fact that → ↖ C = C is a consequence of → being the neutral
element for the group (P(𝑃),⫅̸). ⊋

Notice that symmetric residuation 𝑂 ↖ C acts uniformly on
all con"gurations of C. This is to be contrasted with the classical
residuation 𝑂 · C, which discards con"gurations of C that are not
above 𝑂 . Yet both symmetric and classical residuations coincide on
con"gurations above 𝑂 .

P!"#"$%&%"’ 3.4. Let C ↑ C𝐿 . For all !nite 𝑂 ↑ C, if 𝑄 ↑ 𝑂 · C
then 𝑄 ↑ 𝑂 ↖ C.
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con!ict where at most two events are permitted to trigger. Con"g-
uration C1 models a form of disjunctive causality: the event 𝐿 can
be observed provided event 𝑀 or event 𝑁 (or both) appeared "rst.
Lastly, con"guration C2 models the fact that events 𝑀 and 𝑁 are not
compatible unless 𝐿 is triggered.

→

{𝑀} {𝐿}{𝑁}

{𝑀,𝑁} {𝑁, 𝐿}{𝑀, 𝐿}

C0

→

{𝑀} {𝑁}

{𝑀,𝑁}{𝑀, 𝐿} {𝑁, 𝐿}

{𝑀,𝑁, 𝐿}

C1

→

{𝑀} {𝑁}{𝐿}

{𝑀, 𝐿} {𝑁, 𝐿}

{𝑀,𝑁, 𝐿}

C2

Con"guration structures can be equipped with an operation
of residuation [6], which describes which con"gurations remain
reachable once a set of events has been triggered.

De!nition 2.2 (Residuation). Let C ↑ C𝐿 be con"guration struc-
ture. For all "nite 𝑂 ↑ C, we de"ne C↓ := 𝑂 · C where

C↓ = ↔𝑃, {𝑄 ↑ P(𝑃) | ↗𝑅 ↑ ↘C{𝑂} : 𝑄 = 𝑅\𝑂}≃
and where 𝑅\𝑂 := {𝑀 ↑ 𝑅 | 𝑀 ω 𝑂} is the classical set di#erence. We
call 𝑂 · C the residual of C after 𝑂 .

Since (P(𝑃),⇐) is a commutative monoid, residuation can be
understood as the action of a (partial) monoid on itself:

P!"#"$%&%"’ 2.3 (M"’"%( A)&%"’). The operator (·) : P!n (𝑃) ⇒
C𝐿 ⇑ C𝐿 is a monoid action on con!guration structures, i.e.:

• for all con!gurations 𝑂 , 𝑅, if 𝑅 ↑ C and 𝑂 ↑ 𝑅 · C then
𝑂 · (𝑅 · C) = (𝑂 ⇐ 𝑅) · C.

• → · C = C.

P!""*. Each con"guration 𝑆 ↑ 𝑂 · (𝑅 · C) is of the form 𝑆 =
(𝑄\𝑅)\𝑂 = 𝑄\(𝑂 ⇐𝑅) for some 𝑄 ↑ C. So 𝑆 ↑ 𝑂 · (𝑅 ·C) is equivalent
to 𝑆 ↑ (𝑂 ⇐ 𝑅) · C. That → · C = C is a direct consequence of the
de"nition of the residuation operation. ⊋

Example 2.4. We give below the residuals of the con"gurations
of Example 2.1 after {𝑁}. Notice that each con"guration residual can
still trigger the events 𝑀 and 𝐿 , but in a con!icting (C↓

0), independent
(C↓

1) or sequential manner (C↓
2).

→

{𝑀} {𝐿}

C↓
0 := {𝑁} · C0

→

{𝑀} {𝐿}

{𝑀, 𝐿}

C↓
1 := {𝑁} · C1

→

{𝐿}
{𝑀, 𝐿}

C↓
2 := {𝑁} · C2

3 Symmetric residuation
Con"guration structures come with a natural notion of abstract
time, in which the empty con"guration is the “present” state , and
the other con"gurations represent potential futures, two futures
𝑂 and 𝑅 being compatible when

⊔{𝑂,𝑅} exists. Following this in-
tuition, and incorporating reversed computations in the picture,

some futures could actually be reached by performing a “back-
ward” transition. Suppose for instance that a system in its original
state can perform 𝑀 or 𝑁 (but not both). This would be modeled
by the con"guration structure C = ↔{𝑀,𝑁}, {→, {𝑀}, {𝑁}}≃. Assum-
ing computations are reversible, the residual of this structure after
{𝑀} should be C↓ = ↔{𝑀⇓,𝑁}, {→, {𝑀⇓}, {𝑀⇓,𝑁}}≃ in which the “new”
present state sees two futures: one in which the event 𝑀 is undone,
and one in which 𝑁 can be observed provided 𝑀 is undone. To "x
the intuition we wrote 𝑀⇓ to indicate a “negative” event, but since
con"guration structures are just sets of events, C↓ is equivalent to
C↓↓ = ↔{𝑀,𝑁}, {→, {𝑀}, {𝑀,𝑁}}≃. This implies that the direction of an
event must be provided by some information that is not given by
the structure itself, but rather by its residuation history: event 𝑀 is
backward in C↓↓ because C↓↓ was obtained as the residual of C after
{𝑀}, a con"guration that also contains 𝑀.

In order to make these intuitions formal, we "rst introduce an
operation of symmetric residuation, a generalization of the residu-
ation of De"nition 2.2, which takes care of producing the causal
structure of reversible computations. We introduce backward and
forward events in Section 4.

Recall that ⫅̸, the symmetric set di#erence, is de"ned as

𝑂 ⫅̸ 𝑅 := (𝑂 ⇐ 𝑅)\(𝑂 ⇔ 𝑅) (1)

Property 3.1. Any power set equipped with the symmetric di#er-
ence forms an abelian group.

In particular (P(𝑃),⫅̸) has an abelian group structure, where
every event is its own inverse. Its action on con"guration structures
generates orbits that provide the mathematical foundations on
which we will model reversible computations.

De!nition 3.2 (Symmetric Residuation). Let C ↑ C𝐿 be con"g-
uration structure. For all "nite 𝑂 ↑ C, we de"ne C↓ := 𝑂 ↖ C
where

C↓ = ↔𝑃, {𝑄 ↑ P(𝑃) | ↗𝑅 ↑ C : 𝑄 = 𝑅 ⫅̸ 𝑂}≃

P!"#"$%&%"’ 3.3 (G!"+# A)&%"’). The operator (↖) : P!n (𝑃) ⇒
C𝐿 ⇑ C𝐿 is a group action on con!guration structures, i.e.:

• for all !nite con!gurations 𝑂 , 𝑅, if 𝑂 ↑ C and 𝑅 ↑ 𝑂 ↖ C,
then 𝑂 ↖ (𝑅 ↖ C) = (𝑂 ⫅̸ 𝑅) ↖ C.

• → ↖ C = C.

P!""*. We need to show that 𝑂 ⫅̸ 𝑅 is a con"guration of C. If
𝑂 ↖ (𝑅 ↖ C) is de"ned, then 𝑅 is a con"guration of C and 𝑂 is
a con"guration of 𝑅 ↖ C. Now all con"gurations of 𝑅 ↖ C must
be of the form 𝑅 ⫅̸ 𝑄 for some con"guration 𝑄 of C. Therefore
𝑂 = 𝑅 ⫅̸ 𝑄 and thus, 𝑂 ⫅̸ 𝑅 = (𝑅 ⫅̸ 𝑄) ⫅̸ 𝑅 = 𝑄 ⫅̸ (𝑅 ⫅̸ 𝑅) = 𝑄 using
Property 3.1. It entails that 𝑂 ⫅̸ 𝑅 is indeed a con"guration of C.

The fact that → ↖ C = C is a consequence of → being the neutral
element for the group (P(𝑃),⫅̸). ⊋

Notice that symmetric residuation 𝑂 ↖ C acts uniformly on
all con"gurations of C. This is to be contrasted with the classical
residuation 𝑂 · C, which discards con"gurations of C that are not
above 𝑂 . Yet both symmetric and classical residuations coincide on
con"gurations above 𝑂 .

P!"#"$%&%"’ 3.4. Let C ↑ C𝐿 . For all !nite 𝑂 ↑ C, if 𝑄 ↑ 𝑂 · C
then 𝑄 ↑ 𝑂 ↖ C.
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con!ict where at most two events are permitted to trigger. Con"g-
uration C1 models a form of disjunctive causality: the event 𝐿 can
be observed provided event 𝑀 or event 𝑁 (or both) appeared "rst.
Lastly, con"guration C2 models the fact that events 𝑀 and 𝑁 are not
compatible unless 𝐿 is triggered.

→

{𝑀} {𝐿}{𝑁}

{𝑀,𝑁} {𝑁, 𝐿}{𝑀, 𝐿}

C0

→

{𝑀} {𝑁}

{𝑀,𝑁}{𝑀, 𝐿} {𝑁, 𝐿}

{𝑀,𝑁, 𝐿}

C1

→

{𝑀} {𝑁}{𝐿}

{𝑀, 𝐿} {𝑁, 𝐿}

{𝑀,𝑁, 𝐿}

C2

Con"guration structures can be equipped with an operation
of residuation [6], which describes which con"gurations remain
reachable once a set of events has been triggered.

De!nition 2.2 (Residuation). Let C ↑ C𝐿 be con"guration struc-
ture. For all "nite 𝑂 ↑ C, we de"ne C↓ := 𝑂 · C where

C↓ = ↔𝑃, {𝑄 ↑ P(𝑃) | ↗𝑅 ↑ ↘C{𝑂} : 𝑄 = 𝑅\𝑂}≃
and where 𝑅\𝑂 := {𝑀 ↑ 𝑅 | 𝑀 ω 𝑂} is the classical set di#erence. We
call 𝑂 · C the residual of C after 𝑂 .

Since (P(𝑃),⇐) is a commutative monoid, residuation can be
understood as the action of a (partial) monoid on itself:

P!"#"$%&%"’ 2.3 (M"’"%( A)&%"’). The operator (·) : P!n (𝑃) ⇒
C𝐿 ⇑ C𝐿 is a monoid action on con!guration structures, i.e.:

• for all con!gurations 𝑂 , 𝑅, if 𝑅 ↑ C and 𝑂 ↑ 𝑅 · C then
𝑂 · (𝑅 · C) = (𝑂 ⇐ 𝑅) · C.

• → · C = C.

P!""*. Each con"guration 𝑆 ↑ 𝑂 · (𝑅 · C) is of the form 𝑆 =
(𝑄\𝑅)\𝑂 = 𝑄\(𝑂 ⇐𝑅) for some 𝑄 ↑ C. So 𝑆 ↑ 𝑂 · (𝑅 ·C) is equivalent
to 𝑆 ↑ (𝑂 ⇐ 𝑅) · C. That → · C = C is a direct consequence of the
de"nition of the residuation operation. ⊋

Example 2.4. We give below the residuals of the con"gurations
of Example 2.1 after {𝑁}. Notice that each con"guration residual can
still trigger the events 𝑀 and 𝐿 , but in a con!icting (C↓

0), independent
(C↓

1) or sequential manner (C↓
2).

→

{𝑀} {𝐿}

C↓
0 := {𝑁} · C0

→

{𝑀} {𝐿}

{𝑀, 𝐿}

C↓
1 := {𝑁} · C1

→

{𝐿}
{𝑀, 𝐿}

C↓
2 := {𝑁} · C2

3 Symmetric residuation
Con"guration structures come with a natural notion of abstract
time, in which the empty con"guration is the “present” state , and
the other con"gurations represent potential futures, two futures
𝑂 and 𝑅 being compatible when

⊔{𝑂,𝑅} exists. Following this in-
tuition, and incorporating reversed computations in the picture,

some futures could actually be reached by performing a “back-
ward” transition. Suppose for instance that a system in its original
state can perform 𝑀 or 𝑁 (but not both). This would be modeled
by the con"guration structure C = ↔{𝑀,𝑁}, {→, {𝑀}, {𝑁}}≃. Assum-
ing computations are reversible, the residual of this structure after
{𝑀} should be C↓ = ↔{𝑀⇓,𝑁}, {→, {𝑀⇓}, {𝑀⇓,𝑁}}≃ in which the “new”
present state sees two futures: one in which the event 𝑀 is undone,
and one in which 𝑁 can be observed provided 𝑀 is undone. To "x
the intuition we wrote 𝑀⇓ to indicate a “negative” event, but since
con"guration structures are just sets of events, C↓ is equivalent to
C↓↓ = ↔{𝑀,𝑁}, {→, {𝑀}, {𝑀,𝑁}}≃. This implies that the direction of an
event must be provided by some information that is not given by
the structure itself, but rather by its residuation history: event 𝑀 is
backward in C↓↓ because C↓↓ was obtained as the residual of C after
{𝑀}, a con"guration that also contains 𝑀.

In order to make these intuitions formal, we "rst introduce an
operation of symmetric residuation, a generalization of the residu-
ation of De"nition 2.2, which takes care of producing the causal
structure of reversible computations. We introduce backward and
forward events in Section 4.

Recall that ⫅̸, the symmetric set di#erence, is de"ned as

𝑂 ⫅̸ 𝑅 := (𝑂 ⇐ 𝑅)\(𝑂 ⇔ 𝑅) (1)

Property 3.1. Any power set equipped with the symmetric di#er-
ence forms an abelian group.

In particular (P(𝑃),⫅̸) has an abelian group structure, where
every event is its own inverse. Its action on con"guration structures
generates orbits that provide the mathematical foundations on
which we will model reversible computations.

De!nition 3.2 (Symmetric Residuation). Let C ↑ C𝐿 be con"g-
uration structure. For all "nite 𝑂 ↑ C, we de"ne C↓ := 𝑂 ↖ C
where

C↓ = ↔𝑃, {𝑄 ↑ P(𝑃) | ↗𝑅 ↑ C : 𝑄 = 𝑅 ⫅̸ 𝑂}≃

P!"#"$%&%"’ 3.3 (G!"+# A)&%"’). The operator (↖) : P!n (𝑃) ⇒
C𝐿 ⇑ C𝐿 is a group action on con!guration structures, i.e.:

• for all !nite con!gurations 𝑂 , 𝑅, if 𝑂 ↑ C and 𝑅 ↑ 𝑂 ↖ C,
then 𝑂 ↖ (𝑅 ↖ C) = (𝑂 ⫅̸ 𝑅) ↖ C.

• → ↖ C = C.

P!""*. We need to show that 𝑂 ⫅̸ 𝑅 is a con"guration of C. If
𝑂 ↖ (𝑅 ↖ C) is de"ned, then 𝑅 is a con"guration of C and 𝑂 is
a con"guration of 𝑅 ↖ C. Now all con"gurations of 𝑅 ↖ C must
be of the form 𝑅 ⫅̸ 𝑄 for some con"guration 𝑄 of C. Therefore
𝑂 = 𝑅 ⫅̸ 𝑄 and thus, 𝑂 ⫅̸ 𝑅 = (𝑅 ⫅̸ 𝑄) ⫅̸ 𝑅 = 𝑄 ⫅̸ (𝑅 ⫅̸ 𝑅) = 𝑄 using
Property 3.1. It entails that 𝑂 ⫅̸ 𝑅 is indeed a con"guration of C.

The fact that → ↖ C = C is a consequence of → being the neutral
element for the group (P(𝑃),⫅̸). ⊋

Notice that symmetric residuation 𝑂 ↖ C acts uniformly on
all con"gurations of C. This is to be contrasted with the classical
residuation 𝑂 · C, which discards con"gurations of C that are not
above 𝑂 . Yet both symmetric and classical residuations coincide on
con"gurations above 𝑂 .

P!"#"$%&%"’ 3.4. Let C ↑ C𝐿 . For all !nite 𝑂 ↑ C, if 𝑄 ↑ 𝑂 · C
then 𝑄 ↑ 𝑂 ↖ C.
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xΔy =def x\y ∪ y\x if  then x ⊆ y xΔy = y\x is a group(𝒫(E), Δ)
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Reversible computation

<latexit sha1_base64="2PR9RscPEuVLWqEMXlJ0T5cAIRw=">AAAB/3icbVC7TsMwFHV4lvAqMLJEVEhMVYJQYaxgYWwl+pCaqHKcm9aq40S2g6hCBmZW+AY2xMqn8An8BU6bAVqOdKWjc+617z1+wqhUtv1lrKyurW9sVrbM7Z3dvf3qwWFXxqkg0CExi0XfxxIY5dBRVDHoJwJw5DPo+ZObwu/dg5A05ndqmoAX4RGnISVYaan9MKzW7Lo9g7VMnJLUUInWsPrtBjFJI+CKMCzlwLET5WVYKEoY5KabSkgwmeARDDTlOALpZbNFc+tUK4EVxkIXV9ZM/T2R4UjKaeTrzgirsVz0CvE/b5Cq8MrLKE9SBZzMPwpTZqnYKq62AiqAKDbVBBNB9a4WGWOBidLZmG4AoUuiJHOLlwWwzH3Mc1Nn4ywmsUy653WnUW+0L2rN6zKlCjpGJ+gMOegSNdEtaqEOIgjQM3pBr8aT8Wa8Gx/z1hWjnDlCf2B8/gA7LZbT</latexit>x
<latexit sha1_base64="Yud7DpomxUAyAxOnMaiEOAqB8Gg=">AAAB/3icbVDLSsNAFJ3UV42vqks3g0VwVRKR6rLoxmUL9gFNKJPJTTt08mBmIoTYhWu3+g3uxK2f4if4F07aLLT1wIXDOffO3Hu8hDOpLOvLqKytb2xuVbfNnd29/YPa4VFPxqmg0KUxj8XAIxI4i6CrmOIwSASQ0OPQ96a3hd9/ACFZHN2rLAE3JOOIBYwSpaVONqrVrYY1B14ldknqqER7VPt2/JimIUSKciLl0LYS5eZEKEY5zEwnlZAQOiVjGGoakRCkm88XneEzrfg4iIWuSOG5+nsiJ6GUWejpzpCoiVz2CvE/b5iq4NrNWZSkCiK6+ChIOVYxLq7GPhNAFc80IVQwvSumEyIIVTob0/EhcGiY5E7xsgCeO4+zmamzsZeTWCW9i4bdbDQ7l/XWTZlSFZ2gU3SObHSFWugOtVEXUQToGb2gV+PJeDPejY9Fa8UoZ47RHxifPzzIltQ=</latexit>y

<latexit sha1_base64="gwZT6+SCJXROVAR7kwLcFQXILiI=">AAAB/3icbVC7TsMwFHV4lvAqMLJEVEhMVYJQYaxgYWwl+pCaqHKcm9aq40S2g1RCBmZW+AY2xMqn8An8BU6bAVqOdKWjc+617z1+wqhUtv1lrKyurW9sVrbM7Z3dvf3qwWFXxqkg0CExi0XfxxIY5dBRVDHoJwJw5DPo+ZObwu/dg5A05ndqmoAX4RGnISVYaan9MKzW7Lo9g7VMnJLUUInWsPrtBjFJI+CKMCzlwLET5WVYKEoY5KabSkgwmeARDDTlOALpZbNFc+tUK4EVxkIXV9ZM/T2R4UjKaeTrzgirsVz0CvE/b5Cq8MrLKE9SBZzMPwpTZqnYKq62AiqAKDbVBBNB9a4WGWOBidLZmG4AoUuiJHOLlwWwzH3Mc1Nn4ywmsUy653WnUW+0L2rN6zKlCjpGJ+gMOegSNdEtaqEOIgjQM3pBr8aT8Wa8Gx/z1hWjnDlCf2B8/gA+Y5bV</latexit>z <latexit sha1_base64="eVWW4kLUkIbsJzjyTWjvOOJfWcM=">AAAB/3icbVDLSsNAFJ3UV42vqks3g0VwVRKR6rLoxmUL9gFNKJPJTTt08mBmIpSYhWu3+g3uxK2f4if4F07aLLT1wIXDOffO3Hu8hDOpLOvLqKytb2xuVbfNnd29/YPa4VFPxqmg0KUxj8XAIxI4i6CrmOIwSASQ0OPQ96a3hd9/ACFZHN2rWQJuSMYRCxglSksdNarVrYY1B14ldknqqER7VPt2/JimIUSKciLl0LYS5WZEKEY55KaTSkgInZIxDDWNSAjSzeaL5vhMKz4OYqErUniu/p7ISCjlLPR0Z0jURC57hfifN0xVcO1mLEpSBRFdfBSkHKsYF1djnwmgis80IVQwvSumEyIIVTob0/EhcGiYZE7xsgCeOY95bups7OUkVknvomE3G83OZb11U6ZURSfoFJ0jG12hFrpDbdRFFAF6Ri/o1Xgy3ox342PRWjHKmWP0B8bnDzTBls8=</latexit>

t

<latexit sha1_base64="PsZ4l4tBWp3oel1Le35cUOxhRkw=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4KolIdVl047KCfUhTymR60w6dScLMjVBiPsC1W/0Gd+LWz/AT/AsnbRfaeuDC4Zx7Z+49fiy4Rsf5sgorq2vrG8XN0tb2zu5eef+gpaNEMWiySESq41MNgofQRI4COrECKn0BbX98nfvtB1CaR+EdTmLoSToMecAZRSPdeyBjnGjAfrniVJ0p7GXizkmFzNHol7+9QcQSCSEyQbXuuk6MvZQq5ExAVvISDTFlYzqErqEhlaB76XThzD4xysAOImUqRHuq/p5IqdR6In3TKSmO9KKXi/953QSDy17KwzhBCNnsoyARNkZ2fr094AoYiokhlCludrXZiCrK0GRU8gYQeEzGqZe/rECk3mOWlUw27mISy6R1VnVr1drteaV+NU+pSI7IMTklLrkgdXJDGqRJGJHkmbyQV+vJerPerY9Za8GazxySP7A+fwDcA5qC</latexit>

→

<latexit sha1_base64="qiv+6AP9V3Wcyi654WSiq4Y00Bk=">AAACB3icbVDLTsMwEHR4lvAqcOQSUSFxqhKECscKLhyLRB+oiSrH2bRW7STYDlIV8gGcucI3cENc+Qw+gb/AaXOAlpFWGs3s2rvjJ4xKZdtfxtLyyuraemXD3Nza3tmt7u13ZJwKAm0Ss1j0fCyB0QjaiioGvUQA5j6Drj++KvzuAwhJ4+hWTRLwOB5GNKQEKy3duTL1JSi4H1Rrdt2ewlokTklqqERrUP12g5ikHCJFGJay79iJ8jIsFCUMctNNJSSYjPEQ+ppGmIP0sunCuXWslcAKY6ErUtZU/T2RYS7lhPu6k2M1kvNeIf7n9VMVXngZjZJUQURmH4Ups1RsFddbARVAFJtogomgeleLjLDAROmMTDeA0CU8ydziZQEscx/z3NTZOPNJLJLOad1p1Bs3Z7XmZZlSBR2iI3SCHHSOmugatVAbEcTRM3pBr8aT8Wa8Gx+z1iWjnDlAf2B8/gDD/Jpz</latexit>→ <latexit sha1_base64="qiv+6AP9V3Wcyi654WSiq4Y00Bk=">AAACB3icbVDLTsMwEHR4lvAqcOQSUSFxqhKECscKLhyLRB+oiSrH2bRW7STYDlIV8gGcucI3cENc+Qw+gb/AaXOAlpFWGs3s2rvjJ4xKZdtfxtLyyuraemXD3Nza3tmt7u13ZJwKAm0Ss1j0fCyB0QjaiioGvUQA5j6Drj++KvzuAwhJ4+hWTRLwOB5GNKQEKy3duTL1JSi4H1Rrdt2ewlokTklqqERrUP12g5ikHCJFGJay79iJ8jIsFCUMctNNJSSYjPEQ+ppGmIP0sunCuXWslcAKY6ErUtZU/T2RYS7lhPu6k2M1kvNeIf7n9VMVXngZjZJUQURmH4Ups1RsFddbARVAFJtogomgeleLjLDAROmMTDeA0CU8ydziZQEscx/z3NTZOPNJLJLOad1p1Bs3Z7XmZZlSBR2iI3SCHHSOmugatVAbEcTRM3pBr8aT8Wa8Gx+z1iWjnDlAf2B8/gDD/Jpz</latexit>→

<latexit sha1_base64="qiv+6AP9V3Wcyi654WSiq4Y00Bk=">AAACB3icbVDLTsMwEHR4lvAqcOQSUSFxqhKECscKLhyLRB+oiSrH2bRW7STYDlIV8gGcucI3cENc+Qw+gb/AaXOAlpFWGs3s2rvjJ4xKZdtfxtLyyuraemXD3Nza3tmt7u13ZJwKAm0Ss1j0fCyB0QjaiioGvUQA5j6Drj++KvzuAwhJ4+hWTRLwOB5GNKQEKy3duTL1JSi4H1Rrdt2ewlokTklqqERrUP12g5ikHCJFGJay79iJ8jIsFCUMctNNJSSYjPEQ+ppGmIP0sunCuXWslcAKY6ErUtZU/T2RYS7lhPu6k2M1kvNeIf7n9VMVXngZjZJUQURmH4Ups1RsFddbARVAFJtogomgeleLjLDAROmMTDeA0CU8ydziZQEscx/z3NTZOPNJLJLOad1p1Bs3Z7XmZZlSBR2iI3SCHHSOmugatVAbEcTRM3pBr8aT8Wa8Gx+z1iWjnDlAf2B8/gDD/Jpz</latexit>→
<latexit sha1_base64="qiv+6AP9V3Wcyi654WSiq4Y00Bk=">AAACB3icbVDLTsMwEHR4lvAqcOQSUSFxqhKECscKLhyLRB+oiSrH2bRW7STYDlIV8gGcucI3cENc+Qw+gb/AaXOAlpFWGs3s2rvjJ4xKZdtfxtLyyuraemXD3Nza3tmt7u13ZJwKAm0Ss1j0fCyB0QjaiioGvUQA5j6Drj++KvzuAwhJ4+hWTRLwOB5GNKQEKy3duTL1JSi4H1Rrdt2ewlokTklqqERrUP12g5ikHCJFGJay79iJ8jIsFCUMctNNJSSYjPEQ+ppGmIP0sunCuXWslcAKY6ErUtZU/T2RYS7lhPu6k2M1kvNeIf7n9VMVXngZjZJUQURmH4Ups1RsFddbARVAFJtogomgeleLjLDAROmMTDeA0CU8ydziZQEscx/z3NTZOPNJLJLOad1p1Bs3Z7XmZZlSBR2iI3SCHHSOmugatVAbEcTRM3pBr8aT8Wa8Gx+z1iWjnDlAf2B8/gDD/Jpz</latexit>→

<latexit sha1_base64="qiv+6AP9V3Wcyi654WSiq4Y00Bk=">AAACB3icbVDLTsMwEHR4lvAqcOQSUSFxqhKECscKLhyLRB+oiSrH2bRW7STYDlIV8gGcucI3cENc+Qw+gb/AaXOAlpFWGs3s2rvjJ4xKZdtfxtLyyuraemXD3Nza3tmt7u13ZJwKAm0Ss1j0fCyB0QjaiioGvUQA5j6Drj++KvzuAwhJ4+hWTRLwOB5GNKQEKy3duTL1JSi4H1Rrdt2ewlokTklqqERrUP12g5ikHCJFGJay79iJ8jIsFCUMctNNJSSYjPEQ+ppGmIP0sunCuXWslcAKY6ErUtZU/T2RYS7lhPu6k2M1kvNeIf7n9VMVXngZjZJUQURmH4Ups1RsFddbARVAFJtogomgeleLjLDAROmMTDeA0CU8ydziZQEscx/z3NTZOPNJLJLOad1p1Bs3Z7XmZZlSBR2iI3SCHHSOmugatVAbEcTRM3pBr8aT8Wa8Gx+z1iWjnDlAf2B8/gDD/Jpz</latexit>→

ℂ
(conservative) labelled transition 
system as a group action’s orbit+ symmetric residuation

<latexit sha1_base64="B4d85IGJq9IITez1EMc9kPqdIlY=">AAACGHicbZDPSsNAEMY3/rf+q3oRvASL4KkkItVjsRePCtYWmlI2m0m7uJsNuxOhxPggnr3qM3gTr958BN/Cbe1BWz9Y+Phmhpn9hangBj3v05mbX1hcWl5ZLa2tb2xulbd3bozKNIMmU0LpdkgNCJ5AEzkKaKcaqAwFtMLbxqjeugNtuEqucZhCV9J+wmPOKNqoV94LQKY4NICBihQGkuIgDPNG0StXvKo3ljtr/ImpkIkue+WvIFIsk5AgE9SYju+l2M2pRs4EFKUgM5BSdkv70LE2oRJMNx//oHAPbRK5sdL2JeiO098TOZXGDGVoO0cXmunaKPyv1skwPuvmPEkzhIT9LIoz4aJyRzjciGtgKIbWUKa5vdVlA6opQwutFEQQB0ym+ZiLBpEH90VRsmz8aRKz5ua46teqtauTSv18QmmF7JMDckR8ckrq5IJckiZh5IE8kWfy4jw6r86b8/7TOudMZnbJHzkf36/yoWA=</latexit>

→ ↑ C

<latexit sha1_base64="qvK1Bd6jhwEr5Bd6BFnaZoMGHiI=">AAACEHicbZDNSsNAFIUn9a/Wv6hLN8EiuCqJSHVZ7MZlBfsDTSiTyU07dJIJM5NiiXkJ1271GdyJW9/AR/AtnLZZaOuBgcM59zKXz08Ylcq2v4zS2vrG5lZ5u7Kzu7d/YB4edSRPBYE24YyLno8lMBpDW1HFoJcIwJHPoOuPm7O+OwEhKY/v1TQBL8LDmIaUYKWjgWk+uDzgyo2wGvl+1swHZtWu2XNZq8YpTBUVag3MbzfgJI0gVoRhKfuOnSgvw0JRwiCvuKmEBJMxHkJf2xhHIL1sfnlunekksEIu9IuVNU9/b2Q4knIa+XpydqFc7mbhf10/VeG1l9E4SRXEZPFRmDJLcWuGwQqoAKLYVBtMBNW3WmSEBSZKw6q4AYQuiZJszkUAy9zHPK9oNs4yiVXTuag59Vr97rLauCkoldEJOkXnyEFXqIFuUQu1EUET9Ixe0KvxZLwZ78bHYrRkFDvH6I+Mzx/alJ2x</latexit>

x→ C <latexit sha1_base64="NN/VMv0XRmfe1udefvTUKsX9X9k=">AAACEHicbZDNSsNAFIUn/tb4F3XpJlgEVyURqS6L3bisYH+gKWUyuWmHTjJhZlIoMS/h2q0+gztx6xv4CL6Fk7QLbT0wcDjnXuby+QmjUjnOl7G2vrG5tV3ZMXf39g8OraPjjuSpINAmnHHR87EERmNoK6oY9BIBOPIZdP1Js+i7UxCS8vhBzRIYRHgU05ASrHQ0tKyZxwOuvAirse9nzXxoVZ2aU8peNe7CVNFCraH17QWcpBHEijAsZd91EjXIsFCUMMhNL5WQYDLBI+hrG+MI5CArL8/tc50EdsiFfrGyy/T3RoYjKWeRryeLC+VyV4T/df1UhTeDjMZJqiAm84/ClNmK2wUGO6ACiGIzbTARVN9qkzEWmCgNy/QCCD0SJVnJRQDLvMc8NzUbd5nEqulc1tx6rX5/VW3cLihV0Ck6QxfIRdeoge5QC7URQVP0jF7Qq/FkvBnvxsd8dM1Y7JygPzI+fwDcPp2y</latexit>

y → C

<latexit sha1_base64="+fbvHXig7mb9ER9sOB8aGYgUcEg=">AAACEHicbZDNSsNAFIUn9a/Wv6hLN8EiuCqJSHVZ7MZlBfsDTSiTyU07dJIJM5NCjXkJ1271GdyJW9/AR/AtnLZZaOuBgcM59zKXz08Ylcq2v4zS2vrG5lZ5u7Kzu7d/YB4edSRPBYE24YyLno8lMBpDW1HFoJcIwJHPoOuPm7O+OwEhKY/v1TQBL8LDmIaUYKWjgWk+uDzgyo2wGvl+1swHZtWu2XNZq8YpTBUVag3MbzfgJI0gVoRhKfuOnSgvw0JRwiCvuKmEBJMxHkJf2xhHIL1sfnlunekksEIu9IuVNU9/b2Q4knIa+XpydqFc7mbhf10/VeG1l9E4SRXEZPFRmDJLcWuGwQqoAKLYVBtMBNW3WmSEBSZKw6q4AYQuiZJszkUAy9zHPK9oNs4yiVXTuag59Vr97rLauCkoldEJOkXnyEFXqIFuUQu1EUET9Ixe0KvxZLwZ78bHYrRkFDvH6I+Mzx/d6J2z</latexit>

z → C
<latexit sha1_base64="PnVCKPtEpw8evu96JL9aJgLXfck=">AAACEHicbZDNSsNAFIUn/tb4F3XpJlgEVyURqS6L3bisYGuhCWUyuamDk0yYuSmUmJdw7VafwZ249Q18BN/Cae3CvwMDh3PuZS5flAuu0fPerYXFpeWV1dqavb6xubXt7Oz2tCwUgy6TQqp+RDUInkEXOQro5wpoGgm4jm7b0/56DEpzmV3hJIcwpaOMJ5xRNNHQcTCQscQgpXgTRWW7Gjp1r+HN5P41/tzUyVydofMRxJIVKWTIBNV64Hs5hiVVyJmAyg4KDTllt3QEA2MzmoIOy9nllXtokthNpDIvQ3eWft8oaar1JI3M5PRC/bubhv91gwKTs7DkWV4gZOzro6QQLkp3isGNuQKGYmIMZYqbW112QxVlaGDZQQxJwNK8nHFRIMrgrqpsw8b/TeKv6R03/GajeXlSb53PKdXIPjkgR8Qnp6RFLkiHdAkjY/JAHsmTdW89Wy/W69fogjXf2SM/ZL19AtPsna0=</latexit>

t→ C

<latexit sha1_base64="2PR9RscPEuVLWqEMXlJ0T5cAIRw=">AAAB/3icbVC7TsMwFHV4lvAqMLJEVEhMVYJQYaxgYWwl+pCaqHKcm9aq40S2g6hCBmZW+AY2xMqn8An8BU6bAVqOdKWjc+617z1+wqhUtv1lrKyurW9sVrbM7Z3dvf3qwWFXxqkg0CExi0XfxxIY5dBRVDHoJwJw5DPo+ZObwu/dg5A05ndqmoAX4RGnISVYaan9MKzW7Lo9g7VMnJLUUInWsPrtBjFJI+CKMCzlwLET5WVYKEoY5KabSkgwmeARDDTlOALpZbNFc+tUK4EVxkIXV9ZM/T2R4UjKaeTrzgirsVz0CvE/b5Cq8MrLKE9SBZzMPwpTZqnYKq62AiqAKDbVBBNB9a4WGWOBidLZmG4AoUuiJHOLlwWwzH3Mc1Nn4ywmsUy653WnUW+0L2rN6zKlCjpGJ+gMOegSNdEtaqEOIgjQM3pBr8aT8Wa8Gx/z1hWjnDlCf2B8/gA7LZbT</latexit>x
<latexit sha1_base64="Yud7DpomxUAyAxOnMaiEOAqB8Gg=">AAAB/3icbVDLSsNAFJ3UV42vqks3g0VwVRKR6rLoxmUL9gFNKJPJTTt08mBmIoTYhWu3+g3uxK2f4if4F07aLLT1wIXDOffO3Hu8hDOpLOvLqKytb2xuVbfNnd29/YPa4VFPxqmg0KUxj8XAIxI4i6CrmOIwSASQ0OPQ96a3hd9/ACFZHN2rLAE3JOOIBYwSpaVONqrVrYY1B14ldknqqER7VPt2/JimIUSKciLl0LYS5eZEKEY5zEwnlZAQOiVjGGoakRCkm88XneEzrfg4iIWuSOG5+nsiJ6GUWejpzpCoiVz2CvE/b5iq4NrNWZSkCiK6+ChIOVYxLq7GPhNAFc80IVQwvSumEyIIVTob0/EhcGiY5E7xsgCeO4+zmamzsZeTWCW9i4bdbDQ7l/XWTZlSFZ2gU3SObHSFWugOtVEXUQToGb2gV+PJeDPejY9Fa8UoZ47RHxifPzzIltQ=</latexit>y

<latexit sha1_base64="nkDEUFel6CP/em6vp71N1hWU2DY=">AAACC3icbVDLSsNAFJ34rPVVdelmsAiuSiJSXRbduKxgH9CEMpnctEMnD2cmQoz5BNdu9RvciVs/wk/wL5y0WWjrgYHDOfeeuRw35kwq0/wylpZXVtfWKxvVza3tnd3a3n5XRomg0KERj0TfJRI4C6GjmOLQjwWQwOXQcydXhd+7ByFZFN6qNAYnIKOQ+YwSpSXnwXYJnUhO5Binw1rdbJhT4EVilaSOSrSHtW/bi2gSQKiojpADy4yVkxGhGOWQV+1EQqzzyQgGmoYkAOlk06NzfKwVD/uR0C9UeKr+3shIIGUauHoyIGos571C/M8bJMq/cDIWxomCkM4+8hOOVYSLBrDHBFDFU00IFUzfiumYCEKV7qlqe+DbNIgzu0gWwDP7Mc+ruhtrvolF0j1tWM1G8+as3rosW6qgQ3SETpCFzlELXaM26iCK7tAzekGvxpPxZrwbH7PRJaPcOUB/YHz+AIk2m+4=</latexit>

z\y
<latexit sha1_base64="n4KcUqM2Q2AX9Vo2RSzWzw6wlsg=">AAACC3icbVBLTsMwFHTKr4RfgSUbiwqJVZUgVFhWsGFZJPqRmqhynJfWqvPBdhAl5Ais2cIZ2CG2HIIjcAvcNgtoGcnSaOa98dN4CWdSWdaXUVpaXlldK6+bG5tb2zuV3b22jFNBoUVjHouuRyRwFkFLMcWhmwggoceh440uJ37nDoRkcXSjxgm4IRlELGCUKC25D45H6EhyIof4vl+pWjVrCrxI7IJUUYFmv/Lt+DFNQ4gU1RGyZ1uJcjMiFKMcctNJJSQ6nwygp2lEQpBuNj06x0da8XEQC/0ihafq742MhFKOQ09PhkQN5bw3Ef/zeqkKzt2MRUmqIKKzj4KUYxXjSQPYZwKo4mNNCBVM34rpkAhCle7JdHwIHBommTNJFsAz5zHPTd2NPd/EImmf1Ox6rX59Wm1cFC2V0QE6RMfIRmeoga5QE7UQRbfoGb2gV+PJeDPejY/ZaMkodvbRHxifP4ebm+0=</latexit>

z\x
<latexit sha1_base64="pa4ZdXnD8U6a+8BBwj0/9VP2EzE=">AAACC3icbVDLSsNAFJ3UV62vqks3g0VwVRKR6rLoxmUF+4AmlMnkph06eTgzEULMJ7h2q9/gTtz6EX6Cf+GkzUJbDwwczrn3zOW4MWdSmeaXUVlZXVvfqG7WtrZ3dvfq+wc9GSWCQpdGPBIDl0jgLISuYorDIBZAApdD351eF37/AYRkUXin0hicgIxD5jNKlJYcZbuETiUncoLTUb1hNs0Z8DKxStJAJTqj+rftRTQJIFRUR8ihZcbKyYhQjHLIa3YiIdb5ZAxDTUMSgHSy2dE5PtGKh/1I6BcqPFN/b2QkkDINXD0ZEDWRi14h/ucNE+VfOhkL40RBSOcf+QnHKsJFA9hjAqjiqSaECqZvxXRCBKFK91SzPfBtGsSZXSQL4Jn9mOc13Y212MQy6Z01rVazdXveaF+VLVXRETpGp8hCF6iNblAHdRFF9+gZvaBX48l4M96Nj/loxSh3DtEfGJ8/f0yb6A==</latexit>

t\y
<latexit sha1_base64="QzOAoq0pt0LI8HX+L0Y/c9dR2i8="></latexit>

t\y

<latexit sha1_base64="7RBwny1uDwIwgn1E4ghmZZ9R8E0="></latexit>
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z\x
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P����. Each con�guration I in G · C is such that 9~, G ✓ ~ and
I = ~\G . Since G ✓ ~, ~\G = (~ [ G)\(G \ ~) = G Õ ~ and hence
I = G Õ ~ 2 G � C. É

De�nition 3.5 (Group Orbit). The orbit Orb(C) of a con�guration
structure C 2 C⇢ is de�ned as:

Orb(C) := {C0 2 C⇢ | C0 = G � C for some G 2 C}
The associated equivalence relation is ⇠� ✓ C⇢ ⇥ C⇢ is:

C ⇠� C0 if and only if C0 2 Orb(C)
Example 3.6 (Example 2.1 continued). The con�guration struc-

tures of Example 2.1 are made equivalent by symmetric residuation,
i.e., C0 ⇠� C1 ⇠� C2.

;

{0} {2}{1}

{0,1} {1, 2}{0, 2}

;

{0} {1}{2}

{0, 2} {1, 2}

{0,1, 2}

;

{0} {2}{1}

{0,1} {1, 2}

{0,1, 2}

;

{0} {1}

{0,1}{0, 2} {1, 2}

{0,1, 2}

{2}{1}

{0} {0,1, 2}

{0,1}

{1, 2}

Symmetric residuation does not act freely on con�guration struc-
tures, i.e., not all the group �xed points are trivial. In particular, for
all ⇢, the con�guration structure (⇢,P(⇢)) is invariant under the
action of �.

P���������� 3.7. For all countable ⇢, let C⇤
⇢ := (⇢,P(⇢)). For all

G 2 C⇤
⇢ , G � C⇤

⇢ = C⇤
⇢ ,

P����. Su�ces to remark that P(⇢) contains all possible sub-
sets of ⇢. Therefore, for all G,~ 2 C⇤

⇢ , G Õ ~ is also a con�guration of
C⇤
⇢ , and thus ~ 2 G � C⇤

⇢ which entails that C⇤
⇢ ✓ G � C⇤

⇢ . Now we
can associate a map �G : C⇤

⇢ ! G � C⇤
⇢ such that �G (~) = G Õ ~

for all ~ 2 C⇤
⇢ . Since this map is bijective we know that G � C⇤

⇢ has
the same cardinality as C⇤

⇢ , and therefore C⇤
⇢ = G � C⇤

⇢ . É

Example 3.8 (Fixed points). The con�guration structure C be-
low remains invariant after symmetric residuation by {1}. Dotted
arrows denote the function �G : ~ 7! G Õ ~.

;

{0}
{1}

{2}

{0,1} {1, 2}

C

;

{0}
{1}

{2}

{0,1} {1, 2}

{1} � C

4 Pointed con�guration structures
Symmetric residuation yields the bare causal structure of reversible
computationswhich is “direction blind” in the sense that a backward
event is just a regular event. As a consequence, residuation by
con�gurations that are neither enabling nor preventing any event
from occurring are �xed points. This is, for instance, the case of
con�guration {1} in Example 3.8.

Classical semantics of reversible computations distinguish back-
ward and forward events. In operational semantics in particular,
it may be desirable to observe the direction of a transition in or-
der to prioritize “forward” executions in order to backtrack only
when necessary [16]. Debugging concurrent executions also has
a natural orientation, where backtracking is only possible during
trace analysis [18]. Various notions of bisimulations of concurrent
processes require matching forward and backward transitions with
transitions of the same direction [22, 21, 24]. To comply with these
semantics, we show here how symmetric residuation yields a nat-
ural notion of negative and positive con�gurations. Notice that
adding a notion of direction of computation does not change the
semantics we introduced so far, but rather annotates it with addi-
tional information. We do this by introducing pointed con�guration
structures, which are just plain con�guration structures equipped
with a distinguished con�guration that points to the past and called
the structure’s referential.

De�nition 4.1. A pointed con�guration structure has the form
C[G†] where C is a con�guration structure and G† 2 C, a �nite
con�guration, is its referential. Such pointed con�guration structure
is said initial when G† = ;.

We let C†
⇢ range over pointed con�guration structures with

events in ⇢.

De�nition 4.2 (Symmetric residuation on pointed con�guration
structures). Let C[G†] 2 C†

⇢ . For all �nite ~ 2 C, we de�ne

~ � C[G†] := (~ � C) [~ Õ G†]

Symmetric residuation acts freely on pointed con�guration struc-
tures, or, said otherwise, the orbit of a pointed con�guration struc-
ture has as many elements as the structure has con�gurations.

P���������� 4.3 (F��� ������). Let C[G†] 2 C†
⇢ . For all �nite

~, I 2 C:

~ � C[G†] = I � C[G†] if and only if ~ = I

P����. The only if direction is trivial. For the if part, it su�ces
to remark that the referential in ~ � C[G†] must be equal to the
referential in I � C[G†] and thus, ~ Õ G† = I Õ G†. We use a
similar argument than in the proof of Proposition 3.7, and use �G† ’s
injectivity to conclude that ~ = I. É

The referential of a pointed con�guration structure provides a
path back to its origin, which can be retrieved by performing the
residuation G† � C[G†]. In addition, Proposition 4.3 guarantees
that this is the only way to go back to the initial structure.

De�nition 4.4 (Event orientation). Let C[G†] 2 C†
⇢ . For all 0 2

⇢, say that 0 is backward in C[G†] when 0 2 G†. It is forward
in C[G†] otherwise. A con�guration is monotonic if all its events

3

Stable orbit theorem

Theorem:  is a prime event structure if 
and only if one the point in its orbit is.

ℂ
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P����. Each con�guration I in G · C is such that 9~, G ✓ ~ and
I = ~\G . Since G ✓ ~, ~\G = (~ [ G)\(G \ ~) = G Õ ~ and hence
I = G Õ ~ 2 G � C. É

De�nition 3.5 (Group Orbit). The orbit Orb(C) of a con�guration
structure C 2 C⇢ is de�ned as:

Orb(C) := {C0 2 C⇢ | C0 = G � C for some G 2 C}
The associated equivalence relation is ⇠� ✓ C⇢ ⇥ C⇢ is:

C ⇠� C0 if and only if C0 2 Orb(C)
Example 3.6 (Example 2.1 continued). The con�guration struc-

tures of Example 2.1 are made equivalent by symmetric residuation,
i.e., C0 ⇠� C1 ⇠� C2.

;

{0} {2}{1}

{0,1} {1, 2}{0, 2}

;

{0} {1}{2}

{0, 2} {1, 2}

{0,1, 2}

;

{0} {2}{1}

{0,1} {1, 2}

{0,1, 2}

;

{0} {1}

{0,1}{0, 2} {1, 2}

{0,1, 2}

{2}{1}

{0} {0,1, 2}

{0,1}

{1, 2}

Symmetric residuation does not act freely on con�guration struc-
tures, i.e., not all the group �xed points are trivial. In particular, for
all ⇢, the con�guration structure (⇢,P(⇢)) is invariant under the
action of �.

P���������� 3.7. For all countable ⇢, let C⇤
⇢ := (⇢,P(⇢)). For all

G 2 C⇤
⇢ , G � C⇤

⇢ = C⇤
⇢ ,

P����. Su�ces to remark that P(⇢) contains all possible sub-
sets of ⇢. Therefore, for all G,~ 2 C⇤

⇢ , G Õ ~ is also a con�guration of
C⇤
⇢ , and thus ~ 2 G � C⇤

⇢ which entails that C⇤
⇢ ✓ G � C⇤

⇢ . Now we
can associate a map �G : C⇤

⇢ ! G � C⇤
⇢ such that �G (~) = G Õ ~

for all ~ 2 C⇤
⇢ . Since this map is bijective we know that G � C⇤

⇢ has
the same cardinality as C⇤

⇢ , and therefore C⇤
⇢ = G � C⇤

⇢ . É

Example 3.8 (Fixed points). The con�guration structure C be-
low remains invariant after symmetric residuation by {1}. Dotted
arrows denote the function �G : ~ 7! G Õ ~.

;

{0}
{1}

{2}

{0,1} {1, 2}

C

;

{0}
{1}

{2}

{0,1} {1, 2}

{1} � C

4 Pointed con�guration structures
Symmetric residuation yields the bare causal structure of reversible
computationswhich is “direction blind” in the sense that a backward
event is just a regular event. As a consequence, residuation by
con�gurations that are neither enabling nor preventing any event
from occurring are �xed points. This is, for instance, the case of
con�guration {1} in Example 3.8.

Classical semantics of reversible computations distinguish back-
ward and forward events. In operational semantics in particular,
it may be desirable to observe the direction of a transition in or-
der to prioritize “forward” executions in order to backtrack only
when necessary [16]. Debugging concurrent executions also has
a natural orientation, where backtracking is only possible during
trace analysis [18]. Various notions of bisimulations of concurrent
processes require matching forward and backward transitions with
transitions of the same direction [22, 21, 24]. To comply with these
semantics, we show here how symmetric residuation yields a nat-
ural notion of negative and positive con�gurations. Notice that
adding a notion of direction of computation does not change the
semantics we introduced so far, but rather annotates it with addi-
tional information. We do this by introducing pointed con�guration
structures, which are just plain con�guration structures equipped
with a distinguished con�guration that points to the past and called
the structure’s referential.

De�nition 4.1. A pointed con�guration structure has the form
C[G†] where C is a con�guration structure and G† 2 C, a �nite
con�guration, is its referential. Such pointed con�guration structure
is said initial when G† = ;.

We let C†
⇢ range over pointed con�guration structures with

events in ⇢.

De�nition 4.2 (Symmetric residuation on pointed con�guration
structures). Let C[G†] 2 C†

⇢ . For all �nite ~ 2 C, we de�ne

~ � C[G†] := (~ � C) [~ Õ G†]

Symmetric residuation acts freely on pointed con�guration struc-
tures, or, said otherwise, the orbit of a pointed con�guration struc-
ture has as many elements as the structure has con�gurations.

P���������� 4.3 (F��� ������). Let C[G†] 2 C†
⇢ . For all �nite

~, I 2 C:

~ � C[G†] = I � C[G†] if and only if ~ = I

P����. The only if direction is trivial. For the if part, it su�ces
to remark that the referential in ~ � C[G†] must be equal to the
referential in I � C[G†] and thus, ~ Õ G† = I Õ G†. We use a
similar argument than in the proof of Proposition 3.7, and use �G† ’s
injectivity to conclude that ~ = I. É

The referential of a pointed con�guration structure provides a
path back to its origin, which can be retrieved by performing the
residuation G† � C[G†]. In addition, Proposition 4.3 guarantees
that this is the only way to go back to the initial structure.

De�nition 4.4 (Event orientation). Let C[G†] 2 C†
⇢ . For all 0 2

⇢, say that 0 is backward in C[G†] when 0 2 G†. It is forward
in C[G†] otherwise. A con�guration is monotonic if all its events

3

Stable orbit theorem

Theorem:  is a prime event structure if 
and only if one the point in its orbit is.

ℂ

Property: The following are equivalent!


-  is not an event structure


- 


- 


-

ℂ

𝗈𝗋𝖻(ℂ) has an incoherent element

𝗈𝗋𝖻(ℂ) has an element not ∪ − closed

𝗈𝗋𝖻(ℂ) has an element not  ∩ −closed
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C
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(Pr(C), <,#)

<latexit sha1_base64="UpfHgJMPp2h8iHJ3Z46FrF1teBc=">AAAB63icdVBNSwMxEJ2tX7V+VT16CRbBU8kWWdtb0YvHCvYD2qVk02wbmuwuSVYoS/+CFw+KePUPefPfmG0rqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJnjE2oYbwXqJYkQGgnWD6XXud++Z0jyO7swsYb4k44iHnBKTSwPN5bBcwVVs4XkoJ24du5Y0GvVarYHchYVxBVZoDcvvg1FMU8kiQwXRuu/ixPgZUYZTwealQapZQuiUjFnf0ohIpv1scescnVllhMJY2YoMWqjfJzIitZ7JwHZKYib6t5eLf3n91IR1P+NRkhoW0eWiMBXIxCh/HI24YtSImSWEKm5vRXRCFKHGxlOyIXx9iv4nnVrV9are7UWlebWKowgncArn4MIlNOEGWtAGChN4gCd4dqTz6Lw4r8vWgrOaOYYfcN4+AXqGjo8=</latexit>⇠

p.a + coh
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C

<latexit sha1_base64="amB0S0DsHGGUjLybrn9O+sHkg3U=">AAACBnicbZDNSsNAFIUn9a/Wv6hLEQaD0EIpiUh14aLYjcsKthWaUCbTSTt0MgkzE6GErtz4Km5cKOLWZ3Dn2zhNs9DWAwMf597L3Hv8mFGpbPvbKKysrq1vFDdLW9s7u3vm/kFHRonApI0jFol7H0nCKCdtRRUj97EgKPQZ6frj5qzefSBC0ojfqUlMvBANOQ0oRkpbffO47IZIjWSQtsR0zr4Pm5XqVdW1Kn3Tsmt2JrgMTg4WyNXqm1/uIMJJSLjCDEnZc+xYeSkSimJGpiU3kSRGeIyGpKeRo5BIL83OmMJT7QxgEAn9uIKZ+3siRaGUk9DXndnOi7WZ+V+tl6jg0kspjxNFOJ5/FCQMqgjOMoEDKghWbKIBYUH1rhCPkEBY6eRKOgRn8eRl6JzVnHqtfntuNa7zOIrgCJyAMnDABWiAG9ACbYDBI3gGr+DNeDJejHfjY95aMPKZQ/BHxucPrJ6XUw==</latexit>

(Pr(C), <,#)

<latexit sha1_base64="UpfHgJMPp2h8iHJ3Z46FrF1teBc=">AAAB63icdVBNSwMxEJ2tX7V+VT16CRbBU8kWWdtb0YvHCvYD2qVk02wbmuwuSVYoS/+CFw+KePUPefPfmG0rqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJnjE2oYbwXqJYkQGgnWD6XXud++Z0jyO7swsYb4k44iHnBKTSwPN5bBcwVVs4XkoJ24du5Y0GvVarYHchYVxBVZoDcvvg1FMU8kiQwXRuu/ixPgZUYZTwealQapZQuiUjFnf0ohIpv1scescnVllhMJY2YoMWqjfJzIitZ7JwHZKYib6t5eLf3n91IR1P+NRkhoW0eWiMBXIxCh/HI24YtSImSWEKm5vRXRCFKHGxlOyIXx9iv4nnVrV9are7UWlebWKowgncArn4MIlNOEGWtAGChN4gCd4dqTz6Lw4r8vWgrOaOYYfcN4+AXqGjo8=</latexit>⇠

p.a + coh
<latexit sha1_base64="qnCAdx9g5EWFBf5k6ub04DSnK/c=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVRKR6rLYjcsK9gFNKJPJtB06mQkzk2IJ/RM3LhRx65+482+ctFlo64GBwzn3cs+cMGFUadf9tkobm1vbO+Xdyt7+weGRfXzSUSKVmLSxYEL2QqQIo5y0NdWM9BJJUBwy0g0nzdzvTolUVPBHPUtIEKMRp0OKkTbSwLaffBEJ7cdIj8Mwa84HdtWtuQs468QrSBUKtAb2lx8JnMaEa8yQUn3PTXSQIakpZmRe8VNFEoQnaET6hnIUExVki+Rz58IokTMU0jyunYX6eyNDsVKzODSTeUK16uXif14/1cPbIKM8STXheHlomDJHCyevwYmoJFizmSEIS2qyOniMJMLalFUxJXirX14nnauaV6/VH66rjbuijjKcwTlcggc30IB7aEEbMEzhGV7hzcqsF+vd+liOlqxi5xT+wPr8Afj/k+U=</latexit>

x� C
p.a + coh

<latexit sha1_base64="oicUu5fCDlCztHGOQbteHwh8JIU=">AAACDnicbVDLSsNAFJ3UV62vqks3g6W0hVISkerCRbEblxXsA5pQJpNJO3SSCTMTsYR+gRt/xY0LRdy6duffOE270NYDFw7n3Mu997gRo1KZ5reRWVvf2NzKbud2dvf2D/KHRx3JY4FJG3PGRc9FkjAakraiipFeJAgKXEa67rg587v3REjKwzs1iYgToGFIfYqR0tIgXyzbAVIj6SctMS0/2NzjKlVcFzYr1atS1S6UKoN8wayZKeAqsRakABZoDfJftsdxHJBQYYak7FtmpJwECUUxI9OcHUsSITxGQ9LXNEQBkU6SvjOFRa140OdCV6hgqv6eSFAg5SRwdWd6+7I3E//z+rHyL52EhlGsSIjni/yYQcXhLBvoUUGwYhNNEBZU3wrxCAmElU4wp0Owll9eJZ2zmlWv1W/PC43rRRxZcAJOQRlY4AI0wA1ogTbA4BE8g1fwZjwZL8a78TFvzRiLmWPwB8bnD4rBmns=</latexit>

(Pr(x� C), <0,#0)

<latexit sha1_base64="UpfHgJMPp2h8iHJ3Z46FrF1teBc=">AAAB63icdVBNSwMxEJ2tX7V+VT16CRbBU8kWWdtb0YvHCvYD2qVk02wbmuwuSVYoS/+CFw+KePUPefPfmG0rqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJnjE2oYbwXqJYkQGgnWD6XXud++Z0jyO7swsYb4k44iHnBKTSwPN5bBcwVVs4XkoJ24du5Y0GvVarYHchYVxBVZoDcvvg1FMU8kiQwXRuu/ixPgZUYZTwealQapZQuiUjFnf0ohIpv1scescnVllhMJY2YoMWqjfJzIitZ7JwHZKYib6t5eLf3n91IR1P+NRkhoW0eWiMBXIxCh/HI24YtSImSWEKm5vRXRCFKHGxlOyIXx9iv4nnVrV9are7UWlebWKowgncArn4MIlNOEGWtAGChN4gCd4dqTz6Lw4r8vWgrOaOYYfcN4+AXqGjo8=</latexit>⇠
⊙ preserves p.a+coh



Interpreting symmetric residual

<latexit sha1_base64="bMXFp8bm1Me3un1SMMJPy7SR+hs=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9k1Bj0SuXjERJAIG9ItD2jodjdt14Rs+BdePGiMV/+NN/+NXdiDgpM0mcy8l86bIBZcG9f9dgpr6xubW8Xt0s7u3v5B+fCoraNEMWyxSESqE1CNgktsGW4EdmKFNAwEPgSTRuY/PKHSPJL3ZhqjH9KR5EPOqLHSYy+kZhwEaWPWL1fcqjsHWSVeTiqQo9kvf/UGEUtClIYJqnXXc2Pjp1QZzgTOSr1EY0zZhI6wa6mkIWo/nSeekTOrDMgwUvZJQ+bq742UhlpPw8BOZgn1speJ/3ndxAyv/ZTLODEo2eKjYSKIiUh2PhlwhcyIqSWUKW6zEjamijJjSyrZErzlk1dJ+6Lq1aq1u8tK/SavowgncArn4MEV1OEWmtACBhKe4RXeHO28OO/Ox2K04OQ7x/AHzucPqiaQ7g==</latexit>

C

<latexit sha1_base64="amB0S0DsHGGUjLybrn9O+sHkg3U=">AAACBnicbZDNSsNAFIUn9a/Wv6hLEQaD0EIpiUh14aLYjcsKthWaUCbTSTt0MgkzE6GErtz4Km5cKOLWZ3Dn2zhNs9DWAwMf597L3Hv8mFGpbPvbKKysrq1vFDdLW9s7u3vm/kFHRonApI0jFol7H0nCKCdtRRUj97EgKPQZ6frj5qzefSBC0ojfqUlMvBANOQ0oRkpbffO47IZIjWSQtsR0zr4Pm5XqVdW1Kn3Tsmt2JrgMTg4WyNXqm1/uIMJJSLjCDEnZc+xYeSkSimJGpiU3kSRGeIyGpKeRo5BIL83OmMJT7QxgEAn9uIKZ+3siRaGUk9DXndnOi7WZ+V+tl6jg0kspjxNFOJ5/FCQMqgjOMoEDKghWbKIBYUH1rhCPkEBY6eRKOgRn8eRl6JzVnHqtfntuNa7zOIrgCJyAMnDABWiAG9ACbYDBI3gGr+DNeDJejHfjY95aMPKZQ/BHxucPrJ6XUw==</latexit>

(Pr(C), <,#)

<latexit sha1_base64="UpfHgJMPp2h8iHJ3Z46FrF1teBc=">AAAB63icdVBNSwMxEJ2tX7V+VT16CRbBU8kWWdtb0YvHCvYD2qVk02wbmuwuSVYoS/+CFw+KePUPefPfmG0rqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJnjE2oYbwXqJYkQGgnWD6XXud++Z0jyO7swsYb4k44iHnBKTSwPN5bBcwVVs4XkoJ24du5Y0GvVarYHchYVxBVZoDcvvg1FMU8kiQwXRuu/ixPgZUYZTwealQapZQuiUjFnf0ohIpv1scescnVllhMJY2YoMWqjfJzIitZ7JwHZKYib6t5eLf3n91IR1P+NRkhoW0eWiMBXIxCh/HI24YtSImSWEKm5vRXRCFKHGxlOyIXx9iv4nnVrV9are7UWlebWKowgncArn4MIlNOEGWtAGChN4gCd4dqTz6Lw4r8vWgrOaOYYfcN4+AXqGjo8=</latexit>⇠

p.a + coh
<latexit sha1_base64="qnCAdx9g5EWFBf5k6ub04DSnK/c=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVRKR6rLYjcsK9gFNKJPJtB06mQkzk2IJ/RM3LhRx65+482+ctFlo64GBwzn3cs+cMGFUadf9tkobm1vbO+Xdyt7+weGRfXzSUSKVmLSxYEL2QqQIo5y0NdWM9BJJUBwy0g0nzdzvTolUVPBHPUtIEKMRp0OKkTbSwLaffBEJ7cdIj8Mwa84HdtWtuQs468QrSBUKtAb2lx8JnMaEa8yQUn3PTXSQIakpZmRe8VNFEoQnaET6hnIUExVki+Rz58IokTMU0jyunYX6eyNDsVKzODSTeUK16uXif14/1cPbIKM8STXheHlomDJHCyevwYmoJFizmSEIS2qyOniMJMLalFUxJXirX14nnauaV6/VH66rjbuijjKcwTlcggc30IB7aEEbMEzhGV7hzcqsF+vd+liOlqxi5xT+wPr8Afj/k+U=</latexit>

x� C
p.a + coh

<latexit sha1_base64="oicUu5fCDlCztHGOQbteHwh8JIU=">AAACDnicbVDLSsNAFJ3UV62vqks3g6W0hVISkerCRbEblxXsA5pQJpNJO3SSCTMTsYR+gRt/xY0LRdy6duffOE270NYDFw7n3Mu997gRo1KZ5reRWVvf2NzKbud2dvf2D/KHRx3JY4FJG3PGRc9FkjAakraiipFeJAgKXEa67rg587v3REjKwzs1iYgToGFIfYqR0tIgXyzbAVIj6SctMS0/2NzjKlVcFzYr1atS1S6UKoN8wayZKeAqsRakABZoDfJftsdxHJBQYYak7FtmpJwECUUxI9OcHUsSITxGQ9LXNEQBkU6SvjOFRa140OdCV6hgqv6eSFAg5SRwdWd6+7I3E//z+rHyL52EhlGsSIjni/yYQcXhLBvoUUGwYhNNEBZU3wrxCAmElU4wp0Owll9eJZ2zmlWv1W/PC43rRRxZcAJOQRlY4AI0wA1ogTbA4BE8g1fwZjwZL8a78TFvzRiLmWPwB8bnD4rBmns=</latexit>

(Pr(x� C), <0,#0)

<latexit sha1_base64="UpfHgJMPp2h8iHJ3Z46FrF1teBc=">AAAB63icdVBNSwMxEJ2tX7V+VT16CRbBU8kWWdtb0YvHCvYD2qVk02wbmuwuSVYoS/+CFw+KePUPefPfmG0rqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJnjE2oYbwXqJYkQGgnWD6XXud++Z0jyO7swsYb4k44iHnBKTSwPN5bBcwVVs4XkoJ24du5Y0GvVarYHchYVxBVZoDcvvg1FMU8kiQwXRuu/ixPgZUYZTwealQapZQuiUjFnf0ohIpv1scescnVllhMJY2YoMWqjfJzIitZ7JwHZKYib6t5eLf3n91IR1P+NRkhoW0eWiMBXIxCh/HI24YtSImSWEKm5vRXRCFKHGxlOyIXx9iv4nnVrV9are7UWlebWKowgncArn4MIlNOEGWtAGChN4gCd4dqTz6Lw4r8vWgrOaOYYfcN4+AXqGjo8=</latexit>⇠

<latexit sha1_base64="WgBYpGqnSmq9NQNRc5X8kgQquEM=">AAAB+nicdVDLSsNAFJ3UV62vVJduBovgqiRFYrsrunFZ0T6gDWEynbRDJ5MwM7GW2E9x40IRt36JO//GSVpBRQ8MHM65l3vm+DGjUlnWh1FYWV1b3yhulra2d3b3zPJ+R0aJwKSNIxaJno8kYZSTtqKKkV4sCAp9Rrr+5CLzu7dESBrxGzWLiRuiEacBxUhpyTPLgxCpsQzS6ylVeDz37jyzYlUtDceBGbHrlq1Jo1Gv1RrQzi3LqoAlWp75PhhGOAkJV5ghKfu2FSs3RUJRzMi8NEgkiRGeoBHpa8pRSKSb5tHn8FgrQxhEQj+uYK5+30hRKOUs9PVkHvS3l4l/ef1EBXU3pTxOFOF4cShIGFQRzHqAQyoIVmymCcKC6qwQj5FAWOm2SrqEr5/C/0mnVrWdqnN1WmmeL+sogkNwBE6ADc5AE1yCFmgDDKbgATyBZ+PeeDRejNfFaMFY7hyAHzDePgFXypS9</latexit>

Switchx

⊙ preserves p.a+coh



Event structure switch

∅

{a} {b}

{a, b} {b, c}

{b, c, d}



Event structure switch

∅

{a} {b}

{a, b} {b, c}

{b, c, d}

<latexit sha1_base64="m2a2Z2Zf5onp890WFwwsO/+2rmQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VMG2hCWWy3bZLN5uwuxFK6G/w4kERr/4gb/4bt20OWn0w8Hhvhpl5USq4Nq775ZTW1jc2t8rblZ3dvf2D6uFRWyeZosyniUhUN0LNBJfMN9wI1k0VwzgSrBNNbuZ+55EpzRP5YKYpC2McST7kFI2V/CDHYNav1ty6uwD5S7yC1KBAq1/9DAYJzWImDRWodc9zUxPmqAyngs0qQaZZinSCI9azVGLMdJgvjp2RM6sMyDBRtqQhC/XnRI6x1tM4sp0xmrFe9ebif14vM8PrMOcyzQyTdLlomAliEjL/nAy4YtSIqSVIFbe3EjpGhdTYfCo2BG/15b+kfVH3GvXG/WWteVfEUYYTOIVz8OAKmnALLfCBAocneIFXRzrPzpvzvmwtOcXMMfyC8/EN75KOzw==</latexit>

{a}
<latexit sha1_base64="O9KPHSoWjUDL+8VWsoZCNQk7yhI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VMG2hCWWznbZLN5uwuxFK6G/w4kERr/4gb/4bt20OWn0w8Hhvhpl5USq4Nq775ZTW1jc2t8rblZ3dvf2D6uFRWyeZYuizRCSqG1GNgkv0DTcCu6lCGkcCO9HkZu53HlFpnsgHM00xjOlI8iFn1FjJD/IomPWrNbfuLkD+Eq8gNSjQ6lc/g0HCshilYYJq3fPc1IQ5VYYzgbNKkGlMKZvQEfYslTRGHeaLY2fkzCoDMkyULWnIQv05kdNY62kc2c6YmrFe9ebif14vM8PrMOcyzQxKtlw0zAQxCZl/TgZcITNiagllittbCRtTRZmx+VRsCN7qy39J+6LuNeqN+8ta866IowwncArn4MEVNOEWWuADAw5P8AKvjnSenTfnfdlacoqZY/gF5+Mb8RiO0A==</latexit>

{b}

<latexit sha1_base64="tFCpDU0pjywYoO9uvcWoOlKGofY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHoseNFbBfsBTSib7bZdutmE3YlQQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfD8e3Mbz9xbUSsHnGS8CCiQyUGglG0UtvPwgvmT3vlilt15yCrxMtJBXI0euUvvx+zNOIKmaTGdD03wSCjGgWTfFryU8MTysZ0yLuWKhpxE2Tzc6fkzCp9Moi1LYVkrv6eyGhkzCQKbWdEcWSWvZn4n9dNcXATZEIlKXLFFosGqSQYk9nvpC80ZygnllCmhb2VsBHVlKFNqGRD8JZfXiWty6pXq9Yerir1+zyOIpzAKZyDB9dQhztoQBMYjOEZXuHNSZwX5935WLQWnHzmGP7A+fwBF4iPcw==</latexit>

{b, c}
# <

{b, c, d}
<



Event structure switch

∅

{a} {b}

{a, b} {b, c}

{b, c, d}

⊙{b,c}

∅

{a, c} {b, c}

{a, b, c}

{c}{d}

<latexit sha1_base64="m2a2Z2Zf5onp890WFwwsO/+2rmQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VMG2hCWWy3bZLN5uwuxFK6G/w4kERr/4gb/4bt20OWn0w8Hhvhpl5USq4Nq775ZTW1jc2t8rblZ3dvf2D6uFRWyeZosyniUhUN0LNBJfMN9wI1k0VwzgSrBNNbuZ+55EpzRP5YKYpC2McST7kFI2V/CDHYNav1ty6uwD5S7yC1KBAq1/9DAYJzWImDRWodc9zUxPmqAyngs0qQaZZinSCI9azVGLMdJgvjp2RM6sMyDBRtqQhC/XnRI6x1tM4sp0xmrFe9ebif14vM8PrMOcyzQyTdLlomAliEjL/nAy4YtSIqSVIFbe3EjpGhdTYfCo2BG/15b+kfVH3GvXG/WWteVfEUYYTOIVz8OAKmnALLfCBAocneIFXRzrPzpvzvmwtOcXMMfyC8/EN75KOzw==</latexit>

{a}
<latexit sha1_base64="O9KPHSoWjUDL+8VWsoZCNQk7yhI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VMG2hCWWznbZLN5uwuxFK6G/w4kERr/4gb/4bt20OWn0w8Hhvhpl5USq4Nq775ZTW1jc2t8rblZ3dvf2D6uFRWyeZYuizRCSqG1GNgkv0DTcCu6lCGkcCO9HkZu53HlFpnsgHM00xjOlI8iFn1FjJD/IomPWrNbfuLkD+Eq8gNSjQ6lc/g0HCshilYYJq3fPc1IQ5VYYzgbNKkGlMKZvQEfYslTRGHeaLY2fkzCoDMkyULWnIQv05kdNY62kc2c6YmrFe9ebif14vM8PrMOcyzQxKtlw0zAQxCZl/TgZcITNiagllittbCRtTRZmx+VRsCN7qy39J+6LuNeqN+8ta866IowwncArn4MEVNOEWWuADAw5P8AKvjnSenTfnfdlacoqZY/gF5+Mb8RiO0A==</latexit>

{b}

<latexit sha1_base64="tFCpDU0pjywYoO9uvcWoOlKGofY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHoseNFbBfsBTSib7bZdutmE3YlQQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfD8e3Mbz9xbUSsHnGS8CCiQyUGglG0UtvPwgvmT3vlilt15yCrxMtJBXI0euUvvx+zNOIKmaTGdD03wSCjGgWTfFryU8MTysZ0yLuWKhpxE2Tzc6fkzCp9Moi1LYVkrv6eyGhkzCQKbWdEcWSWvZn4n9dNcXATZEIlKXLFFosGqSQYk9nvpC80ZygnllCmhb2VsBHVlKFNqGRD8JZfXiWty6pXq9Yerir1+zyOIpzAKZyDB9dQhztoQBMYjOEZXuHNSZwX5935WLQWnHzmGP7A+fwBF4iPcw==</latexit>

{b, c}
# <

{b, c, d}
<



Event structure switch

∅

{a} {b}

{a, b} {b, c}

{b, c, d}

⊙{b,c}

∅

{a, c} {b, c}

{a, b, c}

{c}{d}

<latexit sha1_base64="m2a2Z2Zf5onp890WFwwsO/+2rmQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VMG2hCWWy3bZLN5uwuxFK6G/w4kERr/4gb/4bt20OWn0w8Hhvhpl5USq4Nq775ZTW1jc2t8rblZ3dvf2D6uFRWyeZosyniUhUN0LNBJfMN9wI1k0VwzgSrBNNbuZ+55EpzRP5YKYpC2McST7kFI2V/CDHYNav1ty6uwD5S7yC1KBAq1/9DAYJzWImDRWodc9zUxPmqAyngs0qQaZZinSCI9azVGLMdJgvjp2RM6sMyDBRtqQhC/XnRI6x1tM4sp0xmrFe9ebif14vM8PrMOcyzQyTdLlomAliEjL/nAy4YtSIqSVIFbe3EjpGhdTYfCo2BG/15b+kfVH3GvXG/WWteVfEUYYTOIVz8OAKmnALLfCBAocneIFXRzrPzpvzvmwtOcXMMfyC8/EN75KOzw==</latexit>

{a}
<latexit sha1_base64="O9KPHSoWjUDL+8VWsoZCNQk7yhI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VMG2hCWWznbZLN5uwuxFK6G/w4kERr/4gb/4bt20OWn0w8Hhvhpl5USq4Nq775ZTW1jc2t8rblZ3dvf2D6uFRWyeZYuizRCSqG1GNgkv0DTcCu6lCGkcCO9HkZu53HlFpnsgHM00xjOlI8iFn1FjJD/IomPWrNbfuLkD+Eq8gNSjQ6lc/g0HCshilYYJq3fPc1IQ5VYYzgbNKkGlMKZvQEfYslTRGHeaLY2fkzCoDMkyULWnIQv05kdNY62kc2c6YmrFe9ebif14vM8PrMOcyzQxKtlw0zAQxCZl/TgZcITNiagllittbCRtTRZmx+VRsCN7qy39J+6LuNeqN+8ta866IowwncArn4MEVNOEWWuADAw5P8AKvjnSenTfnfdlacoqZY/gF5+Mb8RiO0A==</latexit>

{b}

<latexit sha1_base64="tFCpDU0pjywYoO9uvcWoOlKGofY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHoseNFbBfsBTSib7bZdutmE3YlQQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfD8e3Mbz9xbUSsHnGS8CCiQyUGglG0UtvPwgvmT3vlilt15yCrxMtJBXI0euUvvx+zNOIKmaTGdD03wSCjGgWTfFryU8MTysZ0yLuWKhpxE2Tzc6fkzCp9Moi1LYVkrv6eyGhkzCQKbWdEcWSWvZn4n9dNcXATZEIlKXLFFosGqSQYk9nvpC80ZygnllCmhb2VsBHVlKFNqGRD8JZfXiWty6pXq9Yerir1+zyOIpzAKZyDB9dQhztoQBMYjOEZXuHNSZwX5935WLQWnHzmGP7A+fwBF4iPcw==</latexit>

{b, c}
# <

{b, c, d}
<



Event structure switch

∅

{a} {b}

{a, b} {b, c}

{b, c, d}

⊙{b,c}

∅

{a, c} {b, c}

{a, b, c}

{c}{d}

𝗌𝗐𝗂𝗍𝖼𝗁{b,c}

<latexit sha1_base64="m2a2Z2Zf5onp890WFwwsO/+2rmQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VMG2hCWWy3bZLN5uwuxFK6G/w4kERr/4gb/4bt20OWn0w8Hhvhpl5USq4Nq775ZTW1jc2t8rblZ3dvf2D6uFRWyeZosyniUhUN0LNBJfMN9wI1k0VwzgSrBNNbuZ+55EpzRP5YKYpC2McST7kFI2V/CDHYNav1ty6uwD5S7yC1KBAq1/9DAYJzWImDRWodc9zUxPmqAyngs0qQaZZinSCI9azVGLMdJgvjp2RM6sMyDBRtqQhC/XnRI6x1tM4sp0xmrFe9ebif14vM8PrMOcyzQyTdLlomAliEjL/nAy4YtSIqSVIFbe3EjpGhdTYfCo2BG/15b+kfVH3GvXG/WWteVfEUYYTOIVz8OAKmnALLfCBAocneIFXRzrPzpvzvmwtOcXMMfyC8/EN75KOzw==</latexit>

{a}
<latexit sha1_base64="O9KPHSoWjUDL+8VWsoZCNQk7yhI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VMG2hCWWznbZLN5uwuxFK6G/w4kERr/4gb/4bt20OWn0w8Hhvhpl5USq4Nq775ZTW1jc2t8rblZ3dvf2D6uFRWyeZYuizRCSqG1GNgkv0DTcCu6lCGkcCO9HkZu53HlFpnsgHM00xjOlI8iFn1FjJD/IomPWrNbfuLkD+Eq8gNSjQ6lc/g0HCshilYYJq3fPc1IQ5VYYzgbNKkGlMKZvQEfYslTRGHeaLY2fkzCoDMkyULWnIQv05kdNY62kc2c6YmrFe9ebif14vM8PrMOcyzQxKtlw0zAQxCZl/TgZcITNiagllittbCRtTRZmx+VRsCN7qy39J+6LuNeqN+8ta866IowwncArn4MEVNOEWWuADAw5P8AKvjnSenTfnfdlacoqZY/gF5+Mb8RiO0A==</latexit>

{b}

<latexit sha1_base64="tFCpDU0pjywYoO9uvcWoOlKGofY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHoseNFbBfsBTSib7bZdutmE3YlQQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfD8e3Mbz9xbUSsHnGS8CCiQyUGglG0UtvPwgvmT3vlilt15yCrxMtJBXI0euUvvx+zNOIKmaTGdD03wSCjGgWTfFryU8MTysZ0yLuWKhpxE2Tzc6fkzCp9Moi1LYVkrv6eyGhkzCQKbWdEcWSWvZn4n9dNcXATZEIlKXLFFosGqSQYk9nvpC80ZygnllCmhb2VsBHVlKFNqGRD8JZfXiWty6pXq9Yerir1+zyOIpzAKZyDB9dQhztoQBMYjOEZXuHNSZwX5935WLQWnHzmGP7A+fwBF4iPcw==</latexit>

{b, c}
<

{b, c, d}
#

<
<latexit sha1_base64="m2a2Z2Zf5onp890WFwwsO/+2rmQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VMG2hCWWy3bZLN5uwuxFK6G/w4kERr/4gb/4bt20OWn0w8Hhvhpl5USq4Nq775ZTW1jc2t8rblZ3dvf2D6uFRWyeZosyniUhUN0LNBJfMN9wI1k0VwzgSrBNNbuZ+55EpzRP5YKYpC2McST7kFI2V/CDHYNav1ty6uwD5S7yC1KBAq1/9DAYJzWImDRWodc9zUxPmqAyngs0qQaZZinSCI9azVGLMdJgvjp2RM6sMyDBRtqQhC/XnRI6x1tM4sp0xmrFe9ebif14vM8PrMOcyzQyTdLlomAliEjL/nAy4YtSIqSVIFbe3EjpGhdTYfCo2BG/15b+kfVH3GvXG/WWteVfEUYYTOIVz8OAKmnALLfCBAocneIFXRzrPzpvzvmwtOcXMMfyC8/EN75KOzw==</latexit>

{a}
<latexit sha1_base64="O9KPHSoWjUDL+8VWsoZCNQk7yhI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VMG2hCWWznbZLN5uwuxFK6G/w4kERr/4gb/4bt20OWn0w8Hhvhpl5USq4Nq775ZTW1jc2t8rblZ3dvf2D6uFRWyeZYuizRCSqG1GNgkv0DTcCu6lCGkcCO9HkZu53HlFpnsgHM00xjOlI8iFn1FjJD/IomPWrNbfuLkD+Eq8gNSjQ6lc/g0HCshilYYJq3fPc1IQ5VYYzgbNKkGlMKZvQEfYslTRGHeaLY2fkzCoDMkyULWnIQv05kdNY62kc2c6YmrFe9ebif14vM8PrMOcyzQxKtlw0zAQxCZl/TgZcITNiagllittbCRtTRZmx+VRsCN7qy39J+6LuNeqN+8ta866IowwncArn4MEVNOEWWuADAw5P8AKvjnSenTfnfdlacoqZY/gF5+Mb8RiO0A==</latexit>

{b}

<latexit sha1_base64="tFCpDU0pjywYoO9uvcWoOlKGofY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHoseNFbBfsBTSib7bZdutmE3YlQQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfD8e3Mbz9xbUSsHnGS8CCiQyUGglG0UtvPwgvmT3vlilt15yCrxMtJBXI0euUvvx+zNOIKmaTGdD03wSCjGgWTfFryU8MTysZ0yLuWKhpxE2Tzc6fkzCp9Moi1LYVkrv6eyGhkzCQKbWdEcWSWvZn4n9dNcXATZEIlKXLFFosGqSQYk9nvpC80ZygnllCmhb2VsBHVlKFNqGRD8JZfXiWty6pXq9Yerir1+zyOIpzAKZyDB9dQhztoQBMYjOEZXuHNSZwX5935WLQWnHzmGP7A+fwBF4iPcw==</latexit>

{b, c}
# <

{b, c, d}
<



Event structure switch

∅

{a} {b}

{a, b} {b, c}

{b, c, d}

⊙{b,c}

∅

{a, c} {b, c}

{a, b, c}

{c}{d}

𝗌𝗐𝗂𝗍𝖼𝗁{b,c}

<latexit sha1_base64="m2a2Z2Zf5onp890WFwwsO/+2rmQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VMG2hCWWy3bZLN5uwuxFK6G/w4kERr/4gb/4bt20OWn0w8Hhvhpl5USq4Nq775ZTW1jc2t8rblZ3dvf2D6uFRWyeZosyniUhUN0LNBJfMN9wI1k0VwzgSrBNNbuZ+55EpzRP5YKYpC2McST7kFI2V/CDHYNav1ty6uwD5S7yC1KBAq1/9DAYJzWImDRWodc9zUxPmqAyngs0qQaZZinSCI9azVGLMdJgvjp2RM6sMyDBRtqQhC/XnRI6x1tM4sp0xmrFe9ebif14vM8PrMOcyzQyTdLlomAliEjL/nAy4YtSIqSVIFbe3EjpGhdTYfCo2BG/15b+kfVH3GvXG/WWteVfEUYYTOIVz8OAKmnALLfCBAocneIFXRzrPzpvzvmwtOcXMMfyC8/EN75KOzw==</latexit>

{a}
<latexit sha1_base64="O9KPHSoWjUDL+8VWsoZCNQk7yhI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VMG2hCWWznbZLN5uwuxFK6G/w4kERr/4gb/4bt20OWn0w8Hhvhpl5USq4Nq775ZTW1jc2t8rblZ3dvf2D6uFRWyeZYuizRCSqG1GNgkv0DTcCu6lCGkcCO9HkZu53HlFpnsgHM00xjOlI8iFn1FjJD/IomPWrNbfuLkD+Eq8gNSjQ6lc/g0HCshilYYJq3fPc1IQ5VYYzgbNKkGlMKZvQEfYslTRGHeaLY2fkzCoDMkyULWnIQv05kdNY62kc2c6YmrFe9ebif14vM8PrMOcyzQxKtlw0zAQxCZl/TgZcITNiagllittbCRtTRZmx+VRsCN7qy39J+6LuNeqN+8ta866IowwncArn4MEVNOEWWuADAw5P8AKvjnSenTfnfdlacoqZY/gF5+Mb8RiO0A==</latexit>

{b}

<latexit sha1_base64="tFCpDU0pjywYoO9uvcWoOlKGofY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHoseNFbBfsBTSib7bZdutmE3YlQQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfD8e3Mbz9xbUSsHnGS8CCiQyUGglG0UtvPwgvmT3vlilt15yCrxMtJBXI0euUvvx+zNOIKmaTGdD03wSCjGgWTfFryU8MTysZ0yLuWKhpxE2Tzc6fkzCp9Moi1LYVkrv6eyGhkzCQKbWdEcWSWvZn4n9dNcXATZEIlKXLFFosGqSQYk9nvpC80ZygnllCmhb2VsBHVlKFNqGRD8JZfXiWty6pXq9Yerir1+zyOIpzAKZyDB9dQhztoQBMYjOEZXuHNSZwX5935WLQWnHzmGP7A+fwBF4iPcw==</latexit>

{b, c}
<

{b, c, d}
#

<
<latexit sha1_base64="m2a2Z2Zf5onp890WFwwsO/+2rmQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VMG2hCWWy3bZLN5uwuxFK6G/w4kERr/4gb/4bt20OWn0w8Hhvhpl5USq4Nq775ZTW1jc2t8rblZ3dvf2D6uFRWyeZosyniUhUN0LNBJfMN9wI1k0VwzgSrBNNbuZ+55EpzRP5YKYpC2McST7kFI2V/CDHYNav1ty6uwD5S7yC1KBAq1/9DAYJzWImDRWodc9zUxPmqAyngs0qQaZZinSCI9azVGLMdJgvjp2RM6sMyDBRtqQhC/XnRI6x1tM4sp0xmrFe9ebif14vM8PrMOcyzQyTdLlomAliEjL/nAy4YtSIqSVIFbe3EjpGhdTYfCo2BG/15b+kfVH3GvXG/WWteVfEUYYTOIVz8OAKmnALLfCBAocneIFXRzrPzpvzvmwtOcXMMfyC8/EN75KOzw==</latexit>

{a}
<latexit sha1_base64="O9KPHSoWjUDL+8VWsoZCNQk7yhI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VMG2hCWWznbZLN5uwuxFK6G/w4kERr/4gb/4bt20OWn0w8Hhvhpl5USq4Nq775ZTW1jc2t8rblZ3dvf2D6uFRWyeZYuizRCSqG1GNgkv0DTcCu6lCGkcCO9HkZu53HlFpnsgHM00xjOlI8iFn1FjJD/IomPWrNbfuLkD+Eq8gNSjQ6lc/g0HCshilYYJq3fPc1IQ5VYYzgbNKkGlMKZvQEfYslTRGHeaLY2fkzCoDMkyULWnIQv05kdNY62kc2c6YmrFe9ebif14vM8PrMOcyzQxKtlw0zAQxCZl/TgZcITNiagllittbCRtTRZmx+VRsCN7qy39J+6LuNeqN+8ta866IowwncArn4MEVNOEWWuADAw5P8AKvjnSenTfnfdlacoqZY/gF5+Mb8RiO0A==</latexit>

{b}

<latexit sha1_base64="tFCpDU0pjywYoO9uvcWoOlKGofY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHoseNFbBfsBTSib7bZdutmE3YlQQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfD8e3Mbz9xbUSsHnGS8CCiQyUGglG0UtvPwgvmT3vlilt15yCrxMtJBXI0euUvvx+zNOIKmaTGdD03wSCjGgWTfFryU8MTysZ0yLuWKhpxE2Tzc6fkzCp9Moi1LYVkrv6eyGhkzCQKbWdEcWSWvZn4n9dNcXATZEIlKXLFFosGqSQYk9nvpC80ZygnllCmhb2VsBHVlKFNqGRD8JZfXiWty6pXq9Yerir1+zyOIpzAKZyDB9dQhztoQBMYjOEZXuHNSZwX5935WLQWnHzmGP7A+fwBF4iPcw==</latexit>

{b, c}
# <

{b, c, d}
<



Event structure = local (reversible) computations

a

a’

a’’

b

c

c’

d

a

a’

a’’

b

c

c’
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a

a’

a’’

b

c

c’

d
a a’



Take away
Any concurrent formalism with stable (prime algebraic coherent) causal structure 
(CCS, CSP, Pi-calculus etc.) …

Can be equipped with a (causally consistent) reversible semantics by making sure 
transition steps implement a switch.
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Take away
Any concurrent formalism with stable (prime algebraic coherent) causal structure 
(CCS, CSP, Pi-calculus etc.) …

Can be equipped with a (causally consistent) reversible semantics by making sure 
transition steps implement a switch.

∑
i

ai . Pi →aj
Pj (𝗌𝗎𝗆)

P →a P′￼

P∥Q →a P′￼∥Q
(𝗉𝖺𝗋)

∑
i

ai . Pi →aj
Pj+aj . ∑

i≠j

ai . Pj (𝗋𝗌𝗎𝗆)


